
Printed in U.S.A. 

Burroughs m 

PRICED ITEM 

Large Systems 

.NUMERALS 

NUMERICAL ANALYSIS 
PROGRAM LIBRARY 
REFERENCE MANUAL 

July 1977 1076981 



.. 

Printed in U.S.A. 

Burroughs m 

large Systems 

NUMERALS 

NUMERICAL ANALYSIS 
PROGRAM LIBRARY· 
REFERENCE MANUAL 

Copyright © 1973, 1974, 1975, Burroughs Corporation, Detroit, Michigan 48232 
AA 430061 AA 482489 AA 603654 AA 709294 

PRICED ITEM 

July 1977 1076981 



Burroughs believes that the application package described in this 
manual is accurate and reliable, and much care has been taken in its 
preparation. However, no responsibility, financial or otherwise, can be 
accepted for any consequences arising out of the use of this material, 
including loss of profit, indirect, special, or consequential damages. 
There are no warranties which extend beyond the program specification. 

The Customer should exercise care to assure that use of the application 
package will be in full compliance with Jaws, rules and regulations of 
the jurisdictions with respect to which it is used. 

The information contained herein is subject to change. Revisions may 
be issued from time to time to advise of changes and/or additions. 

This reprint includes information released under the following PCN: 

PCN 1076981-001 (9-23-75) 

Any comments or suggestions regarding this publication should be forwarded to Documentation Department, 
Business'Management and Scientific Systems, Burroughs Corporation, Burroughs Place, Detroit, Michigan 48232. 



Section 

1 

Table cf Ccntents 

Tit le 

I NT RO OU CT IO N 0 0 0 0 0 0 0 • 0 0 . 0 • • 0 • • • • 
Contents cf the Library o •• . • 0 • • • • • • 
Use of the Li br ar y • • • • • 0 • • • • . • • • 

MATRICES ••••••••••••••••••••• 
Linear EQuationsj) Matrix Inversion, and 
Dete·rminants ••••••••.••••••••• 

Rea l t-'a tr ices - LIN PAC •. • • • • • • • • • 
LINEQN Procedure ••••••••••• 
DETL~NEQN Procedure •••••••••• 
LINEQNIMPRV Procedure ••••••• • • 
D ET LI NE QN IM PR V Pr oc ed ur e • • • • • 
LINEQNS Procedure ••••••••• 
0 ET LI NE QN S Pr cc ed ur e • • • • • • • 
INVERSE Procedure ••••••••• 
I NV WI TH IM PR V Pr oc e d ur e • • • • • • 
DETOFA Procedure ••••••••• 
INVER SE av ER A Pr cc Eid ur e O O • • 0 • 

LEASTSQUARES Procedure •••••• 
LEASTSQUARESIMPRV Procedure •••• 

Symmetric Matrices - SYMLINPAC •••• 
S YM LI NE QN Pro ce du re • • • • • • • • 

• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 

• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 

S YM LI NE QN IM PR V Pr oc ed ur e • • • • • • • 
SYMLINEQNS Procedure ••••••••• 
SYMINVWITHIMPRV Procedure ••••••• 
SYMBANDLINEQN Procedure •••••••• 
SYMINVERSEOVERA Procedure ••••••• 

Complex Matrices ••••••••••••• 
CXLINEQN Prqcedure •••••••••• 

E i g en v a. l u e s a nd E ,i g en v e ct c r s • • • • • • • • • 
Rea l Matrices • • • • • • • • • • • • • • • 

NON SY ME I GEN VALUES Pro ce du re • • • • • • 
NONSYMEIGENVECTORS Procedure ••••• 

Symmetric Matrices •••••••••••• 
SYMEIGENVALUES Procedure ••••••• 
SYMEIGENVECTORS Procedure ••••• • • 
SYMBANDEIGENVALUES Procedure ••••• 

Complex Matrices ••••••••••••• 
COMPLEXEIGENVALUES Procedure ••••• 
C CM PL EX EI GE NV EC TO RS Pro ce du re • • • • • 
INV.ARIANTSUBSPACES Procedure ••••• 

Matrix Arithmetic ............... . 
SQuare Matrices •••••••••••••• 

MAT PL US MAT Pr cc ed ur e • • • • • • • • • 
MATMINUSMAT Procedure ••••••••• 
MATTIMESM.AT Procedure •••• o •••• 

TRANSPOSE Procedure •••••••••• 
ATIMESATRANSPOSE Procedure •••••• 
ATIMESBTRANSPOSE Procedure •••••• 
MATTIMESVEC Procedure ••••••••• 

\ 

Page 

.h 
i X 

X 

1- 1 

1-1 
1- 1 
1- 4 
1- 5 
1- 6 
19'. 7 
1-a 
1- 9 
1-10 
l°'.11 
1-12 
l• 13 
1• 14 
l• 16 
1-18 
l• 19 
1- 20 
1- 21 
1- 22 
1- 23 
1-25 
1• 26 
1- 27 
1- 29 
1- 31 
1- 31 
1•.33 
1-35 
1-35 
1- 36 
1• 37 
1- 39 
1-39 
l• 41 
1- 43 
l• 45 
19'. 45 
1- 45 
l• 46 
l• 47 
l• 48 
L• 49 
1-50 
1-51 

Revised 9/23/75 by i i i 
PCN 1076981-001 

I 



Section 

1 C co rt > 

2 

3 

4 

i V 

Table of Contents CcontJ 

TH le 

VECTIMESMAT Procedure ••••••••• 
VECPLUSRVEC Procedure ••••••••• 
MATPLUSDIAG Procedure ••••••••• 
MAT MI NU SD IA G Pr cc ed ur e • . • • • • • • • 
MATTIMESDIAG Procedure •••••••• 
DIAGTIMESt'AT Procedure •••••••• 
RPLUSMAT P,:-ocedure •••••••••• 
RMINUSMAT Procedure •••••••••• 
RlIMESMAT Procedure •••••••••• 
M AT CO PY Procedure - • . •. • • • • . • • • • • 

Rectangular Matrice.s ••••••••••• 
RECMAJPLUSMAT Procedure •••••••• 
RECMATMINUSMAT Procedure ••••••• 
RECMATTIMESMAT Procedure ••••••• 

PCLYNOMIALS. . . . . . . . . . . • • • • • • 
Rcots of Polynomials ••••••••••••• 

REALPOLYZEROFINOEFi proce,dure ••••••• 
COM PL EX POLY ZERO FI ND ER Pro ce du re • • • • • • 

Goe-rations on Polynomials •• ,. •••••••• 
- POLYADD Procedure ••••••••••••• 

POL YS UB Pro ce du re • • • • • • • • • • • • .• 
POL YMUL Procedure ••••••••••••• 
POL YD IV Procedure •••••••••• •·. ·• 
POL YV AL Pro ce du re • • • • • • • • • • • • • 
POLYOER Procedure •••••••••••.•• 
POLYINT Procedure ••••••••••••• 
POLYP OP Pro ce du re • • • • • • • • • • • • .. 
POLYMAD P.rocedure ••••• ._ • • •• ·• •• 
POLYHCR Procedure ••••••••••••• 
POLYGCD Procedure ••••••••• •·•.- •. 
P DL YN CR M Pr oc ed ur e • • • • • • ·• • • • • • 
POL YM GV Pro ce du re • • • •. • •. • • • • • • • 
POLYSOR Procedure ••. • •••••••••• 

0 RD IN AR Y DI F"t ER EN TI AL E QU AT IO NS • 
DIFEQNS Procedure •••• 
SIMPLEDIFEQNS Procedure • 

• • .. . 
NUMERICAL INTEGRATION •• • • • • 

. . . . . 

. . . . . . 
• • • • • 

. ,. . . . . 
Single Integration· •••••••••• 

ROMBERG INT Pr oc ed ur e • . • • • • .·• • 
S I M P S ON-IN T P r cc e d u r e • • • • • • • 
BULIRSCHINT Procedure ••••••• 

Multiple Integration ••••••••• 
S·IMPS Procedure •••••••••• 
OOUBLEINTEGRAL Procedure ••••• 
lRlPLEINTEGRAL ·PrccedLre - ••••• 

. . . •-
• • • • . . -• . 
• • • • . . . . . . . . . . 

, .... 
• • • • 
• • • • 
• • • • 
• • • • 
• • • • 

l• 52 
1-- 53 
1-54 
1-55 
1- 56 
1-57 
1- 58 
1• 59 
1- 60 
1- El 
1• 62 
1~ E2 
1- 63 
1• E4 

2-1 
2- 1 
2- 1 
2-2 
2- 3 
2- 3 
2- 4 
2- 5 
2-6 
2- 7 
2-8 
2-,9 
2-10 
2-11 
2-12 
2-13 
2-14 
2-15 
2-16 

4-.1 
4- 1 
4- 1 
4• 2 
4-3 
4• 5 
4- 5 



Table of C en te rt s Cc on t > 

Sec ti on TH le Page 

5 SPECIAL FUNCTIONS • • • • • . . • • • . • • • • • • 5- 1 
J BESS Procedure • • • • . • • . • • • • • • • • 5.;. 1 
I BESS Procedure . • • • • • • • • • • • • • • . 5- 2 
C XJ EE S Pr cc ed ur e • . • • • • . . • . • • • • • 5- 3 
Ell-Proceaure • • • • • • • • • • • • • • • • • 5- 4 
C EL 1 Procedure • • • • • • • • • • • • • • • • 5-: 
E L2 Procedure • • • . • • • • • • • • • .. • • • 5- 6 
C EL 2 Procedure • • • • • • • • • • • • . • • • 5-7 
E L3 Pro ce du re • • • • • • • • • • • • • • • • • s- e 
C EL 3 Pr cc ed ur e • • • • • • •· • . • • • • • • . 5- 9 
C EL P ro.ce du re • • • . • • • • • • • • • • • • . 5-10 

6 MISCELLANEOUS • • • • • • • • • • • • • • • • • • • 6- 1 
PLOTTER Pro c.e du re • . • • • • • • • • • • • • • 6-1 
REACMATRIX Pr oc ed ur e • • • • • • • • • • • • • 6- 3 
REACSYMMATRIX Pro ce du re • • • • • • • • • • • • 6• 4 

7 FORTRAN COM PAT I BL E PROCEDLRES .. • • • • • . • • • . 7- 1 
F RL PLY Pr cc ed ure • • • • . •· • • • • • • • • • 7-2 
F ex PL y Pr cc ed ur e • • • • • • • . .. ! • • • • • 7- 3 
F RM BR G Prccedure • • • • • • • • • . . • • • • • 7- 4 

F SM PS N Pr cc ed ur e • . • • • • • • • • • • • • • 7-5 
F 8U LI R Pr cc ed ur e • • • • • • • • • • •· • .. • • 7- 6 
FOB INT Prccedure • • • • • • • • • . • • • • . 7- 7 
F TR INT Pr oc ed ur e • • • • . • • • • • • • • . • 7-8 

8 FORTRAN MAT RI Ct S • • • • • • • • • • • • • • • • • 8• l I Linear Equations., Mat ri X Inversion., and 
Determ;nants • • • • • • • •· • • • • • • • • • a- 1 

-LINE~N Subrouti ne • • • • • • • • • • • • • 8• 2 
L NQ PR V Subrouti ne • • . • • • • • • • • • • 8., '% 

w 

L NE QN S Subr ou tine • • • •· • • • • • • • • • a- s 
S YM BL Q Subroutine • • • • • . • . • • . • • 8-6 
S YM LNG Subrouti ne • • • • • • • • • • • • • 8- 6C 
S YM LQ P Subrouti ne • • • • • • . • • • • • • e- 6E 
L LS QS E Su br OU ti ne • • • •· • . • • . • • • • e- 6G 
L LS QPR Subr OU ti ne • • • •· • • • • • • • • • 8• EJ 
D TL QPR Su br ou tine • • • • • . • • • • • • • 8• 6M 
S YM LQ S Subroutine • • • •· • • • • • • • • . 8• EN 
S YI NP R Subroutine • • ·• • • • • • • • • • . 8•6P 
LIN QN S Su br ou ti ne • • • •· . • • • • • • • • 8• 6Q 
C XL IN Q Su br ou ti ne • • • • • • • • 0 • • • • 8- ER 
I NV ER T Subrouti ne • • • • • . • • • • • • • 8• 6T 
I NV ER A Subrouti ne • • • • . • • • . • • • • 8• 6U 
I NV tP R Subroutine • • • • • . • • • • • • • 8• 6V 
DETOF A Su br ou ti ne • • • • • • • • • • • • • 8• 6W 
S IN VR A Subroutine • .. • • • . • • • • • • • 8• 6X 

Eigenvalues and E i g en "e ct or s • • • • • • • • • 8- 7 

Revised 9/23/75 by 
PCN 1076981-001 V 



Sect i on 

8 Ccont> 

9 

10 

Table of Ccnterts (cont) 

T it le 

SYMVAL Subroutine. o o •••••••••• 

SYMVEC Subroutine ••••••••••••• 
EIGVAL Subroutine ••••••••••••• 
EIGVEC Subroutine ••••••••••••• 
CEIGVL Subroutine ••••••••••••• 
CEIGVC Subroutine ••••••••••••• 
HREGVL Subroutine.·• ••••••••••• 
HREGVC Subroutine ••••••••••••• 
MXEGVL Subroutine ••••••••••••• 
M NE GV L Su br OU ti ne • • • • • • • • • • . • • • 

Matrix Arithmetic ••••••••••••••• 
MMULTM Subroutine ••••••••••••• 
TRANS P Su br ou.ti ne • • • •. • • • • • • • • • 

.AMULTR Subroutine ••••••.••••••• 
AMULBT Subroutine ••••••••••••• 
MATVEC su·broutine. ~ ••••••••••• 
VECMAT Subroutine ••••••••••••• 
VPLURV Subroutine ••••••••••••• 
MMINDG Subroutine ••••••••••••• 
M MU LT C Su br OU ti ne • • • • • • • • • • • • • 
DMULTM Subroutine ••••••••••••• 
RPLUSM Subroutine ••••••••••••• 
~t-'INM Subroutine ••••••••••••• 
RMULTM Subrou.ti ne ••••••••••••• 
MCOPY Subroutine ••••••••••••• 
REC MP M Subr ou tine ••••••••••••• 
R EC MM M Su br 6u ti ne • • • • • • • • • • • • • 
RECMMU Subroutine ••••••••••••• 

INTERPOLATION. • • • • • • • • • . . . . . . . . . . 
General •••••••••••••••••• ~. 
Naming Convention ••••••••••••••• 

C SD DE S ub ro ut in e • • • • • • • . • • • • • • 
CSIE Subroutine .•••••.••••••••• 
CSDDU Subroutine ••.••••••••••• 
CSIU Subroutine •••••••••••••• 
C SD DE 2 'Sub r ou ti ne • • • • • ·• • · • • • • • • 
CSIE2 Subroutine •.• ••••••••••• 
CSDOU2 Subroutine ••••••••••••• 
CSIU2 Subroutine .••••••••••••• 

DIFFERENTIAL EQUATIONS; NLMERICAL 
INTEGRATION, AND DIFFERENTIATION ••••••••• 

·oifferential Equations •••••••••••• 
DESP Subroutine ••••••••••.•••• 

Numerical Integration and DJfferentiation ••• 
NUMINT Subroutine •••••••• •-::• ••• 
NUMOIF Subroutine •••••.••• • • • •• 

Page 

8• 8 
e- s_ 
8-11 
8-13 
8-15 
8-17 
8-19 
8-20 
8- 22 
e-24 
8- 26 
8• 27 
8~ 28 
8• 29 
e- 30 
8- 31 
e- 32 
8- 33 
8- 34 
e- 35 
8• 36 
a- 37 
8-38 
8• 39 
8- 40 
8• 41 
s- 42 
8- 43 

9-1 
9-1 
9- 2 
9-4 
9- 6 
9- e 
9• 10 
9-12 
9~ 14 
9-16 
9• 18 

l U• l 
10-1 
10-1 
l 0• 3 
10-4 
lo-·~ 



Sec ti on 

11 

12 

13 

" 

14 

15 

Table of Ccntents (cont> 

Tit le 

ZEROES ANO EXTREMA ••••••••••• o o o,,., 
Solution of Nonlinear Ecuations •••• o o ,, ,, 

NLNEQN Subroutine •••••••••• ,, ., ., 
Zeroes of Functfons of a Single Varfable ., ., ., 

ZEROML Subroutine •••••••••• ., o ., 

ZEROSS Subroutine ••••••••••• ., ., 
ZERONT Subroutine• •••••••••• ., ., 

Extrema of Functions •••••••••• ., ., ., 
OPTHKJ Subroutine ••••••••••• ., ., 

Ncn Li near Programming ••••••••• ,, • ,, ,, 
PENHKJ Subroutine ••••••••••• ., ., 

FORTRAN POL YN OM I A LS • • • • • ·• • • • • 
Roots of Polynomials • • • • • • • 

R LP OL Y Subroutine • • • • • • • 
C XP OL Y Subr ou tine • • • • • • • 

Operations on P o l yn om i a ls • • • • • 
POL AD 0 Subroutine • • • • • • • 
POL SUB Subroutine • • • • • • • 
POL MU L Subr ou tine. • • • • • • 
POL DI V Subroutine • • • • • • • 
POL DER Su br ou ti ne • • • • • • • 
POL INT Subroutine • • • •· • . • 
POL HOR Subroutine • • • • • • • 
POL MAD Subroutine • • • • • • • 
POL POP Subroutine • • • • • • • 
POL MO.V Subroutine • • • • • • • 
POL ~OR Subroutine • • • • • • • 
POL SOR Subroutine • ... • • • • 
POL GC D Subr ou tine • • • • • • • 

FORTRAN SPECIAL FUNCTIONS ••••••• 
CXBESJ Subroutine ••••••••• 
BESSFJ Function •••••••••• 

FORTRAN N UM ER IC AL I NT EG RA TI ON • • • • 0 

Single Integration • • • • • • • • 
SIM INT Fu nc ti en • • • • • • • • 
BULIN T Fu nc ti en • • • • • • • • 
ROM INT Function • • • • • • • • 

Multiple Integratior • • • • • • • 
DBL INT Fune ti en • • ·• • • • • • 
T PL INT Function • ~- ·, ... •. .. • • • 

• • • • 0 0 

• • • 0 0 0 

• • • • C " 
• • • • 0 " 
• 0 • 0 " C, 

• • • .. 0 0 

• • • 0 0 0 

• • • • 0 0 

• • •· • 0 0 

• 0 0 0 0 " 
• • • • 0 C 

• • • • • 0 

• • • 0 C 0 

• • • • " 0 

• 0 0 0 0 0 

• 0 • 0 0 , 0 

• • 0 0 0 e 

• • 0 • 0 0 

• 0 o e • o 

• 0 • • • 0 

• 0 e O O 0 

• 0 .. 0 0 0 

• 0 • 0 0 0 

• • • • . 0 

• • • • 0 • 
0 • • • 0 • 
• 0 • 0 0 " 
• • • • • 0 

• • • • • • 

FOURIER TRANSFORMS 
Gener al • • • 

• • 0 e O O O e O O O O e • 0 0 

F FT F Pr oc ed ur e 
• 0 O O O . O O O • . O O O O O O O 0 

• • • • • • • • • • • • • • • • 

Revised 9/23/75 by 
PCN 1076981-001 

Page 

11"' 1 
11° 1 
11"' 1 
11 .. 3 
11° 3 
11° 5 
11° 7 
11° 9 
11.,, 9 
11° 11 
11"" 11 

12° 1 
12° 1 
12"' 1 
12° 3 
12° 5 
12m 5 
12° 6 
12c 7 
12° 8 
12= 9 
12° 10 
12°11 
12= 12 
12"' 13 
1 2"" 14 
12° 15 
12"' 16 
12c, 17 

14"" 1 
1 4 .. 1 
1 4.,, 1 
l 4"' 2 
14° 3 
14"' 4 
14m 4 
14° 5 

vi i 



I 
Section 

15 C co rt > 

A PP EN DIX A 
A PP END IX B 

V Hi 

Tab l e of C en tent s Cc on t > 

TH le 

FFTR Procedure •••••••••• 0 • • • 

SINCOS Prccedure ........ .. • • • 0 

B I T RE V 2 p r O C e du re • • 0 • 0 0 0 0 • 0 0 e 0 

PRO GR AM E XA MP LES • • • 0 0 0 0 0 0 0 0 C) 0 e • 

B IB LI OG RA PHY • • • • • 0 • 0 0 0 0000••· 

• 0 

• • 
0 • 

0 • 

• 0 

Page 

l 5- 3 
l 5• 4 
1 s-s 

A• 1 
8• 1 



INTRODUCTION 

The Burroughs B 7700/B 6700 NUMERALS f\umedcal Analysis Program Library I 
is a collection of rrore than 200 FORTRAN subroutines and ALGOL proce• 
dures in the area of numerical mathematics. These programs provide a 
basic computational capabHHy which rray be easHy interfaced with user 
programs to solve many problems in engineering, science, and industry .• 
Program calling sequences are designed for maximum ease of use and are 
standardized in each sectiono A number of programs uti Uze the hard• 
ware-based double precision caoability. The areas of numerical mathe• 
matics included are: 

a. Matrices. 

b. Polynomials. 

c. Nurrerical solution of systems of ordi.nary 
differential equations. 

d. 1\-umerical integration and differentiation. 

e. Standard mathematical functions. 

f. Interpolation and curve H tting. 

g. Zeroes and extrema of nonlinear functions. 

Where feasible, the library includes only one method-_.per- mathematical 
problem area. This is rrost notably true in the areas of differential 
equatiors, roots of polyncmials, and eigenvalues and eigepvectors of 
matrices, fer which there are algcrithms recently devhed that are 
d em on s t r a b l y s u p e r i o r t o c l de r me t h o d s • In o t h er c as es , .w h e r e no 
single crcgram has all the desired characteristics, such as accuracy er I 
efficiercy,. an effort is made to ensure that each desirable character• 
istic is represented by one or more programs. For example, there are 
three ALGOL matrix inversion routines: INVERSE, the fastest; 
INVWITHIMPRV.,, which computes the inverse to m·achine accuracy; and 
INVERSECVERA, which minimizes storage. 

The question cf what to de if a program determines that a given problem 
is beyord its capacity, fer examole.,, LINEGN encountering a singular 
matrix.,, is generally resolved ;n favor of printing an error message 
and exiting. However.,, the crograrrs of SYMLINPAC, as well as DIFEQNS, 
return to a user-sui:plied label if an error concition is encountered. 
Discounting errcr messases, all orograms except DIFEQNS, SIMPLEDifEQNS, 
and DESP are input-output free. 

£QliI~~I~-~E-ltir_blftEABY~ 
The library is supplied as a collec-ticn of the following files: 

a. FORTLIB/SYl-!BOL - FORTRANSYMBCL file that contains the source 
codes cf all FORTRAN subroutines. 

b. MATHLIB/SYt-'BOL - ALGOLSYMBOL file that contains the source 
co des cf a l l ALGOL pro ce du res. 
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Co F0RTLIB/INCEX - DATA file that lists the sequence numbers in 
the file F0RTLIB/SYMB0L at which the individual subroutines 
occur. 

d., MATHLIB/INCEX - DATA file that lists the sequence numbers in 
the file MATHLIB/SYMB0L at which the indfvidual procedures 
occur. 

e., F0RTLIB/CATAL0G - DATA file that lists the subroutines 
according to abilities. 

f., f-'ATHLIB/CATAL0G - DATA file that lists the procedures according 
to abilities. 

g., F0RTLIB/00CUMENT - DATA file that descdbes the syntax, calling 
secuence, and input/output requirements of the subroutines in 
FORT LI 8/ SYt'B0L. 

MATHLIB/D0CUMENT - DATA file that describes the syntax, calling 
secuence, and input/output requirements of the procedures in 
MATHLIB/SYt-'B0L. 

LIBRARY/SYNTAX - ALG0LC0CE file of a program that prints out, 
when executed, the section of file F0RTLIB/D0CUMENT or 
MATHLIB/DOCUMENT pertaining to a specified routine. The 
FORTLIB/D0CUMENT and MATHLIB/D0CUMENT fi tes are expected on 
disk at the time the program is executed. If a label equation 
to another storage device is desired, the internal name of the 
file is FIi\. The prograrr is executed as follows: 

? EXECUTE LISRARY/SYNTAXC .. file name,routine name") 
? END 

where 

file name = F0RTLIB or MnHLIB 

routine name= name of a routine as it occurs 
on the index files 

U. S(_0 F _THE_ LI BR ARY. 
To solve a rrathematical problem, the user may adopt the following 
stepwise procedure: 

X 

a., Refer to t tie c at al og s for the FORTRAN or ALGOL l i brad es 
CFCRTLIB/CATAL0G or MATHLIB/CATAL0G) and select appropri-ate 
routine. If no routine ;s available, go to step j. 

b., Use the prcgram LIBRARY/SYNTAX to obtain the syntax for the 
routine. 

Co Decide whether to use the object code or the source code. 
Proceed to stei:: g H object code binding is selected. 



d. Refer to the corresponding irdex CF0RTLIB/INDEX or 
,.,ATHLIB/INCEX) fer the location of the selected routine in the 
source file CF0RTLIB/SYMB0L er MATHLIB/SYMBOU. 

e. use the$ INCLUDE ootion to insert the oroper routine in the 
main program. 

f. If the rcutine performs as expected and solves the problem, go 
to step 1<; otherwise go to step i. 

g. Use the BINDER Program to bird the object code of the selected 
routine to the main program. The compile time ootion 
$ AUT0BIND may also be used. 

h. If the rcutine performs as expected and solves the problem, go 
to step k; other~.;se go to step i. 

i. Serd all pertinent inforrraticn regarding· the problem to the 
Froj ect Manager, NUM'ERALS. Go to steo k. 

j. Send an ab i l it y re quest to the Project Manager, NU ME RA LS. 

k. EN D. 

Revised 9/23/75 by 
PCN 1076981-001 Xi 



SECTION 1 

MATRICES 

All matrices used in the following programs are assumed to be 
stored in locations 1:N, 1:N of their respective arrays, and vectors in 
locations 1:N; computed matrices and vectors are similarly stored. 
That is, row and column Oare not used for matrix storage, and location 
O is not used for vector storage. The only exceptions to this are 
banded, symmetric matrices, which must be input in a special form. 
However, all arrays paised to matrix procedures must be declared with 
lower bounds of 0, a requirement dictated by hardware efficiency.· For 
both linear systems and eigenvalues, only the lower triangular half of 
a symmetric matrix is needed. 

O~erations on rows (treated as array rows) rather than columns are used 
wherever possible for increased speed, except in procedure INVERSEOVERA 
where storage limitations preclude this. INVERSEOVERA is therefore 
slower than INVERSE, but requires only one-half as much storage. Addi­
tional features for linear systems are the use of double precision 
arithmetic in an iterative method of improving solutions to machine 
accuracy, and a method for computing the determinant which avoids expo­
nent overflow or underflow. Many procedures for linear systems appear 
in two versions, the first for real matrices and the second for symme­
tric matrices. In addition, there is a separate procedure to solve 
complex linear equations. 

Under the paragraph heading EIGENVALUES AND EIGENVECTORS, in this sec­
tion, are the most recently published procedures for the computation of 
eigenvalues of real, symmetric, and complex matrices. Here, also, 
double precision arithmetic is used for key computations. Each proce­
dure is thoro~ghly tested. 

Common arithmetic op~r.ations on square matrices as well as addition, 
subtraction, and multiplication of rectangular matrices are provided 
for under the paragraph heading MATRIX ARITHMETIC, in this section. 

REAL MATRICES - LINPAC. 
LINPAC is a collection of procedures to solve a system of linear 
equations, invert matricies, and compute determinants. A full 
accuracy option allows solutions and inverses to be computed to full 
machine accuracy Cll + decimal digits). The different procedures given 
allow for different combinations of options. 

The basic method employed is Gaussian elimination with partial pivoting 
Crow interchanges), also known as LU decomposition. The versions for 
linear equations use combinations of two or more basic working proced­
uresp of which there are four; DECOMPOSE, SOLVE, IMPROVE, and DETERMIN­
ANT. A description of these four follows. 

DECOMPOSE transforms a copy of the input matrix A Csome procedures 
allow A itself to be transformed, at the user's option> into the prod­
uct of an upper trianqular matrix U. and a l-0wer triangular matrix L 
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with l's along the main diagonal. U is stored in the upper triangular 
half of the array LU and L is stored in the lower triangular half with 
the l's omitted. The elimination is carried out by using a form of 
icaling in addition to choosing maximum column pivots. It is done as 
follows: Before the elimination begins, the reciprocal of the maKimum 
magnitude element in each row is recorded. The elimination proceedi 
by choosing as the pivot element the largest entry, taking into account 
the scale factors, on or below. the main diagonal. Rath~r than actually 
interchange the rows, the row indices stored in the array PS are inter­
changed. Th~ LU decomposition actually satisfies the equation LU= PA, 
where P is a permutation matrix because of the row interchanges. 

The solution is computed in SOLVE by solving successively the systems 
LY= Band UX = Y Cthe back solution). 

IMPROVE iterates on the initial solution provided by SOLVE until full 
machine accuracy is achieved. This is done as follows: The residual 
vector R =AX-Bis computed i·n double precision arithmetic, and the 
correction DXl satisfying (approximately) ADXl = R is computed by 
SOLVE. The process is repeated for the new residual vector Rl = 
ACX+DXl)-B and continues until the correction becomes negligible. 
Iterative improvement requires only a copy of A and a modest amount of 
additional time ~ecause the LU decomposition of A need only be computed 
for the initial solution. 

DETERMINANT computes the significant digits and exponent of detCA> sep­
arately to avoid possible exponent overflow or underflow. OetCA> is 
stored as a real number, DETBASE, and an integer power of 10, DETEXP: 
detCA> = DETBASE X 10 ■ 0@ DETEXP. If detCAJ lies within floating point 
range, DETBASE is set to the value detCA) and DETEXP is set to O. 
Otherwise, DETBASE_ satisfies 1 LEQ ABSCDETBASE) LSS 8.0@13 and OETEXP 
is the appropriate power of 10 for DETBASE. 

If a singular matrix is detected, procedure SINGULAR is called to print 
an error message; the computation is then continued, resulting. in a 
divide by zero in SOLVE. This may be avoided by declaring a LABEL, 
perhaps ERREXIT, in the user program, inserting the statement GO TO 
ERREXIT at the ~nd of procedure SINGULAR, and labeltng an appropriate 
statement in the calling program with the LABEL ERREXIT. 

Procedure INVERSE obtains the LU decomposition from A by calling 
DECOMPOSE, and then solves the N systems of equations LUX= 8(1], with 
8(1] the Ith column of the Identity matrix, I= 1,2, ••• , N. Rather 
than make N calls to SOLVE, INVERSE takes advantage of the special 
structure of the columns of the Identity matrix to achieve full effi­
ciency. It is the fastest of the three inversion routi.nes. 
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INVWITHIMPRV uses DECOMPOSE, SOLVE, and IMPROVE to compute each column 
of the inverse to full machine accuracy. No advantage is taken of the 
special structure of the Identity matr.ix. This procedure is four to 
five times slower than INVERSE and should only be used when a fully 
accurate inverse is necessary. 

INVERSEOVERA also computes the LU decomposition of A, but inverts Land 
U in place, i.e., without requiring a separate array for storage of the 
inverse. It therefore requires only half as much storage as INVERSE, 
but is slower. 

E~f~c~o£~• 1 

Forsythe, George E. and Moler, Cleve B. 1967. ComQuter Solution of 
Linear Algebraic ~lllffill• Englewood Cliffs, N. J.:Prentice-Hall. 
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LINEQN PROCEDURE. The syntax for the LINEQN procedure is: 

PROCEDURE LINEQNCN,A,LU,B,X>; 
VALUE N; INTEGER NJ 
ARRAY A,LUC0,0J, B,XC0JJ 

fY£QQII• 
LINEQN solves the linear system AX= B. 

ln~Yl• 
Input for LINEQN consists of: 

N - dimension of coefficient matrix A 
A - coefficient matrix 
B - right-hand-side vector 

QY1QY1• 
Output for LINEQN consists of: 

LU - matrix containing the triangular decomposition of A 
X - solution vector 

filfilg£KI• 
LINEQNCN,A,A,B,X> overwrites A with its triangular decomposition and 
saves NxN words of storage. 

LINEQN uses procedures DECOMPOSE, SOLVE, and, lndirectly, INNERPROD, 
ELIM, and SINGULAR. 
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DETLINEQN PROCEDURE. The syntax for the DETLINEQN procedure is: 

PROCEDURE DETLINEQNCN,A,LU,B,X,DETBASE,DETEXP); 
VALUE Ni INTEGER N,OETEXP; 
REAL DETBASEi 
ARRAY A,LUC0,0], B,XCO]i 

f .Y.C..QQ~g. 
DETLINEQN solves the linear system AX= Band calculates the 
determinant of the coefficient matrix A. 

lD.12.Y!.• 
Input to DETLINEQN consists of: 

N - dimension of coefficient matrix A 
A - coefficient matrix 
B - right-hand-side vector 

!l.Y!.IH.!!. • 
Output for DETLINEQN consists of: 

LU - matrix containing the triangular decomposition of A 
X - solution vec.tor 
DETBASE - contatns the significant digits of det(A) 
DETEXP - contains the appropriate power of 10 for DETBASE 

R ~!!! gr_ t~ · 
DETLINEQNCN,A,A,B,X,DETBASE,DETEXP> overwrites A with its triangular 
decomposition and saves NxN words of storage. 

DETLINEQN uses procedures DECOMPOSE, SOLVE, DETERMINANT, and, 
indirectly, INNERPROD, ELIM, and SINGULAR. 
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LINEQNIMPRV PROCEDURE. The syntax ;s as follows: 
PROCEDURE LINEQNIMPRVCN,A,B,X,DIGITS); 
VALU~ N; INTEGER N; 
REAL DIGITS; 
ARRAY ACO,Ol, B,XCOJ; 

fYtQQ~~-
LINEQNIMPRV solves the linear system AX= Band improves the solution X 
to machine accuracy. 

1D2Y1• 
Input to LINEQNIMPRV consists of: 

N - dimension of coefficient matrix A 
A - coefficient matrix 
B - right-hand-side vector 

QylnY1• 
Output for LINEQNIMPRV consilts of: 

X - solution vector 
DIGITS - number of correct digits in initial solution 

ft~m~rt~-
LINEQNIMPRV use~ procedures DECOMPOSE, SOLVE, IMPROVE, and, indirectly, 
INNERPROD, DOUBLEOOTPROD, ELIM, and SINGULAR. 
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DETLINEQNIMPRV PROCEDURE. The syntax ;s as follows: 

PROCEDURE DETLINEQNIMPRVCN,A,B,X,DIGITS,DETBASE,D[TEXP); 
VALUE N; INTEGER N,DETEXP; 
REAL DIGITS,DETBASE; 
ARRAY AC0,0J, B,XC0J; 

fYC.R.Qi~• 
DETLINEQNIMPRV solves the l;near system AX= B, ;mproves the solut;on 
to mach;ne accuracy, and computes the determ;nant of the coeff;cient 
matd x A. 

l!lQY!.• 
Input to 0ETLINEQNIMPRV consists of: 

N - dimension of coefficient matrix A 
A - coefficient matrix 
B - right-hand-side vector 

llYlQY!. • 
Output for DETLINEQNIMPRV cons;sts of: 

X - solution vector 
DIGITS - number of correct digits in init;al solution 
DETBASE - contains the significant digits of detCA) 
DETEXP - conta;ns the appropriate power of 10 for· 0ETBASE 

figm.ar:.ki. 
DETLINEQNIMPRV uses procedures DECOMPOSE, SOLVE, IMPROVE, DETERMINANT, 
and, indirectly, INNERPR0D, DOUBLED0TPROD, ELIM, and SINGULAR. 



LINEQNS PROCEDURE. The syntax is as follows: 

PROCEDURE LINEQNSCN,A,K,C,Y); 
VALUE N,K; INTEGER N,K; 
ARRAY A,C,YCO,Q]; 

fY~QQig• 
LINEQNS solves the K systems of equations AY = C, where the K right­
~and sides are stored in rows 1 through K of the KxN matrix C, and th~ 
corresponding K solutions are placed in rows 1 through K. of the KxN 
matrix Y. 

lDUYl• 
Input to LINEQNS consists of: 

N - dimension of coefficient matrix A 

A - coefficient matrix 

K - row dimension of the matrices C and Y 

C - the matrix used to store the set of right-hand-sides 
dimensioned C[O:K,O:Nl 

ilY1QY1• 
Output for LINEQNS consists of: 

as rows, 

Y - the matrix used to store the set of solutions as rows, 
dimensioned Y(Q:K,O:NJ 

Mg!hQQ• 
After A is decomposed into triangular form, SOLVE is called successive­
ly for each row of c. The rows of C and Y are treated as I-dimensional 
arrays using the array row feature of Burroughs ALGOL so that no 
efficiency is lost. 

ft~filaCK~• 
A is overwritten by its LU decomposition in the process. 

LINEQNS uses procedures DECOMPOSE, SOLVE, and, indirectly, INNERPROD, 
ELIM, and SINGULAR. 



DETLINEQNS PROCEDURE. The syntax is as follows: 

PROCEDURE DETLINEQNSCN,A,K,C,Y,OETBASE,DETEXP); 
VALUE N,K; INTEGER N,K,0ETEXP; 
REAL DETBASE; 
ARRAY A,C,YCO,Oli 

fYtQQi~• 
The purpose of DETLINEQNS is the same as LINEQNS except that in 
addition the determinant of A is calculated. 

lDQY!• 
Input to DETLINEQNS consists of: 

N - dimension of A 

A - coefficient matrix 

K - row dimension of matrices C and Y 

C - matrix used to store the set of right-hand sides as rows, 
dimensioned C[0:K,0:NJ 

Qy!QY!• 
Output for DETLINE~NS consists of: 

Y - matrix u1ed to store the set of solutions as rows, 
dimensioned Y[0:K,0:NJ 

DETBASE - contains the significant digits of detCA> 
. . 

DETEXP - contains the appropriate power of 10 for DETBASE 

E~mgtki• 
0ETLINEQNS uses procedures DECOMPOSE, SOLVE, DETERMINANT, and, 
indirectly, INNERPR0D, ELIM, and SINGULAR. 
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INVERSE PROCEDURE. The syntax is as follows: 

PROCEDURE INVERSECN,A,AINVERSE,DETBASE,DETEXP); 
VALUE N; INTEGER N,DETEXP; 
REAL DETBASE; 
ARRAY A,AINVERSECO,OJ; 

EYC.Q.Qi~• 
INVERSE computes the inverse of the matrix A, stores it in AINVERSE, 
and computes the determinant of A. 

1012!:!1• 
Input to INVERSE consists of: 

N - dimension of A 
A - matrix to be inverted 

.Qy!Q!H .• 
Output for INVERSE consis-ts of: 

AINVERSE - array containing the inverse of A 
DETBASE - contains the significant digits of detCA> 
DETEXP - contains the appropriate power of 10 for DETBASE 

!:1.~1.tl.Q.9.. 
The inverse is computed by solving successively the~ systems of equa­
tions represented by Ax AINVERSE = I, taking account of the ~pecial 
structure of t~e ~plumns of the identity matrix I. No iterative 
improvement is used. 

E~J!!g.C..k.i • 
A and AINVERSE must occupy separate storage. A is overwritten by its 
LU decompositi'on· in the process. 

INVERSE uses procedures· DECOMPOSE, SOLVE, DETERMINANT, and, indirectly, 
INNERPROD, ELIM, and SINGULAR. 
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INVWITHIMPRV PROCEDURE. The syntax is as follows: 

PROCEDURE INVWITHIMPRVCN?A,AINVERSE,DETBASE,DETEXP)J 
VALUE N; INTEGER N,DETEXP; 
REAL DETBASE; 
ARRAY A,AINVERSE[O,OJ; 

fYL:Q.Q~~• 
INVWITHIMPRV computes the inverse of the matrix A, stores it in 
AINVERSE, and computes the determinant of A. 

l.O.IH!l • 
Input to INVWITHIMPRV consists of: 

N - dimension of A 
A - matrix to be inverted 

!1.Y!Q..Yl·• 
Output for INVWITHIMPRV consists of: 

AINVERSE - array containing the matrix of A 
DETBASE - contains the significant digits of detCA> 
DETEXP - contains the appropriate power of 10 for DETBASE 

t1~.t.h.QQ. 
The inverse is calculated by solving successively the N systems of 
equations represented by Ax AINVERSE = I, where I is the NxN identity 
matrix. Each column of AINVERSE is calculated to machine precision 
using iterative refinement.· No account of the special structure of I 
is taken. Since A must be preserved for the iterative improvementP 
INVWITHIMPRV requires NxN more words of storage than INVERSE and takes 
four to five times longer. 

B~.m2.c.!s.1. 
A and AINVERSE must occupy separate storage. 

INVWITHIMPRV uses procedures DECOMPOSE, SOLVE, IMPROVE, DETERMI~ANT, 
and, indirectly, INNERPROD, OOUBLEPROO, ELIM, and SINGULAR. 

1-11 



DETOFA PROCEDURE. The syntax is as follows: 

PROCEDURE DETDFACN,A,DETBASE,DETEXP); 
VALUE N; INTEGER N,DETEXP; 
REAL DETBASE; 
ARRAY ACO,OJ; 

fY£QQ~~-
DETOFA computes the determin~nt of A. 

lnuY!• 
Input to DETOFA consists of: 

N - dimension of A 
A - matrix whose determinant is to be computed 

llY1QY1• 
Output for DETOFA consists of: 

DETBASE - contains the significant digits of detCA> 
DETEXP - contains the appropriate power of 10 for DETBASE 

tl~!QQQ• 
DETOFA computes the significant digits and exponent of detCA> 
separately, to avoid possible exponent overflow or underflow. DetCA), 
is stored as a re~l number, DETBASE, and as an integer power of 10, 
DETEXP: detCA> = OETBASE x lO*DETE~P. If detCA> lies within floating 
point range, OETBASE is set to the value detCA) and DETEXP is set too. 
Otherwise, DETBASE sat1sfies LEQ ABSCDETBASE) LSS 8*13 and DETEXP is 
the appropriate power of 10 for DETBASE. 

ft~mett~-
A is overwritten with its LU decomposition. 

DETDFA uses procedures DECOMPOSE, DETERMINANT, and, indirectly, 
INNERPROD, ELIM, and SINGULAR. 
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INVERSEOVERA PROCEDURE. T~e syntax is as follows: 

PROCEDURE INVERSEOVERACN,A)J 
VALUE N; INTEGER N; 
ARRAY ACO,OJ; 

fY£QQig• 
INVERSEOVERA replaces the matrix A by its inverse. 

lDQYl• 
Input to INVERSEOVERA consists of: 

N - dimension of A 
A - A[l:N,1:NJ contains the matrix to be inverted 

Qy1QY1• 
Output for INVERSEOVERA consists of: 

A - the original matrix is overwritten by its inverse 

~ElliQil. 
INVERSEOVERA inverts the matrix A "in place." That is, as the elements 
of the inverse of A a~e computed, they replace the corresponding ele• 
ments of A, thus savirig NxN words of storage over procedure INVERSE. 
INVERSEOVERA is, however, slower. A is first decomposed into triangu• 
lar form by procedur~ TRIANGLDECOMP which is the same as procedure 
DECOMPOSE in LINPAC except that actual row interchanges are used. The 
triangular form is then inverted by procedure INVERT, as follows: The 
inverse, X, of the prod~ct LU Cthe triangular form> is calculated from 
the cQnditions that XL be an upper triangular matrix and UX be a unit 
lower triangular matrix. The columns of X are then interchanged in the 
feverse order as the row interchanges in TRIANGDECOMP to get the 
inverse of A. 

Bgm2£ki• 
A must be declared with lower bounds of zero in the calling program. 

Reference. 
Fox, L. 1951. Practical Solution of Linear Equations and Inversion of 
Matrices. In Nat. Bur. Stand. A~~ 39 ed. O. Taussky, pp. 1·54. 
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LEASTSQUARES PROCEDURE. The syntax is as follows: 

PROCEDURE LEASTSQUARESCMl,M,N,A,B,X,RES,FIRST,SINGULAR); 
VALUE Ml,M,N,FIRST.; · INTEGER Ml,M,N; 
ARRAY ACO,OJ, B,X,RESCQJ; 
BOOLEAN FIRST; 
LABEL SINGULAR; 

EYC.Q.Q§.g. 
LEASTSQUARES solves an overdetermined system of M equations in N 
unknowns. A specified number of the equations may be satisfi~d 
exact Ly. 

lDJ2Y1 ■ 
Input to LEASTSQUARES consists of: 

.. 

Ml - the first Ml ~quations are satisfied exactly. 
Ml must satisfy: 0 LEQ Ml LEQ N. 

M - number of equations Crows of the matrix) 

N - number of unknowns (columns of the matrix> 

A - coefficient matrix is input in locations 1:M,l:N 
of the array ACO:M,O:NJ 

B - right-hand-side vector is input in locations 1:M 
of the array BCO:M] 

FIRST - Boolean switch which must be true on the first 
call to LEASTSQUARES and false on subsequent calls 
with the same coefficient matrix and different 
right-hand sides 

SINGULAR - label to which control is transferred if the 
QR decomposition cannot be completed Cif A has 
rank less than Nor Ml is chosen too large) 

.QJJ11H!l • 
Output for LEASTSQUARES consists of: 

A - A is overwritten with its QR decomposition 

X - the solution is output in locations 1:N of XCO:Nl 

RES - the ~esiduals are output in locations Ml+l-M of 
the array RESCO:Ml 

ttg1.h.Q£1 • 
If FIRST is false, A is d~composed into the product Q X R of .an 
orthogonal matrix Q and ~n upper triangular matrix R using a sequence 
of elementary Householder transformations. Pivoting is accomplished 
by choosing among the remaining columns. The one with the largest sum 
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of squares to be reduc•d is n~xt. If FIRST is false, the array QR is 
already assumed to contain the QR decomposition of A. Control proceeds 
directly to ACCSOLVE. In this case the value of Ml must be the same as 
that used on the first call to LEASTSQUARES with the current matrix. 
The solution vector X and the residual vector Rare computed in 
ACCSOLVE ■ 

Reference. 
Bjorck, Ake and Golub, Gene. 1967. Ite~ative Refinement of Linear 
Least Square Solutions by Householder Transformation. ftlI 7:322-337. 
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LEASTSQUARESIMPRV PROCEDURE. The syntax is as follows: 

PROCEDURE LEASTSQUARESIMPRVCMl,M,N,A,~R,B,X,RES,FIRST,SINGULAR, 
FAIL>; 

VALUE Ml,M,N,FIRST; INTEGER Ml,M,N; 
ARRAY A,QRCO,Ol,B,X,RESCO]; 
BOOLEAN FIRST; 
LABEL FAIL,SINGULAR; 

f YL:Q.Q.i~ • 
Solves an overdetermi~ed system of M equations in N unknowns~ A 
specifi~d. number of the equations may be satisfied exactly. The 
solution is improved t~ machine a~curacy. 

l!!12Y1• 
Input to LEASTSQUARESJMPRV consists of: 

Ml - the first Ml equations are satisfied exactly. 
,Ml must satisfy: 0 LEQ Ml LEQ N. 

M - number of equations Crows of the matrix> 

N - number of unknowns <columns of the matrix> 

A - coefficient matrix is input in locations 1:M,l:N 
of the array A[OfM,O:Nl 

B - right-hand-side vector is input in locations 1:M 
of the array BCO:Ml 

FIRST - Boolean switch which must be true on the first 
call to LEASTSQUARES and false on subsequent 
calls with the same coefficient matrix and 
different right~hand sides 

SINGULAR - label to which control is transferred if the 
QR decomposition cannot be completed Cif A has 
rank less than Nor Ml is chosen too large> 

FAIL - label to which control is transferred if the 
iterative refinement fails to improve the 
solution sufficiently 

.QY!QY!• 
Output for LEASTSQUARtSIMPRV consists of: 

1-16 

A - A is. preserved by the procedure 

QR - the QR. decomposition of. A is output in the array 
QR[O:M,O:Nl 

X - the solution is output in locations t:N of X[O:Nl 

RES - the residuals are output in locations Ml+l-M of 



the array RES[O:MJ 

tlg!h2Q• 
If FIRST is true, A is decomposed into the product QXR of an orthogonal 
matrix Q and an upper triangular matrix R, using a sequence of elemen• 
tary Householder transformations. Pivoting is accomplished by choos­
ing, among the remaining columns the one with the largest sum of 
squares to be reduced next. If FIRST is false, the array QR is assumed 
to already contain the QR decomposition of A and control proceeds 
directly to ACCSOLVE~ In this case the value of Ml must be the same as 
th~t used on the first call to LEASTSQUARESIMPRV with the curreht 
matrix. 

In ACCSOLVE the first solution is taken to b& a null vector, and the 
first two iteration steps are always executed. The iteration for the 
current right-hand side is terminated when the conditions Cl> and C2) 
below are simultaneously satisfied: 

Cl) NCDXCS)) GEQ .125xNCOXCS•l>> OR NCDXCS)) LEQ ETAxNCXCl)) 
C2> NCDRCS)) GEQ .125xNCDRCS-l)) OR NCDRCS)) LEQ ETAxNCRCl)) 

N stands for the Euclidean norm, and OXCS) means the value of DX after 
the 5th iteration. If the iteration is terminated and at the same time 

NCOXCS)) GTR 2xETAxNCXC1)) AND NCORCS)) GTR 2xETAxNCRC1)) 

the exit FAIL is used. 

ftgfg~gn£g. 
This is a modified version of procedures appearing in: Bjorck, Ake and 
Gol~b, Gene. 1967~ Iterative Refinement of Linear Least Square 
Soluti-0ns by Householder Transfor~ation. al! 7:322-337. 
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SYMMETRIC MATRICES - SYMLINPAC. 
SYMLINPAC is a set of procedures, analogous to LINPAC, used to solve 
systems of equations with symmetric coefficient matrices and to invert 
such matrices. Full advantage is taken of the symmetry by requiring 
only the lower triangle of the input matrix for each SYMLINPAC proce­
dure. Full accuracy options, which allow solutions and in~erses to be 
computed to 11+ decimal digits, are included. If determinants are 
desired, the relevant procedures of LINPAC must be utilized instead. 

A variant of the Cholesky decomposition allowing nonsingular symmetric 
matrices which are not necessarily positive-definite is used. However, 
the method guarantees numerical stability only for equations and 
inverses involving positive-definite matrices, and for general sym­
metric matrices serious loss of accuracy may occur because pivoting 
Crow interchanges) is not performed. The matrix is decomposed into the 
product A= LOU, where L is a lower triangular matrix with ones on the 
diagonal, U is its transpose, and Dis diagonal. If the matrix is not 
required for iterative improvement Cit is not in SYMLINEQN, SYMLINEQNS, 
and SYMINVERSEOVERA>, the lower triangle of A is overwritten with L. 
In SYMLINEQNIMPRV and SYMINVWITHIMPRV, A is preserved and Lis stored 
separately. The reciorocals of the elements of Dare stored instead of 
the e'lements themselves. Iterative improvement, when desired, is 
accomplished with essentially the same procedure as IMPROVE in LINPAC. 

Should a singular matrix be encountered, control is returned to· the 
statement in the calling program whose LABEL is passed as the formal 
parameter SINGULARMATRIX <FAIL in SYMBANDLINEQN}. 

SYMBANDLINEQN uses the standard Cholesky decomposition, which requires 
positive-definiteness, to solve a band symmetric system of linear equa­
tions. Full advant~ge of the band structure is taken by storing only 
the non-zero elements of the input matrix. A Boolean switch, FIRST, is 
provided for efficijnt calculation of systems with several right-hand 
sides. On the first call to SYMBANDLINEQN, FIRST must be set TRUE, in 
which case the input matrix is overwritten with its Cholesky decomposi• 
tion. On subsequent calls with the same coefficient matrix and differ­
ent right-hand sides, FIRST should be set FALSE, in which case the 
decomposition is skipped. The inverse matrix can· be calculated with 
reasonable efficiency by making N calls, with 8 the successive c~lumns 
of the identity matrix. 

R~!~c~o~~~-
Martin, R. s.; Peters, G.; and Wilkinson, J. H. 1965. Symmetric Decom-
position of a Positive Definite Matrix. Numeci~che Ma!J:!.ematik 
7:362-383. 

Wilkinson, J. H. and Reinsch, C. eds. 1971. Linear Algebra. tlaOQ~QQK 
fQ~ AYlQfilalik t2filQYla!iQO• Vol. 2 New York:Springer-Verlag. 
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SYMLINEQN PROCEDURE. The syntax is as follows: 

PROCEDURE SYMLINEQNCN,A,B,X,SINGULARMATRIX)J 
VALUE NJ INTEGER NJ 
ARRAY ACO,Ol, B,XCOlJ 
LABEL SINGULARMATRIXJ 

fYtQQi~• 
SYMLINEQN solves the symmetric linear system AX= B. 

1DQY1• 
Input to SYMLINEQN consists of: 

N - order of system 

A - array containing the coefficient matrix which must be symmet­
ric. It is only necessary to store the lower triangle of the 
matrix; the strict upp~r triangle of A is not used. 

B - right-hand-side vector 

SINGULARMATRIX - label in the calling program to which control is 
trarisferred if a singular matrix is encountered 

QY1QY1• 
Output for SYMLINEQN consists of: 

A - the strict lower triangle of A is overwritten with its 
triangular decomposition 

X - solution vector 

li~!hQg. 
A is decomposed into triangular form without .usi~g pivoting; if A is 
not positive-definite, serious loss of accuracy may occur. 

B~mstli• 
The call SYMLINEQNCN,A,B,B,SINGULARMATRIX> overwrites B with the 
solutiori x. 

SYMLINEQN uses procedures SYMOECOMPOSE, SYMSOLVE, and, indirectly, 
SYMELIM and INNERPROD. 
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SYMLINEQNIMPRV PROCEDURE. The syntax is as follows: 

PROCEDURE .SYMLINEQNIMPRVCN,A,B,X,DIGITS,SINGULARMATRIX); 
VALUE N; INTEGER N; 
REAL DIGITS; 
ARRAY ACO,Ol, B,XCOJ; 
LABEL SINGULARMATRIX; 

f Y!:Q.Q.§.~. 
SYMLINEQNIMPRV solves the symmetric linear system AX= 8 and improves 
the solution X to machine accuracy. 

lDQ!::!1 • 
Input to SYMLINEQNIMPRV consists of: 

N - order of system 

A - array containing the coefficient matrix which must be symmet­
ric. It is only necessary to store the lower triangle of the 
matrix. However, if the full matrix is stored, the call to 
SYMMETRIZE is superfluous and may be removed. 

8 - right-hand-side vector 

SINGULARMATRIX - label in the calling program to which control is 
transferred if a singular matrix is encountered 

il!::!.tQ!:!.t. 
Output for SYMLINEQNIMPRV consists of: 

X ~ solution vector 
DIGITS - number of correct digits in initial solution 

,Mg.t.!HLQ • 
A copy of A is decomposid into triangular form without u,ing pivoting. 
The solution is improved to machine accuracy unless the initial solu­
tion is too inaccurate for the iterative improvement to converge, in 
which case an error message is written and control is transferred to 
the statement labeled SINGULARMATRIX in the calling program. 

figfila!:k.§. • 
8 and X must occupy separate storage. 

SYMLINEQNIMPRV uses procedures SYMDECOMPOSE, SYMSOLVE, SYMMETRIZE, 
SYMIMPROVE, ~nd, indirectly, SYMELIM, DOUBLEDOTPROD, and INNERPROD. 
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SYMLINEQNS PROCEDURE. The syntax is as follows: 

PROCEDURE SYMLINEQNSCN,A,K,C,Y,SINGULARMATRIX); 
VALUE N,K; INTEGER N,K; 
ARRAY A,C,YCO,QJ; 
LABEL SINGULARMATRIX; 

fYtQQ~!• 
SYMLINEQNS solves the K symmetric systems of equations AY = C, where 
the K right-hand sides are stored in rows 1-K of the array C, and the 
corresponding K solutions are placed in rows 1-K of Y. 

lDQY! 0 

Input to SYMLINEQNS consists of: 

N - dimension of coefficient matrix 

A - array containing the coefficient matrix which must be symmet­
ric. It is only necessary to store the lower triangle of the 
matrix; the strict upper triangle of A is not used. 

K - the number of sets of equations to be solved 

C - right-hand ,ides of the equations are stored in rows 1-K of 
array C[O:K~O:NJ 

SINGULARMATRIX - label in the calling program to which control is 
transferred if a singular matrix is encountered 

Qy1QY1• 
Output for SYMLINEQNS consists of: 

A - the strict lower triangle of A is overwritten with its 
triangular decomposition 

Y - solutions of the K systems are stored in rows 1-K of 
Y[O:K,O:NJ 

~!!h2~. 
A is decomposed into triangular form without using pivoting so that if 
A is not positive-definite, serious loss of accuracy may occur. 
SYMSOLVE is called successively for each row of C. The rows of C and Y 
are treated as 1-D arrays <array rows> so that efficiency is not lost. 

E!fil~t1i• 
The call SYMLINEQNSCN,A,K,C,C,SINGULARMATRIX> 6verwrites the right­
hand-side matrix C with the solution matrix Y. 

SYMLINEQNS uses procedure$ SYMDECOMPOSE, SYMSOLVE, and, indirectly, 
SYMELIM and INNERPRDD. 
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SYMINVWITHIMPRV PROCEDURE. The syntax is as follows: 

PROCEDURE SYMINVWITHIMPRVCN,A,AINVERSE,SINGULARMATRIX); 
VALUE N; INTEGER N; 
ARRAY A,AINVERSE(O,OJ; 
LABEL SINGULARMATRIX; 

f1!!12.Qig• 
SYMINVWITHIMPRV computes the complete inverse of the symmetric matrix 
A, improves it to machine accuracy, and stores it in AINVERSE[l:N,1:NJ. 

l!!!!1!1• 
Input to SYMINVWITHIMPRV consists of: 

N - order of A 

A - array containing the matrix to be inverted; only the lower 
triangle of A is r.equired. However, if the full matrix is 
stored, the call to SYMMETRIZE is superfluous and may be 
removed. 

SINGULARMATRIX - label in the calling program to which control is 
transferred if a singular matrix is encountered 

Q.Y.t.12.!H. • 
·Output for SYMINVWITHIMPRV consists of: 

AINVERSE - array containing the full inverse of A 

Ji~lh.!H1 • 
A copy of A is decomposed into triangular form without using pivoting. 
The inverse is ial~~lated and improved column by column, taking account 
of the special form.of the columns of the identity matrix. If the 
iterative improvement of a column fails to tonverge, an error message 
is written and control is transferred to the statement labeled 
SINGULARMATRIX in the calling program. 

E~l!!i!.tk~• 
This procedure is much slower than SYMINVERSEOVERA and should be used 
only if a fully accurate inverse is desired. 

A and AINVERSE must occupy separate storage. 

SYMINVWITHIMPRV uses orocedures SYMDECOMPOSE, SYMSOLVE, SYMMETRIZE, 
SYMIMPROVE, and, indirectly, SYMELIM, DDUBLEDOTPRODP and INNERPROD • 
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SYMBANDLINEQN PROCEDURE. The syntax is as follows: 

SYMBANDLINEQNCN,M,A,B,X,FIRST,FAIL); 
VALUE N,M,FIRST; INTEGER M,N; BOOLEAN FIRST; 
ARRAY ACO,Ol, B,X(O]; 
LABEL FAIL; 

fY.C!2.Q1~• 
SYMBANDLINEQN solves the linear system AX= B, where A is a symmetric 
positive-definite band matrix. 

1!1!2.!:!1 • 
Input to SYMBANDLINEQN consists of: 

N - order of system 

M - number of lines on either side of the main diagonal 

A.- A[l:N,O:M] contains the lower half of the positive-definite 
band coefficient matrix. The subdiagonals of the matrix are 

/ stored in the columns of A, with the main diagonal in A(I,Ml, 
1 = 1 Cl) N. The elements of the stored array occupy the 
positions illustrated below for N=S, M=2 of a conventional 
array. 

Stored_Arrgy 

X X 
X AC2,1 l 
AC3,0l AC3,1.J 
AC4,0l AC4,ll 
ACS,01 ACS,ll 

ACl,21 
AC2,2] 
AC3,2J 
AC4,2] 
A[S,21 

Lower_Triangle_of_Conventional_ArraY 

ACl,21 
A(2,ll AC2,2J 
AC3,0l AC3,1l 

AC4,0J 
AC3,2l 
AC4,1l AC4,2] 
ACS,OJ ACS,1] ACS,2] 

The elements indicated by X's in the upper left-hand corner of 
the stored array may be arbitrary since they are not used. A 
is preserved by the program. 

B - 8(1:NJ contains the right-hand side of the system 

FIRST - a TRUE/FALSE switch. The call SYMBANDLINEQNCN,M,A,B,X, 
TRUE,FAIL> is used for the first set of equations, whereas 
additional sets with the same coefficient matrix and dif­
ferent right-hand sides are solved by the call 
SYMBANDLINEQNCN,M,A,B,X,FALSE,FAIL). 

FAIL - a label tn the calling program to which control is trans­
f e r r e d i f t h e m a t r i x A i s n o t p o s i t i v e - d-e f i n i t e 
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Qy1QY1• 
Output for SYMBANOLINEQN consists of: 

A - A is overwritten with the lower triangular part of the 
Ch6lesky decomposition A= LU 

X - XCl:NJ contains the solution 

tlglhQQ• 
The Cholesky decomposition A= LU, where U is the transpose of L, is 
performed and Lis stored in the same form as A. The reciprocals of 
the diagonal elements of Lare stored instead of the elem•nts them­
selves. If A is not positive-definite, the procedure fails and control 
is transferred to the statement labeled FAIL in the calling program. 

figmg£k~• 
The call SYMBANDLINEQNCN,M,A,B,B,FIRST,FAIL) over~rites B with the 
solution X. 

Bgi~£~o£g. 
Martin, R. s. and Wilkinson, J. H. 1965. Symmetric Decomposition of 
Positive Band Matrices~ Numerische tlglh!filg1it 7:355-361. 
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SYMINVERSEOVERA PROCEDURE. The syntax is as follows: 

PROCEDURE SYMINVERSEOVERACN,A,SINGULARMAT); 
VALUE N; INTEGER N; 
ARRAY ACO,OJ; 
LABEL S!NGULARMAT; 

fYtQQ11• 
SYMINVERSEOVERA overwrites the symmetric matrix stored in the lower 
triangle of A[l:N,1:NJ with its complete inverse. 

lnQYl• 
Input to SYMINVERSEOVERA consists of: 

N - order of A 

A - array containing the matrix to be inverted. It is only nec­
essary to store the lower triangle of the matrix. The strict 
upper triangle is not used on input. 

SINGULARMAT - label in the calling program to which control is 
transferred in case of a singular matrix 

QylQY!• 
Output for SYMINVERSEOVERA consists of: 

A - A is overwritten with the entire inverse matrix which is also 
symmetric 

tlllhQ~. . 
The decomposition A= LOU, where U is the transpose of L, is p~rformed. 
L with the unit d~agonal omitted is overwritten on the strict lower 
triangle of A, and the reciprocals.of the elements of Dare stored on 
the main diagonal. The transpose of the inverse of L (omitting its 
unit diagonal> is then written on the strict upper triangle of A, after 
which L inverse and Dare replaced by the upper triangle of the inverse 
matrix. Lastly, the remainder of the inverse is overwritten on the 
strict lower triangle of A. 

Pivoting is not used; if A is not positive-definite, serious loss of 
accuracy may occur. 

fflil~ID~I• 
This is a modification of procedure SY~INVERSION which appears in: 
Martin, R. s~; Peters, G; and Wilkinson, J. H. 1965. Symmetric Decom­
position of a Positive Definite Matrix. Numeri1che M~thematik 
7:362-383. 
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COMPLEX MATRICES. 
A single procedure, an extension to complex arithmetic of the Gaussian 
elimination method employed in LINPAC, is given for complex linear 
equati~ns. The Boolean switches FIRST and IMPROVE allow for efficient 
solution of systems with multiple right-hand sides and iterative 
improvement, respectively. As outlined for SYMBANDLINEQN, the inverse 
of a complex matrix can be computed by successive calls to CXLINEQN. 
For example, the following st~tements produce the inverse of A stored 
in RAINVERSE and IAINVERSE. 

RB[l l := o; 
CXLINEQNCN,RA,IA,RLU,ILU,RB,IB,RX,IX,TRUE,FALSE)i 
FOR J := 2 STEP 1 UNTIL N DO 
BEGIN 

ENO; 

RBCJl := 1; RBCJ-11 := o; 
CXLINEQNCN,RA,IA,RLU,ILU,RB,IB,RX,IX,FALSE,FALSE>; 
FOR I := 1 STEP 1 UNTIL N DO 
BEGIN 

RAINVERSECI,Jl := RXCIJ; 
IAINVERSECI,Jl := IX[IJ; 

END; 

It is assumed here that the arrays RB and IB are initially set to zero. 
As another example, the following code placed after CXDECOMPOSE with 
the appropriat~ declarations co~putes the determinant of the complex 
matrix A. 
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ROET :: RLUCl,iJ; IDET := ILU[l,lli 
FOR I := 2 STEP 1 UNTIL N DO 
BEGI~ 

ENO; 

ROET := ROETxRLU[I,Il - IDETxILUCI,IJ; 
IDET := RDETxILUCI,Il + IDETxRLU[I,IJ; 



CXLINEQN PROCEDURE ■ The syntax is as follows: 

PROCEDURE CXLINEQNCN,RA,IA,RLU,ILU,RB,IB,RX,IX,FIRST,IMPR0VE>J 
VALUE N, FI RS T, I M·P ROVE; I NT EGER N; 8 0 0 LE AN FI RS T, IMPROVE; 
ARRAY RA,IA,RLU,ILU(0,0l, RB,IB,RX,IX[Q]; 

fY!:..QQi,g • 
CXLINEQN solves a system of complex linear equations <RA+ IxIA) CRX + 
IxIX> =RB+ IxIB. The solution may optionally be improved to machine 
accuracy. 

lD.iH!!.e 
Input to CXLINEQN consists of: 

N - complex dimension of coefficient matrix A 

RA - real part of coefficient matrix A 

IA - imaginary part of coefficient matrix A 

RB - real part of right-hand-side vector 

IB - imaginary part of right-hand-side vector 

FIRST - Boolean value. FIRST sho~ld be TRUE the first time 
CXLINEQN is called with a given coefficient matrix, and 
FALSE for further calls. 

IMPROVE - Boolean value to specify whether or not iterative 
improvement is desired 

!1.Y!Q.Y!. 
Output for CXLINEQN consists of: 

RLU - real part of triangular decomposition of A 
ILU - imaginary part of triangular decomposition of A 
RX - real part of solution vector 
IX - imaginary part of solution vector 

!1.!H . .!J.Q g • 
If FIRST is TRUE, a copy of A is reduced to triangular form by CXDEC0M­
PDSE which uses Gaussian elimination with partial pivoting. The pivot­
ing is accomplished by interchanging the row indices stored in the 
array PS, instead of physical row interchanges. If FIRST is FALSE, the 
triangular form of A is assumed to be already stored in the arrays RLU 
and ILU. The solution is computed in CXSOLVE and, if IMPROVE is TRUE, 
refined to machine accuracy in procedure CXIMPROVE. This is an exten­
sion to complex arithmetic of the method employed by LINPAC. 

If a singular matrix is detected, an error message is printed and the 
procedure continued, resulting in a divide-by-zero. If the IMPROVE 
option is .requested and the solution fails to converge after 23 itera­
tions, an error message is printed and the last iteration is taken as 
a solution. 
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E£msrki• 
CXLINEQNCN,RA,IA,RA, IA, RB,IB,RX,IX,FIRST,CALSE) overwrites RA and IA 
with the triangular decomposition of A and saves 2xNxN words of 
storage. 

Reference. 
Forsythe, George E. and Moler, Cleve B. 1967. ComQuter Solution 2! 
Linear Algebraic ~li1~m1, Englewood Cliffs, N. J.:Prentic·e-Hall. 
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ElGENVALUES_AND_fIGENVECTORS. 
The following paragraohs include procedures for calculating the full 
set of eigenvalues and eigenvectors of symmetric, band symmetric, and 
general real and complex matrices. Because of the computational effort 
required to find eigenvectors, the user is offered the choice between a 
proce~ure finding only the eigenvalues and one computing both 
eigenvalues and eigenvectors. 

All procedures employ the QR or closely related LR algorithm and all 
except INVARIANTSUBSPACES are based on the work of Wilkinson and his 
colleagues published in Numerische Msthemstik. Two types of prelimi­
nary transformations are applied to significantly improve the results 
of or decrease the computational effort involved in the QR or LR itera­
tions. The first ,type is known as "balancing," a method of scaling 

~without introducing rounding errors which equalizes the norms of cor­
responding rows and columns of the matrix and also reduces the norm of 
the matrix. Having as its major effect a substantial improvement in 
the accuracy of computed etgenvalues and eigenvectors of poorly condi­
tioned matrices, balancing also detects isolated eigenvalues, effec­
tively reducing the order of the matrix when they are present. Because 
of the volume of work required per QR or LR iteration on a full matrix, 
it is necessary to employ a second type of transformation to reduce the 
matrix to a simpler form. The transformation used depends on the kind 
of matrix, but each :is numerically stable so that a minimum of rounding 
error is introduced. Although the eigenvalues of the original matrix 
are preserved by both types of transformations, the eigenvectors are 
not. Consequently, when eigenvectors are desired, the reduction proce­
dures store sufficient information to allow back-transformation of the 
eigenvectors of the reduced matrix. 

Symmetric matrices are initially balanced so that the only preliminary 
transformation required is a reduction to tri-diagonal form. For full 
symmetric matrices this is accomplished by Householder <orthogonal> 
transformations, whereas for band symmetric matrices a sequence of 
Jacobi rotations is used. The QL algorithm (essentially the same as 
the QR) is applied to the tri•diagonal matrix in each case. If eigen­
vectors of a full symmetric matrix are wanted~ they are computed and 
back-transformed inside the QL pr6cedure. 

Balancing is carried out for real and complex matrices without user 
option because the amount of computation required is small. Both real 
and complex matrices ~re then reduced to upper Hessenberg form <zeroes 
below the first subdiagonal>, the former by Householder transformations 
and the latter by elementary row and column operations with pivoting 
for stability. The Francts Double-Step QR algorithm, which avoids com­
plex a~ithmetic, is applied to the real Hessenberg matrices, and the 
somewhat simpler LR algorithm is applied to the complex ones. The 
eigenvectors of the quasi-triangular <triangular> matrix produced by 
the QR CLR) algorithm are computed by solving the :appropriate set of 
line~r equations. Back-transformation of the eigenvectors proceeds 
slightly differently in- the two cases. For real matrices, the trans­
formation matrix is generated separately by procedure ORTRANS, then up• 
dated and applied to the eigenvectors insid~ HQR2. To account for bal­
ancing, a further back-transformation is performed by BALBAK. With 
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complex matrices the transformation matrix is generated, updated, and 
applied, all inside COMLR2. Back-transformation of the eigenvectors is 
accomolished by two calls to BALBAK. 

INVARIANTSUBSPACES should only be ap~lied to those matrices, real or 
complex, which are known or observed to have multiple eigenvalues whose 
corresponding eigenvectors are nearly linearly dependent. For such 
matrices, it produces accurate basis vectors for the subspace spanned 
by all of the eigenvectors corresponding to the multiple Cor clustered> 
eigenvalue(s). 

Ohly a few general comments are made about the QR and related LR algo­
rithms because an adequate literature exists. The fastest of all known 
m~thods when all of the eigenvalues .or eigenvectors are desired, it is, 
for example, several times faster t~an the Jacobi method, except for 
matrices of order less than 10. Failures are simply-not encountered on 
matrices of order less than 50 (perhaps much higher>~ With regard to 
accuracy, the QR algorithm·always produces an eigensystem which is 
exact for a matrix which diff~rs only slightly from the input matrix. 

E~f~c~n£~• 
Reinsch, c. and Wilkinson, J. H., eds. 1971. Linear Algebra. ti~D~bQQt 
for Automatic tomQ~tation. Vol. 2. New York:Springer-Verlag. 
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REAL MATRICES. 

NON.SYMEIGENVALUES PROCEDURE. The syntax is as follows: 

PROCEDURE NONSYMEIGENVALUESCN,APRTR,RTI); 
VALUE N; INTEGER N; 
A~RAY ACO,Ol, RTR,RTICOJ; 

f~£QQ~g~ 
NONSYMEIGENVALUES finds all N eigenvalues of the general real matrix A. 
Complex conjugate eigenvalues are stored consecutively. 

lilQY!• 
Input to NONSYMEIGENVALUES consists of: 

N - dimension of A 

A - the matrix A is input in locations 1:N,l:N of the array 
ACO:N,O:Nl 

QY1QY1• 
Output for NONSYMEIGENVALUES consists of: 

A - the given matrix is destroyed in the process 

RTR - the real parts of the eigenvalues are placed in locations 
1:N of the array RTRCO:Nl 

RTI - the imaginary parts o1 the eigenvalues are placed in 
locations 1:N of the array RTICO:NJ 

M~1hQQ• 
A is first prepared by procedure BALANCE, which detects any isolated 
eigenvalues and reduces the norm of A without introducing any round-off 
errors. ORTHES is then called to reduce A to upper Hessenberg form 
using elementary orthogonal <Householder) transformations. Procedure 
HQR, which utilizes the Francis Double-Step QR algorithm, is employed 
to find the eigenvalues of A. 

E~filgCk~-
Balancing is strongly recommended since it generally improves accuracy 
at a small additional cost in time. However, it is not necessary to 
balance Orthogonal or Normal matrices. If BALANCE is not used, LOW 
must be set to 1 and UPP to N. 

If the original matrix is already of upper Hessenberg form <zeroes 
below the first subdiagonal>, the call to ORTHES may be removed (proce­
dure BALANCE preserves the Hessenberg form). 

The procedure fails if an eigenvalue requires more than 30 iterations, 
in which case an error message is printed. Failures are extremely 
rare. 
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Reference. 
Martin, R. s.; Peters, G.; and Wilkinson, J. H. 1970. The QR Algorithm 
for Real Hessenberg Matrices. Numerische Mathematik 14:219-231. 
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NONSYMEIGENVECTORS PROCEDURE. The syntax is as follows: 

PROCEDURE NONSYMEIGENVECTORSCN,A,RTR,RTI,U>; 
VALUE N; INTEGER N; 
ARRAY A,UCO,Ol, RTR,RTICOJ; 

fy~QQ£~• 
NONSYMEIGENVECTORS finds alt N eigenvalues and normalized column eigen­
vectors of th~ general real matrix stored in locations 1:N,1:N of the 
array A[O:N,O:N]. Complex conjugate eigenvalues are stored consecu• 
tively. The eigenveitors are stored in the columns of u; if the Kth 
eigenvalue is complex with positive imaginary part, column K contains 

• the real part and column K+l contains the imaginary part of the Kth 
eigenvector. The complex conjugate eigenvector is not stored. 

lnQYl• 
Input to NONSYMEIGENVECTORS consists of: 

N - order ot A 
A - general real matrix stored in A[l:N,1:Nl 

QY1QY1• 
Output for NONSYMEIGENVECTORS consists of: 

A - the upper triangular part of A contains the eigenvectors of 
the quasi~triangular matrix produced by the QR algorithm 

RTR - the real parts of the eigenvalues are placed in locations 
1:N of the array RTI[O:N] 

RTI - the imaginary parts of the eigenvalues are placed in loca­
tions 1:N of the array RTI[O:N] 

U - normalized· eigenvectors are placed in locations 1:N of the 
columns of the array UCO:N,O:N] 

H~lhQQ• 
A is fir~t prepared by proced~re BALANCE, which detects any isolated 
eigenvalues and reduces the norm of A without introducing any round-off 
errors. ORTHES is then called to reduce A to upper Hessenberg form, 
using elementary orthogonal {Householder> transformations. The matrix 
defining the similarity reduction of A to upper Hessenberg form is then 
formed and stored in the array U by procedure ORTRANS using the infor­
mation left below the subdiagonal of A by ORTHES, completing the ore• 
liminary r~ductions and transformations. Procedure HQR2 is employed to 
obtain the eigenvalues of A and the eigenvectors of the balanced 
matrix. HQR2 utilizes the Francis Double-Step QR algorithm to compute 
the eigenval~es and a method of b~ck substitution for the eigenvectors. 
The eigenvectors of the balanced matrix are next transformed into 
eigenvectors of the original matrix by procadure BALBAK. Finally, the 
eigenvectors of A are normalized so that a real eigenvector has its 
component of maximum magnitude equal to 1.0, and a complex eigenvector 
has its maximum modulus component equal to 1.0 + O•I. 
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B~ma~k~•. 
Balancing is stron9ly recommended since it generally improves accuracy 
at a small additional cost in time. However, it is not necessary to 
balance orthogonal or normal matrices. If BALANCE is not used, LOW 
must be set to 1 and UPP must be set to N. 

If the original matrix is already of upper Hessenberg form (zeros below 
the first subdiagonal>, the c~lls to ORTHES and ORTRANS may be removed 
(procedure BALANCE preserves the Hessenberg form>. In this case, U 
must be set to the identity matrix before HQR2 is entered Cit is only 
necessary to set the diagonal elements to 1). 

If unnormalized eigenvectors are sufficient, the call to procedure 
NORMALIZE may be removed. 

The procedure fails if any eigenvalue requires more than 30 iterations, 
in which case an error message is printed. Failures are extremely 
rare. 

B~f~~~n~~-
Peters, G. and Wilkinson, J. H. 1970. Eigenvectors of Real and Complex 
Matrices by LR and QR Triangularization. Numerische Mathematik 
16:181-204. 
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SYMMETRIC MATRICES. 

SYMEIGENVALUES PROCEDURE. The syntax is as follows: 

PROCEDURE SYMEIGENVALUES<N,A,VALUES)J 
VALUE NJ INTEGER NJ 
ARRAY A[O,OJ, VALUES[O]; 

E.Y.tQQ.ig. 
SYMEIGENVALUES finds all N eigenvalues of a real symmetric matrix. 
On(y the lower triangle of the matrix is required. 

1.0.12.!d!. • 
Input to SYMEIGENVALUES consists of: 

N - order of matrix 

A - the lower triangle of the matrix is stored in the lower tri­
angle of locations 1:N,1:N of the array A(O:N,O:N]o The 
strict upper triangle of A is unused. 

Q y l Q.!d .t • 
Output for SYMEIGENVALUES consists of: 

A - the lower triangle of A is destroyed 

VALUES - the eigenvalues are placed in locations 1:N of the array 
VALUES(O:NJ in ascending order 

t1.~1.tlQQ • 
The matrix is first reduced•to tridiagonal form using th'e Householder 
reduction. The eigenvalues of the tridiagonal matrix are found with QL 
transformations. 

EglJlg.t.k~· 
If the iteration fails to converge, an error message is printed and the 
procedure is exited. Failures are exceedingly rare. 

flgfg~gn£g. . 
This is a modified version of procedures appearing in: Bowdler, H.J 
Martin, R. s.; Reinsch, c.; and Wilkinson, J. H. 1968 •. The QR and QL 
Algorithms for Symmetric Matrices. Numeris~he M~them~tik 11:293-306. 
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SYMEIGENVECTORS PROCEDURE. The syntax is as follows: 

PROCEDURE SYMEIGENVECTORSCN,A,VALUES,VECTORS); 
VALUE N; INTEGER N; 
ARRAY A,VECTORS(O,OJ, VALUES(O]; 

fYCQQ~~• 
SYMEIGENVECTORS finds all N eigenvalues and normalized column eigen- o 
vectors of a real symmetric matrix. Only the lower triangle of the 
matrix is required. 

lOQYl• 
Input to SYMEIGENVECTORS consists of: 

N - order of matrix 

A - the lower triangle of the matrix is stored in the lower tri­
angle of locations 1:N,1:N of the arr~y ACO:N,O:NJ. ThP 
strict upper triangle of A is unused. 

QY1QY1• 
Output for SYMEIGENVECTORS consists of: 

A - the lower triangle of A is destroyed 

VALUES - the eigenvalues are placed in locations 1:N of the array 
VA.LUESCO:NJ in ascending order 

VECTORS - the normalized eigenvectors are placed in locations 1:N 
of the columns of the array VECTORS(O:N,O:N] 

tl~1hQ£• 
The matrix is first reduced to tridiagonal form using the Householder 
reduction. The eigenvalues and eigenvectors of the tridiagonal matrix 
are fou~d with QL transformations. These eigenvectors are then trans­
formed into eigenvectors of the original matrix using information 
stored from the Ho~seholder reduction and normalized such that each 
eigenvector has its component of maximum magnitude equal to 1.0. 

E~m2rk~-
If the iteration,fails to converge, an error message is printed and the 
procedure is exited. Failures are exceedingly rare. 

Reference. 
This is a modified version of procedures appearing in: Bowdler. H.~ 
Martin, R. s.; Reinsch, c.; and Wilkinson, J. H. 1968. The QR a_d wL 
Algorithms for Symmetric Matrices. Numerische Mathematik 11:29~-306. 
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SYMBANDEIGENVALUES PROCEDURE. The syntax is as follows: 

PROCEDURE SYMBANDEIGENVALUESCN,M,A,VALUES>; 
VALUE N,M; INTEGER N,M; 
ARRAY A[O,Ol, VALUES[Q]; 

.e .Y .c .Q.Q .?. g_ • 
SYMBANDEIGENVALUES finds all N eigenvalues of a symmetric positive­
definite band matrix. A special storage arrangement is used. 

lru2Y!. 
Input to SYMBANDEIGENVALUES consists of: 

N - order of system 

M - number of lines on either side of the main diagonat 

A - the lower half of the matrix is stored in locations 1:N,O:M of 
the array A[O:N,O:M]. The subdiagonals of the matrix are 
~tored in the columns of A, with the main diagonal in ACI,Ml, 
I = 1 Cl) N. The elements of the stored array occupy the 
positions illustrated below for N=5, M=2 of a conventional 
array. 

.!l.::111.!d!. 

Stored_Arr~y 

X 
X 
A[3,0l 
A[4,0] 
At5-U] 

X A[l,21 
A[2,1] A[2,2] 
AC3,1] A[3,2] 
A[4,1] A[4,2] 
A[5,1] A(5,2l 

Lower_Triangle_of_Conventional_Array 

A[l,2] 
A[2,1] A[2,2] 
A[3,0l A[3,1J 

A[4,0l 
A[3,2] 
A[4,1] A[4,2] 
A[5,0J AC5,1J AC5,2J 

T~J elements indicated by X's in the upper left-hand corner of 
-:.::_ ·.1 st or e d . a r r a y may be a r bi tr a r y s i n c e t hey are not used • 
This storage arrangement is the same as that used in 
SfMBANDLINEQN • 

Output for SYMBANDEIGENVA~UES consists of: 

A - ACM,Il, I=lCl)N contains the main diagonal of the reduced 
m trix, and A[M-1,IJ, I=2Cl)N contains the first lower 
s..Jbd i agona l 

VALUES - ·: he e i g en v a l u es are p laced i n l oc at i on s 1 : N of the a r ray 
VALUESCO:N] in jscending order 

!:1!Lth.QQ • 
The matrix is reduced to tridiagonal form by a sequence of Jacobi rota­

. tions which preserve the eigenvalues and the band structure. The 
eigenvalues of the tridiagonal matrix are found using QL transforma­
tions; the procedure employed ·1nside SYMEIGENVALUES is also used here. 
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.B~.msr:.ki • 
If the eigenvalue iteration fails to converge, an error message is 
printed and the procedure is exited. failures are exceedingly r~re. 

E~f!!r:~n£~i• 
Bowdler, H.; Martin, R. s.; Reinsch, c.; and Wilkinson, J. H. 1968. QR 
and QL Algorithms for Symmetric Matrices. NY.!!!~tii£h!! Ma!h~ma!it 
11:293-306. 

Schwarz, H. R. 1968. The Tridiagonalization of a Symmetric Band 
Mat r i x. li.!:!!!l~.C.ii£h~ 1:!.a!h~fil.e!it 12: 2 31- 241. 
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COMPLEX MATRICES. 

COMPLEXEIGENVALUES PROCEDURE. The syntax is as follows: 

PROCEDURE COMPLEXEIGENVALUESCN,AR,AI,WR,WI}; 
VALUE N; INTEGER N; 
ARRAY AR,AICO,Ol• WR,WICO]; 

f .Y .c. Q..Q .?. il. • 
COMPLEX£IGENVALUES finds all N eigenvalues of the general complex 
matrix A. 

l.!H2.Y1 • 
Input to COMPLEXEIGENVALUES consists of: 

N - complex order of the complex matrix A 

AR,AI - the real and imaginary parts of A are input in locations 
1:N, 1:N of the arrays AR,AICO:N,O:NJ 

!1.Yl12.Y1. 
Output for COMPLEXEIGENVALUES consists of: 

AR,AI - the given matrix is destroyed in the process 

WR,WI - the real and imaginary parts of the eigenvalues are placed 
in locations 1:N of the arrays WR,WICO:NJ, respectively. 

!i il.1 .!1.Q .Q • 
A is first prepared by procedure COMPLEXBALANCE, which detects any iso­
lated eigenvalues, reduces the norm of the matrix, and iqualizes the Ll 
norm of corresponding rows and columns, all without introducing round­
off error. The balanced matrix is next reduced to upper Hessenber~ 
form by procedure COMHES utilizing stabilized elementary similarity 
transformations. The eigenvalues of the upper Hessenberg matrix (which 
are also the eigenvalues of A> are computed by procedure COMLR which 
employs the LR algorithm with partial pivoting. 

Ril.!!!2tk.?.. 
Balancing is strongly recommended, since it generally improves accuracy 
at a small additional cost in time. However, it is not necessary to 
balance normal matrices~ If balancing is not used, LOW must be set to 
1 and UPP must be set to N. 

If the original matrix is already of upper Hessenberg form (zeroes 
below the first subdiagonal>, the call to COMHES may be removed (proce-
dure COMPLEXBALANCE preserves the Hessenberg form>. · 

The procedure fails if any eigenvalue requires more than 30 iterations, 
in which case an error message is printed. failures are extremely 
rare. 
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B~1~t~D£~• 
Martin, R. S. and Wilkinson, J. H. 1968. The Modified LR Algorithm 
for Complex Hessenberg Matrices. ~Ym~ci~,h~ HA1h~mA1ik 12:369-376. 
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C0MPLEXEIGENVEC_T0RS PROCEDURE. The syntax is as follows: 

PROCEDURE COMPLEXEIGENVECT0RSCN,AR,AI,WR,Wl,VR,VI>; 
VALUE N; INTEGER N; 
ARRAY AR,AI,VR,VI(0,0], WR,WI(0]; 

f Y.C.QQ.i~ • 
COMPLEXEIGENVECT0RS finds all N eigenvalues and normalized column 
eigenvectors of the general complex matrix A. 

l!lUY!. • 
Input to COMPLEXEIGENVECTORS consists of: 

N - complex order of the complex matrix A 

AR,AI - the real and imaginary parts of A are input in locations 
1:N,1:N of the arrays AR,AIC0:N,0:N] 

Qy.t.Q.!d!.• 
Output for COMPLEXEIGENVECTORS consists of: 

AR,AI - the strict upper triangles of AR,AI are overwritten with 
the eigenvectors of the triangular matrix produced by the 
LR algorithm 

WR,WI - the real and imaginary parts of the eigenvalues are placed 
in l-0cation 1:N of the arrays WR,WIC0:NJ 

VR,VI - the real and imaginary parts of the normalized eigenvec­
tors are stored in the columns Cin locations 1:N) of the 
arrays VR,VIC0:N,0:NJ 

1:1~1!1QQ. 
A is first prepared by procedure C0MPLEXBALANCE, which detects any iso­
lated eigenvalues, reduces the norm of the matrix, and equalizes the Ll 
norms of corresponding rows and columns, all without introducing round­
off error. The balanced matrix is next reduced to upper Hessenberg 
form by procedure C0MHES utilizing stabilized elementary similarity 
tra'nsformations. 

After completing the oreliminary reductions, LR iterations with partial 
pivoting and a back-substitution process are employed by C0MLR2 to com­
pute the eigenvalues of A and the eigenvectors of the balanced matrix, 
which are then transform.ed into eigenvectors of the original matrix A 
by two calls to procedure BALBAK. Finally, each eigenvector is normal­
ized so that its component of maximum modulus is equal to 1.0 + OxI. 

B~!!!.sU:: .!$.§. • 
B~lancing is strongly recommended since it generally improve~ accuracy 
at a small additional cost in time. However, it is not necessary to 
balance normal matrices. If balancing is not used, LOW must be set to 
1 and UPP must be set to N. 
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If the original matrix is already df upper Hessenberg form (zeroes 
below the first subdiagonal>, the call to COMHES may be removed Cproce• 
dure COMPLEXBALANCE preserves the Hessenberg form). If unnormalized 
eigenvectors are sufficient, the call to procedure COMPLEXNORMALIZE may 
be omitted. 

The procedure fails if any eigenvalue requires more than 30 iterations, 
in which case an error message is printed. Failures are extremely 
rare. 

E~i!t!O£!• 
Peters, G. and Wilkinson, J. ~. 1970. Eigenvectors of Real and Complex 
Matrices by LR and QR Triangularizations. NYfil!ti~£h! ~glh!filglik 
16:181-204. 
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INVARIANTSUBSPACES PROCEDURE. The syntax is as follows: 

PROCEDURE INVARIANTSUBSPACESCN,A,RTR,RTl,X,CLlJ; 
VALUE N; INTEGtR· N; 
ARRAY A,XCO,Ol, RTR,RTICO]; 
INTEGER ARRAY CLlCOJ; 

f YC.12.Q i!! • 
INVARIANTSUBSPACES finds all N eigenvalues of the complex matrix A and 
the invariant subspace of dimension K associated with each eigenvalue 
of. multiplicity K CK may be 1, in which case .the I-dimensional 
invariant subspace is an eigenvector). 

1012.Y.t. 
Input to INVARIANTSUBSPACES consists of: 

N - complex dimension of complex matrix A 

A - complex general matrix whose I,Jth element is stored in loca­
tions ACl,2xJ - ll and ACI,2xJl of the array ACO:N,0:2xNl, 
i.e., real and imaginary parts are stored in consecutive 
columns of A 

.Q.Y!Q.Y!.. 
Output fo~ INVARIANTSUBSPACES consists of: 

A - given matrix is destroyed in the process 

RTR the real parts of the eigenvalues are placed in locations 
1:N of the array RTR[O:NJ 

RTI - the imaginary p~rts of the eigenvalues are placed in loca­
tions 1:N of the array RTICO:N] 

X - the basis vectors of the invariant subspaces of A are placed 
in the column~ of XCO:N,0:2xNl with the real and imaginary 
parts of each basis vector stored consecutively, beginning in 
column 1 

CLl - the dimensions of the invariant subspaces <the multiplicity 
of the eigenvalues) are stored in locations 1:N of the array 
CLlCO:N]; e.g., if CLlCll = CL1C2J = 2, the first eigenvalue 
is double and columns 1-4 of X span ;the 2-dimensional invar­
iant subspace corresponding to it 

ti ~.th2 g • 
A is first reduced to upper Hessenberg form. The eigenvalues of A are 
found by applying the LR algorithm to the reduced matrix using proce­
dure COMLR. The invariant subspaces are found by generalized inverse 
iteration. The procedure fails if any eigenvalue takes more than 30 
iterations, in which case an erro~ message is printed and the procedure 
is exited. · 
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E~marki• 
This procedure should be used only if A is known to have multiple 
eigenvalues and only then if the eigenvectors associated with a multi­
ple eigenvalue are nearly parallel. In the absence of such knowledge, 
procedure COMPLEXEIGENVECTORS should be used first. 

ft~i~~~n~~-
varak, James M. 1967. The Computation of Bounds for the Invariant 
Subspaces of a General Matrix Ope~ator. Technical Report No. CS 66. 
Stanford, Calif.:Computer Science Dept.~ Stanford University. 

COMLR is taken from procedure COMPLEXEIGENVALUES. 

1-44 



MATRIX_ARITHMETIC. 

SQUARE MATRICES. 

MATPLUSMAT PROCEDURE. The syntax is as follows: 

PROCEDURE MATPLUSMAT(N,A,B,CJJ 
VALUE NJ INTEGER NJ 
ARRAY A,B,C[O,O]; 

fYrQQ~~-
MATPLUSMAT computes sum A+B of the matrices A[l:N,1:NJ and 8(1:N,1:NJ 
and stores the result in C[l:N,1:NJ. 

• Parameters. 
Parameters for MATPLUSMAT consist of: 

N - dimension of A, B, and C 
A - first input matrix 
B - second input matrix 
C - output matrix 

tl~lhQ2• 
The matrices are added element by element. 

R~m2rt1-
Either A or B may be overwritten with C by the procedure calls 
MATPLUSMATCN,A,B,A> or MATPLUSMATCN,A,B,B>, respectively. 
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MATMINUSMAT PROCEDURE. The syntax is as follows: 

PROCEDURE MATMINUSMATCN,A,B,C)i 
VALUE Ni INTEGER Ni 
ARRAY A,B,CCO,OJ; 

f!:!C.QQ§.g. 
MATMINUSMAT computes difference A-B of the matrices A[l:N,1:N] and 
8(1:N,1:N] and stores the result in CCl:N,1:N]. 

Parameter,s. 
Parameters for MATMINUSMAT consist 

N - dimension of A, B, and C 
A first input matrix 
B - second input matrix 
C - output matrix 

of: 

Elements of matrix Bare subtracted from the correspondin~ elements of 
matrix A. 

figmar.ki. 
Either A or B may be overwritten with C by the procedure calls 
MATMINUSMATCN,A,8,A) or MATMINUSMATCN,A,B,B>, respectivety.· 
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MATTIMESMAT PROCEDURE. The syntax is as follows: 

PROCEDURE MATTIMESMATCN,A,8,C); 
VALUE N; IN~EGER N; 
ARRAY A,B,CCO,OJ; 

f~~QQ~~-

MATTIMESMAT computes the matrix product C = AxB, where the matrices A 
and Bare stored in A[l:N,1:NJ and 8(1:N,1:NJ. The product is stored 
in C[l:N,1:NJ. 

faram~!~ri. 
Parameters for MATTIMESMAT consist of: 

N - dimension of A, B, and C 
A - first input matrix 
8 - second input matrix 
C - output matrix 

M~!hQg. 
CCI,Jl is defined to be the innerproduct of the Ith row of A with the 
Jth column of B. 

B~m~rk~• 
A, B, and C ~ust occupy separate storage. 
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TRANSPOSE PROCEDURE. The syntax is as follows: 

~ROCEDURE TRANSPOSECN,A)J 
VALUE NJ INTEGER NJ 
ARRAY ACO,O)J 

fY~QQi~• 
TRANSPOSE replaces the matrix stored in A[l:N,1:N] by its transpose. 

f2L2fil~l~Ll• 
Parameters for TRANSPOSE consist of: 

N - dimension of A 
A - matrix to be transposed 

M~!hQQ• 
The I,Jth element of A is replaced by ,the J,Ith element. 
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ATIMESATRANSPOSE PROCEDURE. The syntax is as follows: 

PROCEDURE ATIMESATRANSPOSECN,A,C)i 
VALUE Ni INTEGER Ni 
ARRAY A,C[O,OJ; 

fY!:QQ,ig. 
ATIMESATRANSPOSE computes the product of the matrix stored in 
ACl:N,1:NJ with its transpose and stores the result in C[l:N,1:NJ, 
i.e., C = AxATRANSPOSE. 

f.a.ca!!!glg.c.i • 
Parameters for ATIMESATRANSPOSE consist of: 

N - dimension of A and C 
A - input matrix 
C - output matrix 

1:1~1112!!• 
CCI,JJ is defined to be the inner-p~oduct of the Ith row of A with the 
Jth column of A. 

ft ~!!!s!.C ,Kj_ • 
A and C must occupy separate storage. 
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ATIMESBTRANSPOSE PROCEDURE. The syntax is as follows: 

PROCEDURE ATIMESBTRANSPOSECN,A,8,C)J 
VALUE NJ INTEGER NJ 
ARRAY A,B,CC0,0]; 

f .YC.Q.Q.i~. 
ATIMESBTRANSPOSE computes the product of the matrix stored in 
A[l:N,1:Nl with the transpose of the matrix stored in Btl:N,1:Nl, and 
stores the result in Ctt:N,1:NJ, i.e., C = AxBTRANSPOSE. 

f.at.2!!1~1~!:i • 
Parameters for ATIMESBTRANSPOSE consist of: 

N - dimension of A, B, and C 
A - first input matrix 
B - second input matrix 
C - output matd x 

!i~lh.22• 
The transpose of matrix B is .not actually calculated. Instead, t~e 
elements of matrix B are taken by rows rather than by columns for pre­
multiplication by matrix A. 

B~Dlg£.K.i • 
A, B, and C must all occupy separate storage. 
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MATTIMESVEC PROCEDURE. The syntax is as follows: 

PROCEDURE MATTIMESVECCN,A,X,Y)J 
VALUE NJ INTEGER NJ 
ARRAY ACO,OJ,X,YCOJJ 

fYCQQig• 
MATTIMESVEC computes the product Y = AxX of the NxN matrix stored in 
A[l:N,1:NJ and the Nxl column vector stored in X[l:NJ. The result is 
stored in Y[l:NJ. 

fsrsmgtgri• 
Parameters for MATTIMESVEC consist of: 

N - square dimension of A and linear dimension of X and Y 
A - input matrix 
X - input vector 
Y - output vector 

MglhQQ. 
YCI] is defined to be the innerproduct of the Ith row of A with X. 

ftgfilg££~• 
X and Y must occupy separate storage. 
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VECTIMESMAT PROCEDURE. The syntax is as follows: 

PROCEDURE VECTIMESMATCN,A,X,Y); 
VALUE N; INTEGER N; 
ARRAY A[O,OJ, X,YCO]; 

f !dC.Q.Q. 1~ • 
VECTIMESMAT computes the product Y = XxA of the lxN row vector stored 
in X[l:N] with the matrix stored in A(l:N,1:N]. The result is stored 
in YCl:N]. 

P,arameters. 
Parameters for VECTIMESMAT consist of: 

N - square dimension of A and ,linear dimension of X and Y 
A - input matrix 
X - input vector 
Y - output vector 

!1 !H. .hQ. .Q • 
The Ith component of Y is defined to be the innerproduct of X with the 
Ith column of A. 

E~.1!!.s.t.!s.1 • 
X and Y must occupy separate storage. 
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VECPLUSRVEC PROCEDURE. The syntax is as follows: 

PROCEDURE VECPLUSRVECCN,AI,R,X,BI); 
VALUE N,R; INTEGER N; REAL R; 
ARRAY AI,X,BI(Q]; 

f.Y.C.QQ.§.~ • 
VECPLUSRVEC adds the scalar multiple RxX of the vector stored in X[l:N] 
by the real number R to the vector stored in AI[l:N]. The result is 
stored in BICl:N]. The procedure call VECPLUSRVECCN,ACl,*l,R,X,ACl,*l) 
may be used to operate on the Ith row of a matrix A, and the call 
VECPLUSRVECCN,ACI,*l,R,ACK,*l,ACI,*l) may be used to add a mult.iple of 
the Kth row of a matrix to the Ith row. 

P,arameters. 
Parameters for VECPLUSRVEC consist of: 

N - dimension of AI, X, and BI 
AI - first input vector 
R - real multiplier 
X - second input vector 
BI - output vector 

!1~1h2Q• 
The vector BI is de·fined by BHJl = AI[Jl + RxXCJl. 
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MATPLUSDIAG PROCEDURE. The syntax is as follows: 

PROCEDURE MATPLUSDIAGCN,D,A,C); 
VALUE N; INTEGER N; 
ARRAY A,CCO,Ol, DCO]; 

f .YC.QQi~. 
MATPLUSDIAG adds the diagonal matrix which is stored as a 1-dimensional 
array in 0(1:N] to the matrix stored in ACl:N,1:Nl and stores the 
result in CCl:N,l:N]j i.e., C = A+D. 

P.a,rameters. 
Parameters for MATPLUSOlAG consist of: 

N - square dimension of A and linear dimension of D 
D - input diagonal matrix stored as a v~ctor 
A - input matrix 
C - output matrix 

t:1 g.th.2!!. 
The elements of Dare added to the corresponding diagonal elements of 
A• 

figfilg.C.k~. 
A may be o~erwritten with C using the procedure call 
MATPLUSDIAGCN,D,A,A). 
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MATMINUSDIAG PROCEDURE. The syntax is as ~ollows: 

PROCEDURE MATMINUSDIAGCN,D,A,CJ; 
VALUE INTEGER N; 
ARRAY A,CC0,0], DC0]; 

fMCQ2~A• 
MATMINUSDIAG subtracts the diagonal matrix which is stored as a 1-
dimensional array in D(l:N] from the matrix stored in A[l:N,l:NJ and 
stores the result in Ctl:N,1:NJ, i.e., C =A-0. 

fsCgIDAlAC~• 
Parameters fcir MATMINUSOIAG consist of: 

N - square dimension of A 
D - input diagonal matrix 
A - input matrix 
C - output matrix 

M~lh2Q• 

and linear dimension of D 
stored as a vector 

/ 

The elements of Dare subtracted from the corresponding diagonal 
elements of A. 

E~IDg£k~• 
A may be overwritten with C using the procedure call 
MATMINUS0IAGCN,0,A,A). 
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MATTIMESDIAG PROCEDURE. The syntax is as follows: 

PROCEDURE MATTIMESDIAGCN,D,A,C>; 
VALUE Ni INTEGER Ni 
ARRAY A,CCO,Ol, O[O]; 

fY£QQil• 
MATTIMESDIAG postmultiplies the matrix stored in ACl:N,1:Nl by the 
diagonal matrix wh~ch is stored as a !-dimensional array in D[l:N] and 
stores the result in CCl:N,1:N]) i.e., C = AxO. 

Parameters. 
Parameters for MATTIMESDIAG consist of: 

N - square dimension of A and linear dimension of D 
D - input diagonal matrix stored as a vector 
A - input matrix 
C - output matrix 

~llhQQ• 
The elements of the Jth column of A are multiplied by O(J] to obtain 
the Jth column of c. 

B1m~r11. 
A may be overwritten with C using the procedure call 
MATTIMESDIAGCN,D,A,A). 
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DIAGTIMESMAT PROCEDURE. The syntax is as follows: 

PROCEDURE DIAGTIMESMATCN,D,A,C); 
VALUE N; INTEGER N; 
ARRAY A,CCO,Ol, DCOJ; 

fYtQQ1~• 
DIAGTIMESMAT premultiolies the matrix stored in ACl:N,1:Nl by the diag­
onal matrix which is stored as a 1-dimensional array in D[l:N] and 
stores the result in C[l:N,l:Nl, i.e., C = DxA. 

fatam~l~t1• 
Parameters for DIAGTIMESMAT consist of: 

N - square dimension of A and linear dim~nsion of D 
D - input diagonal matrix stored as a vector 
A - input matrix 
C - output matrix 

tl~lhQQ• 
The elements of the Ith row of A are multiplied by D(Il to obtain the 
Ith row of C. 

E~matk1• 
A may be overwritt9n with C using the procedure call 
DIAGTIMESMATCN,D,A,A). 
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R P-L U S M A T P R O C E D U R E • T h e s y n t a x i s a s f o l l o w s : 

PROCEDURE RPLUSMATCN,R,A,B>i 
VALUE N,Rl INTEGER Ni REAL R; 
ARRAY A,BCO,OJ; 

f.Y.C.Q.Qi~. 
RPLUSMAT adds the real numbe~ R to each component of the matrix 
A[l:N,1:NJ and stores the result in 8(1:N,1:NJ, i.e., B = R+A. 

Pjrameters. 
Parameters for RPLUSMAT consist of: 

N - dimension of A and B 
R - input real number 
A - input matrix 
B - output matrix 

B.2m.a.c.ki. 
A may be overwritten with Busing the procedure call RPLUSMATCN,R,A,A). 
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RMINUSMAT PROCEDURE. The syntax is as follows: 

PROCEDURE RMINUSMATCN,R,A,B)J 
VALUE N,RJ INTEGER NJ REAL RJ 
ARRAY A,BCO,OlJ 

f.Y.CQQ~~-
RMINUSMAT subtracts each component of the matrix stored in A[l:N,1:NJ 
from the real number Rand stores the result in 8(1:N,1:NJ, i.e., B = 
R-A. 

f s.Cs.l!l~l~.c~ • 
Parameters for RMINUSMAT consist of: 

N - dimension of A and B 
R - input real number 
A - input matrix 
B - output matrix 

E ~ l!l s. .c .k .§. • 
A may be overwritten with Busing the procedu~e call 
RMINUSMATCN,R,A,A). 
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RTIMESMAT PROCEDURE. The syntax is as follows: 

PROCEDURE RTIMESMATCN,R,A,B)J 
VALUE N,R; INTEGER NJ REAL R; 
ARRAY A,BCO,OlJ 

f.Y.CQQ.i~• 
RTIMESMAT multiplies. each component of the matrix stored in AC1:N,1:Nl 
by the real number Rand stores the result in 8(1:N,l:NJ, i.e., B = 
RxA. 

e .ar:.am ~.l~r:.i. 
Parameters for RTIMESMAT consist of: 

N - dimension of A and B 
R - input real number 
A - input matrix 
B - output matrix 

E~m.ar:.k.i • 
A may be overwritten with Busing the procedure call 
RTIMESMATCN,R,A,A). 
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MATCOPY PROCEDURE. The syntax is as follows: 

PROCEDURE MATCOPYCN,A,B); 
VALUE N; INTEGER N; 
ARRAY A,BCO,O]; 

e .Yr:. QQ ~ ~ • 
MATCOPY copies the matrix stored in A[l:N,1:Nl onto the matrix stored 
in 8(1:N,1:N]. 

P,arameters. 
Parameters for MATCOPY consist of: 

N - dimension of A and B 
A - matrix to be copied 
B - output matrix 

!i~!..!1.Q.Q. 
A is copied onto Bone row at a time. 
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RECTANGULAR MATRICES. 

RECMATPLUSMAT PROCEDURE. The syntax is as follows: 

PROCEDURE RECMATPLUSMATCN,M,A,B,C); 
VALUE N,M; INTEGER N,M; 
ARRAY A,B,CCO,O]; 

fYtQQig• 
RECMATPLUSMAT computes the sum A+B of the rectangular matrices 
A[l:N,1:M] and BCl:N,1:Ml and stores the result in C[l:N,1:M]. 

Parameters. 
Parameters for RECMATPLUSMAT consist of: 

N row dimension of A, B, and C 
M - column dimension of A, B, and C 
A - first input matrix 
B - second input matri~ 
C - output matrix 

Mglh2Q• 
The matrices are added element by element. 

figfilatki• 
Either A or B may ~J overwritten with C by the procedure call 
RECMATPLUSMATCN,M,A,B,A> or RECMATPLUSMATCN,M,A,8,8). 
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RECMATMINUSMAT PROCEDURE. The syntax is as follows: 

PROCEDURE RECMATMINUSMATCN,M,A,B,C}; 
VALUE N,M; INTEGER N,M; 
ARRAY A,B,CCO,O]; 

fYCQQ~~-
RECMATMINUSMAT computes the difference A-B of the rectangular matrices 
A[l:N,1:Ml and 8(1:N,1:M] and stores the result in C(l:N,1:M]. 

fic~m~1~C£• 
Parameters for RECMATMINUSMAT consist of: 

N - row dimension of A, B, and C 
M - column dimension of A, B, and C 
A - first input matrix 
B - second input matrix 
C - output matrix 

Mg1h2g. 
The matrices are subtracted element by element. 

B~ma~l~-
Either A or B may be overwritten with C by the procedure call 
RECMATMINUSMATCN,M,A,8,A} or RECMATMINUSMATCN,M,A,8,8). 
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RECMATTIMESMAT PROCEDURE. The syntax is as follows: 

PROCEDURE RECMATTIMESMATCN,K,M,A,B,C); 
VALUE N,K,M; INTEGER N,K,M; 
ARRAY A,B,CCO,OJ; 

fY!.QQl~• 
RECMATTIMESMAT computes the product of the N-rowed, K-columned matrix 
ACl:N,1:K] and the K-rowed, M-columned matrix 8(1:K,1:MJ, and stores 
the result in cc1:N,l:M1. 

Par.ameters. 
Parameters for RECMATTIMESMAT c6nsist of: 

N - row dimension of A and C 
K - column dimension of A and row dimension of B 
M - column dimension of Band C 
A - first input matrix 
8 - second input matrix 
C - output matrix 

l::1~!hQ2. 
The I,Jth element of C 1s defined to b~ the innerproduct of the Ith row 
of A and the Jth column of B. 

E~.!!!a!.k.a.. 
A, B, and C must occupy separate storage. 
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R00TS_0F_P0LYN0MlAL~. 

REALPDLYZEROFINDER PROCEDURE. 
The syntax is as follows: 

SECTION 2 

POLYNOMIALS 

PROCEDURE REALPOLYZER0FINDERCDEGREE,A,ZEROR,ZEROIJ; 
VALUE DEGREE; 
INTEGER DEGREE; 
ARRAY P,ZEROR,ZEROI[0J; 

PURPOSE. REALPOLYZER0FINDER finds all the zeroes of a real 
polynomial P. 

DESCRIPTION OF PARAMETERS. The parameters are: 

DEGREE - degree ot the polynomial 

P - array of coefficients of the polynomial, the coefficients of 
Z*•J being stored in P[N-JJ; dimension P[0:OEGREEl 

ZEROR - array of Ieal part of zeroes of the polynomi~l, the real 
part of the Kth zero being stored in ZEROR[KJ; dimension 
ZERORC0:0EGREE] 

ZERO! - array of imaginary parts of zeroes of the polynomial, the 
imaginary part of the Kth zero beinq stored in 
ZEROI[0:0EGREEJ 

PARAMETERS RETURNED.· The parameters returned are: 

ZER0R 
ZERO! 

.METHOD. A 3-stage, variable-shift iteration due to M. A. Jenkins and 
J. F. Traub is used. The zeroes are calculated one or two at a time in 

~ roughly increasing ord~r of magnitude, using real arithmetic wherever 
possible. Failure of the iteration to converge for a root causes an 
error ~essage to be printed and the procedure to be exited with the 
zeroes already found stored in the arrays ZER0R and ZERO!. Failures are 
rare~ 

REFERENCE. Jenkins, M. A. 19&9. Three Stage 
for the Solution of Polynomial Equations with 
for the Zeros. Technic~l Report No. CS 138. 
Science Dept., Stanford University. 

Variable-Shift Iterations 
a Posteriori Error Bounds 
Stanford, Calif.:Computer 
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COMPLEXPOLYZEROFINDER PROCEDURE. 
The syntax is as follows: 

PROCEDURE COMPLEXPOLYZERORFINDERCDEGREE,PR,PI,ZEROR,ZEROI>J 
VALUE DEGREEJ 
INTEGER DEGREE; 
ARRAY PR,PI,ZEROR,ZEROICO)J 

PURPOSE. COMPLEXPOLYZERORFINDER finds all the zeroes of the complex 
polynomial PCZ>. 

DESCRIPTION OF PARAMETERS. The parameters are: 

DEGREE - degree of the polynomial 

PR - array of real part of coefficients of the polynomial, the 
real part of the coefficient of Z**J being stored in PCN-JlJ 
dimension PR(O:OEGREEl 

Pl - array of imaginary part of coefficients of the polynomial, 
the imaginary part of the coefficient of Z**J being stored in 
PCN-JJJ dimension PICO:DEGREEJ 

ZEROR - array of real part of zeroes of the polyno~ial, the re~l 
part of the Kth zero being stored in ZERORCK]J dimension 
ZEROR[O:DEGREEl 

ZEROI - array of imaginary part of zeroes of the polynomial, the 
imaginary part of the Kth zero being itored in ZEROICKJJ 
dimension ZEROl(O:OEGREEl 

PARAMETERS RETURNED. The parameters returned are: 

ZEROR 
LEROI 

METHOD. A 3-stage, variable-shift iteration due to M. A. Jenkins and 
J. F. Traub is used. The zeroes are calculated one at a time in roughly 
incre~sing order of magnitude using complex arithmetic. Failure of the 
iteration to converge for a root causes ah error message to be printed 
and the procedure to be exited with the zeroes already found stored in 
the arrays ZEROR and ZER01. Failures are rare. 

REFERENCE. Jenkins, M. A. 1969. Three St.age 
for the Solution of Polynomial Equations with 
for the Zeros. Technical Report No. CS 138. 
Science Dept., Stanford University. 
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0PfRATl0N~_0N_P0LYN0MlALS. 

P0LYADD PROCEDURE. 
The syntax is as follows: 

PROCEDURE POLYADDCN1DEG,COEF1,N2DEG,COEF2,NRDEG,COEFR); 
VALUE N1DEG,N2DEG; 
INTEGER NlDEG,N2DEG,NRDEGi 
ARRAY COEF1,C0EF2,C0EFRC0J; 

PURPOSE. P0LYADD adds two polynomials. 

DESCRIPTION OF PARAMETERS. The parameters are: 

NlDEG - degree of first polynomial 

C0EFl - array of coefficients for first polynomial ordered from 
largest to smallest power; dimension [0:NlDEGJ 

N2DEG - degree of second polynomial 

C0EF2 - array of coefficients for second polynomial ordered from 
largest to smallest power; dimension C0:N2DEGJ 

NRDEG - degree of resultant polynomial 

C0EFR array of coefficients for resultant polynomial ordered 
from largest to smallest power; dimension [0:NRDEGJ 

PARAMETERS RETURNED. The parameters returned are: 

NRDEG 
C0EFR 

METHOD. The degree of restiltant polynomial NRDEG is calculated as the 
larger of the two degrees NlDEG,N2DEG. Corresponding coefficients are 
then added to form corrR. 
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POLYSUB PROCEDURE. 
The syntax is as follows: 

PROCEDURE POLYSUBCN1DEG,COEF1,N2DEG,COEF2,NRDEG,COEFR>; 
VALUE N1DEG,N2DEG; 
INTEGER N1DEG,N2DEG,NRDEG; 
ARRAY COEF1,COEF2,COEFRCO]; 

PURPOSE. POLYSUB subtracts one polynomial from another. 

DESCRIPTION OF PARAMETERS. The parameters are: 

N1DEG - array of coefficients for first polynomial ordered from 
largest to smallest power; dimension CO:NlDEGl 

N2DEG - degree of second polynomial 

COEF2 - arr~y of coefficients for second polynomial ordered from 
largest to smallest power; dimension co:N2DEG] 

NRDEG - degree of resultant polynomial 

COEFR - array of coefficients for resultant polynomial ordered 
from largest to smallest power; dimension [0:NRDEGJ · 

PARAMETERS RETURNED. The parameters returned are: 

NRDEG 
COEFR 

METHOD. The degree of r~sultant pol~nomial NRDEG is cal~6lated as the 
larger of the two degrees,N1DEG,N2DEG. Coefficients in ~rray COEF2 are 
then subtracted from corre~ponding coefficients in array ,C □ EFl ■ 
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POLY MU L, PROCEDURE • 
The syntax is as follows: 

PROCEDURE P0LYMULCN1DEG,COEF1,N2DEG,COEF2,NRDEG,COEFRJ; 
VALUE N1DEG,N2DEG; 
INTEGER N1DEG,N2DEG,NRDEG; 
ARRAY COEF1,CDEF2,CDEFR[0J; 

PUR?0SE. POLYMUL multiplies two polynomials. 

DESCRIPTION OF PARAMETERS. The parameters are: 

NlDEG - degree of first polynomial 

C0EFl - array of coefficients for first polynomial ordered from 
larqest t~ smallest power; dimension [0:NlDEGl 

N2DEG - degree of second polynomial 

CDEF2 - array of coefficients for second polynomial ordered from 
largest to smallest power; dimension (0:N2DEGJ 

NRDEG - degree of resultant polynomial 

COE FR - array .of c o e ff i c i en t s . for res u l t an t po l y no mi a l ordered 
from largest to smallest power; dimension [0:NR0EGJ 

PARAMETERS RETURNED. The parameters returned are: 

NRDEG 
C0EFR 

METHOD. The degree of resultant polynomial, NRDEG, is calculatea as 
N1DEG+N2DEG. The coefficients of C0EFR are calculated as the sum of 
products of coeffi~•ients of C0EFl and C0EF2 whose exponents add up to 
the corresponding exponent of C0EFR .• 

REMARKS. C0EFR cannot be in the same location as C0EFl or C0£F2. 
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POLYDIV PROCEDURE. 
The syntax is as follows: 

PROCEDURE POLYDIVCN1DEG,COEF1,N2DEG,COEF2,NQDEG,COEFQ,TOL,ERRCOD>; 
VALUE N1DEG,N2DEG,TOL; 
INTEGER N1DEG,N2DEG,NQDEG,ERRCOD; 
REAL TOL; 
ARRAY COEF1,COEF2,CDEFQ[O]; 

PURPOSE. POLYDIV divides one polynomial by another. 

DESCRIPTION OF PARAMETERS. The parameters are: 

NlDEG - dividend polynomial degree, replaced by degfee of remainder 

COEFl - array of coefficients for dividend polynomial ordered from 
largest to smallest power; it is re~laced by remainder 
after division; dimension [0:NlDEG] 

N2DEG - degree of divisor polynomial 

COEF2 - array of coefficients for divisor polynomial ordered from 
largest to smallest power; dimension [0:N2DEG] 

NQDEG - de~ree of quotient polynomial 

COEFQ - array of coefficients for quotient polynomial ordered from 
largest to smallest power; dimension co:NQDEG] 

TOL - tolerance value below ~hich coeffi~ients are eliminated 
during normalization 

ERRCOD - error code; 0 is normal; 1 is for zero divisor 

.PARAMETERS RETURNED. Parameters returned are: 

NlDEG 
COEFl 
NQDEG 
COEFQ 
ERRCOD 

METHOD. Polynomial COEFl is divided by polynomial COEF2, g1v1ng quo­
tient part COEFQ and a remainder such that COEF1 = COEfQxCOEF2 + 
remainder. Divisor COEF2 and the remainder array get normalized. 

REMARKS. The remainder replaces COEFl. If N2DEG=O~ NlDEG is set to -1. 
The devisor COEF2 is unchanged. If the degree oj· the devisor polynomial 
exceeds the dividend, NQDEG is set to -1 and the calculation is bypassed. 

REQUIREMENTS. The other procedure required is POLYNORM. 
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POLYVAL PROCEDURE. 
The syntax is as follows: 

PROCEDURE POLYVALCNDEG,COEF,ARG,RES>i 
VALUE NDEG,ARGi 
INTEGER NDEG; 
REAL ARG,RESi 
ARRAY COEFCO]; 

PURPOSE. POLYVAL evaluates a polynomial for a given value of the 
variable. 

·DESCRIPTION OF PARAMETERS. The parameters are: 

NDEG - degree of pblynomial 

COEF - array of coefficients ordered from largest to smallest 
power; dimension tO:NDEGl 

ARG - given value of variable 

RES - resultant value of polynomial 

PARAMETER RETURNED. The parameter returned is: 

RES 

METHOD. Evaluation is done by means py nested multiplication. 



POLYDER PROCEDURE. 
The syntax is as follows: 

PROCEDURE POLYDERCNDEG,COEF,NOOEG,COEFD); 
VALUE NDEG; 
INTEGER NDEG,NDDEG; 
ARRAY COEF,COEFDCOJ; 

PURPOSE. POLYDER finds the derivative of a polynomial. 

DESCRIPTION OF PARAMETERS. The ~arameters are: 

NDEG - degree of original polynomial 

COEF - array of coefficients for original polynomial, ordered from 
largest to smallest power; dimension CO:NDEGJ 

NDDEG - degree of derivative Cetjual to NDEG-1) 

COEFD - array of coefficients for derivative, ordered from largest 
to smallest power; dimension CO:NDDEG] 

PARAMETERS RETURNED. Parameters returned are: 

NDDEG 
COEFD 

METHOD. NDDEG is set at NDEG-1. The derivative is then calculated by 
multiplying the coeffici~nts by their respective exponents. 
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POLYINT PROCEDURE. 
The syntax is as follows: 

PROCEDURE POLYINTCNDEG,COEF,C,NIDEG,COEFI); 
VALUE NDEG,C; 
INTEGER NDEG,NIDEG; 
REAL c; 
ARRAY COEF,COEFit0J; 

PURPOSE. POLYINT finds the integral of a polynomial. 

DESCRIPTION OF PARAMEtERS. The parameters are: 

C - constant of integration 

NDEG - degree of original polynomial 

COEF - array of coefficients for original polynomial, ordered from 
largest to smallest power; dimension [0:NDEGJ 

NIDEG - degree of integral (equal to NDEG+l) 

CDEFI - array of coefficients for integral, ordered from largest 
to small·est power; dimension [0:NlDEGJ 

PARAMETERS RETURNED. Parameters returned are: 

NIDEG 
COEFI 

METHOD. NIOEG is set at NDEG+l, and the constant term is set at C. 
The integral is then calculated by dividing the coefficients by their 
respective exponents. 

2-9 



POLYPOP PROCEDURE. 
The syntax is as follows: 

PROCEDURE POLYPOPCN1DEG,COEF1,N2DEG,COEF2,NRDEG,COEFR>J 
VALUE N1DEG,N2DEGJ 
INTEGER N1DEG,N2DEG,NRDEGJ 
ARRAY COEF1,COEF2,COEFRCOJ; 

PURPOSE. POLYPOP substitutes the variable of a polynomial by another 
polynomial. 

DESCRIPTION.OF PARAMETERS. The parameters are: 

NlDEG - degree of original polynomial 

COEFl - array of coefficients for original polynomial, ordered 
from highest to smallest power; dimension CO:NlDEGJ 

N2DEG - degree of polyn-0mial which is substituted for variable 

COEF2 - array of coefficients for polynomial .which is substituted 
for variable, ordered from highest to smallest power; 
dimension CO:N2DEGJ 1 

NRDEG - degree of resultant polynomial 

COEFR - array of coefficients for resultant polynomial ordered 
fro• hi~hest to smallest power; dimension [O:NROEG) 

PARAMETERS RETURNED. Parameters returned are: 

NROEG 
COEFR 

METHOD. The variable of polynomial COEFl is substituted by polynomial 
COEF2 to form polynomial COEFR. The degree of the resultant poly­
nomial is NlDEGxN20EG. 

REMARKS. If either NlDEG or N2DEG is negative, NRDEG is set at ·1 and 
the calculation is bypassed. 

OTHER PROCEOURES REQUIRED. Other procedures required are: 
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P0LYMAD PROCEDURE. 
The syntax is as follows: 

PROCEDURE P0LYMADCN1DEG,C0EF1,C,N2DEG,COtF2,NRDEG,C0EFR)J 
VALUE C,N1DEG,N2DEGJ 
INTEGER N1DEG,N2DEG,NRDEGJ 
REAL CJ 
ARRAY COEF1,COEF2,COEFR(0]J 

PURPOSE. POLYMAD adds coefficients of one polynomial to the product of 
a factor by coefficients of another polynomial. 

DESCRIPTION OF PARAMETERS. The parameters are: 

NlDEG - degree of first polynomial 

COEFl - array of coefficients for first polynomial, ordered from 
largest to smallest power; dimension (0:NlDEGJ 

N2DEG - degree of second polynomial 

COEF2 - array of coefficients for second polynomial, ordered from 
largest to smallest oowerJ dimension (0:N2DEGl 

C - factor to be multiplied by array COEF2 

NRDEG - degree of resultant polynomial 

COEFR - array of resultant coefficients, ordered from largest to 
smallest power; dimension [0:NRDEGl 

METHOD. The degree of the resultant polynomial NRDEG is calculated as 
the larger of the two degrees N1DEG,N2DEG. Coefficients in array CDEFl 
are then added to corresponding coefficients in array CDEF2 and 
multiplied by C to form COEFR. 
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POLYHOR PROCEDURE. 
The syntax is as follows: 

PROCEDURE POLYHORCNDEG,COEF,BOOL,ARG;R,K>i 
VALUE NDEG,K,ARGi 
INTEGER NDEG,Ki 
REAL ARG; 
ARRAY COEF,R[Oli 
BOOLEAN BOOL; 

PURPOSE. POLYHOR finds the values of the first K derivatives of a 
polynomial for a given value of the variable, or calculates the values 
of the first K+l coefficients of the expansion of the ~olynomial in a 
power series in the neighb~rhood of a given point. 

DESCRIPTION OF PARAMETERS. The parameters are: 

NDEG - degree of polynomial 

COEF - array of coefficients ordered from largest to smallest 
power; dimension [O:NOEG] 

BOOL - Boolean v~riable whose value is TRUE if the values of the 
first K derivatives are desired. If the expansion of the 
polynomial in a power series is desired, its value is 
FALSE. 

ARG - value of variable if BOOL is TRUE; point at which power 
series expansion is desired if BOOL is FALSE 

R - array of values of derivatives if BOOL is TRUE, the Jth entry 
being the value of the Jth derivative; array of values of the 
first K+l coefficients of the power series if BOOL is FALSE 

K • highest order of the derivative if BOOL is TRUEi NDEG if BOOL 
is FALSE 

PARAMETER RETURNED. The parameter returned is: 

R 

METHOD. The Horner scheme is used. 

REFERENCE. Pankiewicz, W. 1968. ALGORITHM 337, Calculation of a 
Polynomial and Its Derivative Values by Horner Scheme. C2filfil• AtH 
11:663. 
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POLYGCD PROCEDURE. 
The syntax is as follows: 

PROCEDURE POLYGCDCN1DEG,CDEF1,N2DEG,CDEF2,TDL,ERRCOD); 
VALUE TOL; 
INTEGER NlDEG,N2DEG,ERRC □ D; 

REAL T □ L; 
ARRAY CDEF1,CDEF2[0li 

PURPOSE. POLYGCD finds the greatest common divisor of two polynomials. 

DESCRIPTION OF PARAMETERS. The parameters are: 

NlDEG - degree of first polynomial 

CDEFl - array of 'coefficients for first polynomial, ordered from 
largest to smallest power; dimension tO:NlDEG] 

N2DEG - degree of second polynomial 

CDEF2 array of coefficients for second polynomial, ordered from 
largest to smallest power; it is replaced by the greatest 
common divisor; dimension [O:N2DEG] 

TOL - tolerance value below which the coefficient is eliminated 
during normalization 

ERRCOD - resultant error code, where: 
O indicates no error 
1 indicates either CDEFl or CDEF2 is a zero polynomial 

PARAMETERS RETURNED. Parameters returned are: 

N2DEG 
CDEF2 
ERRCOD 

METHOD. The greatest common divi.sor of two polynomials, COEFl and 
CDEF2, is determined by the Euclldean algorithm. Coefficient arrays, 
COEFl and COEF2, are destroyed and the greatest common divisor is 
generated in CDEF2. 

REMARKS. NlDEG must be greater than N2DEG. N2DEG = 0 on return means 
CDEFl and COEF2 are prime. The GCD is a constant. NlDEG is destroyed 
during computation. 

~THER PROCEDURE REQUIRED• The other procedure required is: 

POLYDIV 
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POLYNORM PROCEDURE. 
Th• syntax is as follows: 

PROCEDURE POLYNORMCNDEG,COEF,TOL>: 
VALUE TOL; 
INTEGER NDEG; 
REAL TOL; 
ARRAY COEFCO]; 

PURPOSE. POLYNORM normalizes the coefficient array of a polynomial. 

DESCRIPTION OF PARAMETERS. The parameters are: 

NDEG - degree of polynomial; replaced by final degree 

COEF - array of original coefficient, ordered from largest to 
smallest oower; replaced by final coefficients; dimension 
[O:NDEGl 

TOL - tolerance below which coefficient is eliminated 

PARAMETERS RETURNED. The parameters returned are: 

NOEG 
COEF 

METHOD. The degree of the polynomial, NOE~, is reduced bt one for each 
leading coefficient with an absolute value less than or equal to TOL. 
Coefficients are then moved to the left so that the leading coefficient 
is in COEFCO]. 

REMARKS. If all coefficients including the constant term are less than 
TOL, the result is a zero polynomial with NDEG = -1. If only the con­
stant term is greater than TOL, the resulting value of NDEG = o. 
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POLYMOV PROCEDURE. 
The synta~ is as follows: 

PROCEDURE POLYMOVCN1DEG,COEfl,N2DEG,COEf2)i 
VALUE NlDEGi 
INTEGER NlDEG,N2DEGi 
ARRAY COEF1,COEF2COJ; 

PURPOSE. POLYMOV moves one polynomial to another. 

DE~CRIPTION Of PARAMETERS. The parameters are: 

NlDEG - degree of polynomial to be moved 

COEfl - array of coefficients of polynomial to be moved, ordered 
from largest to smallest power; dimension CO:NlDEG) 

N2DEG - degree of resultant polynomial 

COEF2 - array of coefficients of resultant polynomial, ordered 
from largest to smallest power; dimension CO:N2DEG) 

PARAMETERS RETURNED. The parameters returned are: 

N2DEG 
COEF2 

METHOD. N2DEG is replaced by NlDEG, and array COEfl is moved to COEF2. 
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POLYSOR PROCEDURE. 
The syntax is as follows: 

PROCEDURE POLYSORCNDEG,COEF,U); 
VALUE NDEG,U; 
INTEGER NDEG; 
REAL u; 
ARRAY COEFCOJ; 

PURPOSE. POLYSOR provides a shift of origin. 

DESCRIPTION OF PARAMETERS. The parameters are: 

NDEG - degree of polynomial 

COEF - ar~ay of coefficients ordered from largest to smallest 
power; replaced by array of transformed coefficients 

U - shift parameter 

PARAMETER RETURNED. The parameter returned is: 

COEF 

METHOD. Coefficient array COEFCil of PCX) is transfor~ed $uch that 
QCX)=PCX-U), where QCX> denotes the polynomial with the transformed 
coefficient array. 
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SECTION 3 

ORDINARY DIFFERENTIAL EQUATIONS 

~lEE~N~_fRQ~EUYRE~ 
The syntax is as follows: 

PROCEDURE DIFEQNSCSP,XFX,N,XI,XF,Y,HI,EPS,ERR,ERRLBL)J 
VALUE SP,N,XI,XF,HI,EPSJ 
PROCEDURE XFXJ 
INTEGER NJ 
REAL SP,XI,XF,HI,EPS,ERRJ 
ARRAY Y(OJJ 
LABEL ERRLBLJ 

PURPOSE. 
DIFEQNS solves a system of first ~rder .ordin~ry differential equations 
and prints the solution at increments. on the system line printer. 

INPUT. 
Input to DIFEQNS consists of: 

SP - a positive value for SP causes output at increments of SP in 
addition to program controlled output; if SP= 0, only 
program-~ontrolled output occurs 

XFX - procedure to generate the right-hand side of the differen­
tial equation; it must have a heading of the form: 

PROCEDURE NAHECX,Y,DY); 
VALUE x; REAL x; 
ARRAY Y,DY(OJJ 

where given the value of the ind~pendent variable X and the 
values. of the dependent variables at X, stored in Y[l:NJ, 
NAME returns the values of the derivatives at X in DYCl:NJ 

N - number of differential equations in the system; N should be 
less than o~ equal to -10 

XI - initial value of. the independent variable 

XF - final value of the independent variable;, XF may be le~s than 
XI in which case HI must be negative 

Y - array containing the initial values of the dependent vari­
ables, which must be stored in YCll through YCNJ; these are 
not preserv~d; Y must be dimensioned (O:NJ 

HI - initial steo-size; HI may be negative and must satisfy 
ABSCXF-XI)/C2*15)<ABSCH) 

EPS - error tolerance Cl.0~-10 LEQ EPS LEQ 1.0~-2> 



ERR - parameter to specify which convergence criterion to use: 

SE - standard error 
RE - relative error 
AE - absolute error 

ERRLBL - a label in the calling program to which a return is made 
in case of an input error or in case the iteration fails 
to converge 

OUTPUT. 
Output for DIFEQNS consists of: 

Y - contains the solution values at the final solution point 

METHOD. 
DIFEQNS uses the rational extrapolation method of R. Bulirsch and J. 
Stoer which has been found to be superior to all other methods both in 
speed and accuracy for small systems of differential equations, say 
N less than five. 

REFERENCE. 
DIFEQNS is an adaptation of the FORTRAN package DESUB which is Vol. 2, 
Issue 1, of the Numerical Mathematics Program Library Project, Bell 
Telephone Labora~ories, Murray Hill, New Jersey. 

EXAMPLES. 
The following sample program could be used to solve the differential 
equation Y"+Y=O w·ith .. the initial conditions, YCO>=l, Y'CO)=O, over the 
range X=O to X=lO with output at program selected points. 

BEGIN 
ARRAY YSTARtCOJ2lJ 
LABEL FAIL; 
PROCEDURE FUNCTCX, Z, DZ >J 
VALUE x; REAL x; 
ARRAY Z,DZCOH 

BEGIN 
DZ[l] := zc21; DZC2] == -zc11; 

END FUNCTJ 
YSTARTCll := 1; YSTARTC2l := OJ 
DIFEQNSCO,FUNCT,2,0,10,YSTART,.1,@-9,"RE",FAIL)J 

FAIL: END. 

In order to solve the same system with output at increments of .1 Cin 
addition to output at program selected points> and with ;n error of 
10-9, the procedure call 

DIFEQNSC.1,FUNCT,2,0,10,YSTART,.1,@-9,"RE",FAIL>J 

could be used instead. No relationship between SP and HI is necessary 
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DISCUSSION. 

INITIAL STEP-SIZE - HI. The program may recover from an initial step­
size which is much too large or much too small because it continuously 
adjusts the step-size in search of an optimum value, but a bad choice 
loses time. A frequently reasonable ·choice for HI is between 
ABSCXF-XI)/100 and ABSCXF-XI)/10. If the equation~ have right-hand 
sides which are changing rapidly, a smaller HI must be chosen. In this 
case, an order-of-magnitude estimate is HI= miriimum over I,J of 
ABSCl/COFI/OYJ)). The minimum step-size is set at HI/HOIV, where HOIV 
= 1024. 

ERROR TOLERANCE - EPS. Usually EPS should be chosen in the interval 
@•9 ~ EPS ~ @-4. However, a value in the interval @-10 ~ EPS ~ @-2 is 
accepted by the program. Very small values of EPS cause round-off 
errors to accumulate as well as increase the running time. 

CONVERGE CRITERION - SE, RE, or AE. The convergence test chosen is 
applied successively to the latest two extrapolated values of each com­
ponent, Y[I], I= 1,2, ••• ,N, of the dependent variable vector Y. 
Assu~ing the difference between these for the.Jth component is R[J], 
the three conver~ence tests are as follows: 

a. Standard Error - SE. 
ABS CR(J]) < EPSxMCJ] J = 1,2, ••• ,N 
where M[J] is the largest sbsolute value attained by YCJJ thus 
far. If M[J] < EPS, it is replaced by EPS. 

b. Relative Error - RE. 
ABSCRCJ]) < EPSxABSCY(J]) J = 1,2, ••• ,N 
where YCJ] is the current approximation to the Jth component. 
If ABSCY(Jl) < EPS, it is replaced by EPS. 

c. Absolute Error -- AE. 
ABSCRCJJ) < EPS J = 1,2, ••• ,N 

ERROR CONDITIONS AND THE RETURN LABEL - ERRLBL. The input parameters 
are checked to see if they satisfy the conditions set forth under the 
description of parameters. If a parameter is incorrectly specified, an 
appropriate error message is pr~nted and a return is made to the state­
ment in the calling program labeled ERRLBL (i.e., to the statement 
whose label is passed as the actual parameter corresponding to the for­
mat parameter ERRLBL>. These same two actions occur if the extrapola­
tion fails to converge at some step. 

OUTPUT PROCEDURE AND STOPPING CONDITION. A sepa~ate procedure, XOUTX, 
to print the solution is declared and called inside OIFEQNS. XOUTX is 
the best place to insert a stopping condition if a particular proble~ 
calls for one. CA itopping condition is a decision to terminate the 
procedure as soon as the solution satisfies a p~escfibed condition, 
e.g., that each component of the solution be less than @-5 in magni­
tude. In standard usage the procedure is terminated when the indepen­
dent variable reaches a prescribed value of XF.) If a stopping 
condition is inserted, it should be followed by the statement 
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GO TO TMNLBLi 

which ~esults in an exit via the end of DIFEQNS. Other 'exits are po~­
sible if the label L4 Cline 47000) and the label EXIT Cline 48300) iM 
the calls to XOUTX are replaced by a global label in the calling 
program. 

REDUCTION OF HIGHER ORDER SYSTEMS Of EQUATIONS TO FIRST ORDER. To be 
acceptable to DIFEQNS the equations must be first order. However, any 
s~stem of higher order equations may be reduced to a larger system of 
first order equations. Following is an example involving a single, 
second order equation. 

GIVEN D2U/DX2 = FCX,U,DU/DX> 
SET Yl = U, Y2 = DYl/DX to get the system 
DYl/DX = Y2 
DY2/DX = FCX,Yl,DYl/DX) 

PROGRAM RUNNING TIME. As an indication only, 
cessor time for the two calls given under the 
1.49 seconds and 9.13 seconds, respectively. 
this system is small and its solution is very 
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~l~f1till£E~N~_fBQtEUYEE~ 
The syntax is as follows: 

PROCEDURE SIMPLEDIFEQNSCXFX,N,XI,XF,YSTART,HI,EPS,ERRJ; 
VALUE N,XI,XF,HI,EPS,ERR; 
PROCEDURE XFX; 
INTEGER N; 
REAL XI,XF,HI,EPS,ERR; 
ARRAY YSTART(0J; 

PURPOSE. 
SIMPLEDIFEQNS solves a system of first order ordinary differential 
equations and prints the solution at increments on the system line 
printer. 

INPUT. 
Input to SIMPLEDIFEQNS consists of: 

XFX - procedure to generate the right-hand side of the differen­
tial equation; it must have a heading of the form: 

PROCEDURE NAMECX,Y,DYJ; 
VALUE x; REAL x; 
ARRAY Y,DY(0]; 

N - the number of,differential equations in the system 

XI - initial value of the independent variable 

XF - final value of the independent variable; XF may be less than 
XI in which case HI must be negative 

YSTART - array containing the initial values which must be stored 
in YSTART(l:NJ 

HI - initial steo-size; HI may be negative 

EPS - error tolerance c1.0@~1o~EPS~1.o@-2> 

ERR - convergence criterion parameter 

OUTPUT. 

SE - standard error 
RE - relative error 
AE - absolut~ ~rror 

Output for SIMPLEDIFEQNS consists of: 

YSlART - contains the most recently calculated solution values 

METHOO. 
SIMPLEDIFEQNS uses rational extrapolation. 
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,EF ER ENCE. 
SIMPLEOIFEQNS is an adaption of the FORTRAN package DESUB which is Vol •. 
2, Issue 1, of the Numerical Mathematics Program Library Project, Bell 
Telephone Laboratories, Murray Hill, New Jersey. 

EXAMPLES. 
The catl SIMPLEDIFE~NSCXFX,2,0,10,YSTART,.1,@-9,"RE") could be inserted 
into the sample program given under DIFEQNS. A somewhat different out­
put format with the same solution would result. The label FAIL would 
be superfluous. 

DISCUSSION. 
SIMPLEDIFEQNS is a simplified version of DIFEQNS. It employs an 
identical numerical algorithm but omits input parameter checking and 
the specified points logic, reducing program size by almost one-half 
but only marginally increasing execution speed. The omission of check­
ing is a serious disadvantage: Should an input parameter lie out of 
range, a program failure may occur without a message to the user; or if 
convergence is not achieved,. a standard return rather than a branch is 
made (however, in this case an error message is printed on the output 
printer). Because of this and the availability of binding on the sys­
tem, DIFEQNS is the clear choice over SIMPLEDIFEQNS except in those 
applications where object program size is a critical factor. 

Besides the above, several minor differences exist between the two pro­
grams. DIFEQNS uses the specified point capability to terminate the 
solution exactly at~XF, whereas SIMPLEDIFEQNS uses a procedure ENDTEST 
to stop at the f;.rst. solution point _past XF. ENDTEST is declared near 
t h e e n d o f S I MP L E D I F E'Q N S an d ma y ea s i l y b e r e pr o g r a me d b y t h e u s e r t o 
provide a different stopping condition. 

3-6 t 



ROMBERGINT PROCEDURE. 
The syntax is as follows: 

SECTION 4 

NUMERICAL INTEGRATION 

REAL PROCEDURE ROMBERGINTCF,A,B,EPSJ; 
VALUE A,B,EPS; REAL A,B,EPS; 
REAL PROCEDURE f; 

PURPOSE. ROMBERGINT integrates a function of one variable over a 
finite interval. 

INPUT. Input to ROMBERGINT consists of: 

F - the function to be integrated must be supplied as a typed· 
ALGOL procedure with the heading: 

REAL PROCEDURE NAME(XJ; VALUE x; REAL x; 

A - lower limit of integrBtion 

B - upper limit of integration 

EPS - relative error tolerance 

USAGE. ROMBERGINT is for use with moderately smooth integrands and 
medium accuracy, say EPS = 1.o@-6. 

METHOD. The basic idea is to combine two successive estimates obtained 
from the trapezoid rule to get a more accurate estimate. Let TCK,0) 
denote the trapezoid sums using 2**K subdivisions of the interval of 
integration. Then TCK,1) = C4xTCK+l,OJ-TCK,OJJ/C4-1J is, generally 
speaking, a more accurate approximation to the integral. Higher order 
approximations, TCK,M>, are computed recursively from the formula 
TCK,M) = C4**MxTCK+l,M-1)-TCK,M-1))/C4**M-1). The "diagonal" sequence 
TCO,M>, M=0,1, ••• ,K, is assumed to converge most rapidly to the inte• 
gral. The procedure is exited when ABSCTCO,K>•TCO,K-l)J<EPS x the 
trapezoid approximation <with 2**K subdivisions> to the integral of 
ABSCFCX>> or when K reaches 15. The sequence of operations used to 
compute TCK,M> is that given by Rutishauser (below>. 

REFERENCES. Bauer, F. L.; Rutishauser, H.; and Stiefel, E. 1963. New 
Aspects in Numerical_ Quadrature. In EKQ~Cimgnl~l Ati1hmg1i~, High 
SQeed Com~uting ~nd _M~~hinery. Proc. of Symposia in Applied Mathema­
tics 15:199-218. Pr~Vidence, R~I.:Amer. Math. Society. 

Rutishauser, H. 1967. Description of ALGOL 60. In Handb22k fQ~ 
Autom~ti~ Comgut~tion~ Vol. 1. ed. C. Reinsch and J. H. Wilkinson, 
PP• 105-106. New York:Springer-Vertag. 



SIMPSONINT PROCEDURE. 
The syntax is as follows: 

REAL PROCEDURE SIMPSONINTCF,A,B,EPS); 
VALUE A,B,EPS; REAL A,B,EPS; 
REAL PROCEDURE f; 

PURPOSE. SIMPSONINT integrates a function of one variable over a 
finite interval. 

INPUT. Input to SIMPSONINT consists of: 

F - the function to be integrated must be supplied as a typed 
ALGOL procedure with the heading: 

REAL PROCEDURE NAME(X); VALUE x; REAL x; 

A - lower limit of integration 

B - upper limit of integration 

EPS - relative error tolerance 

USAGE. SIMPSONINT is adaptive and is recommended for moderate accura­
cies, e.g., EPS ~ 1.o~-6, with integrands which are complicated or 
integrands whose derivative may be infinite or large. 

METHOD. The procedure is based on the adaptive Simpson method of 
McKeeman, but employs interval bisection in place of trisection. The 
working procedure, RECURS IMPS, is given a subinterval S, an estimate 
for the integral over this subinterval computed using Simpson's rule 
for two subdivisions, an estimate for the integral, ABSAREA, of 
ABSCFCX>> over the whole interval based on all the subintervals created 
up to this point, and an error tolerance adjusted for th~ length of the 
current subinterval. It then comoutes a new estimate for S using Simp­
son's rule for four subdivisions, revises ABSAREA to account for the 
new subdivision, reduces EPS by EPSFACTOR <currently set at .75 which 
is conservative>, and performs t~e test: ABS Cold estimate - new esti­
mate)~EPSxABSAREA. If the test is passed, the next subinterval to the 
right is evaluated. If not, S is divided in half and RECURSIMPS is 
called recursively to evaluate each half, unless the level exceeds 24 
when convergence is assigned regardless of whether it occurs. The 
spacing at level 24 is aporoximately CB-A)x6.2~-7. 

REFERENCES. McKeeman, W. M. 1962. Algorithm 145, Adaptive Numerical 
Integration by Simpson's Rule. ,Qfilfil• A,H 5:604. 

Lyness, J. N. 1969. Notes on the Adoptive Quadrature Routine. 4A,H 
16:483-495. 
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BULIRSCHINT PROCEDURE. 
The syntax is as follows: 

PROCEDURE BULIRSCHINTCF,A,B,EPS,INT,ERR); 
VALUE A,B,EPS; REAL A,B,EPS,INT,ERR; 
REAL PROCEDURE F; 

PURPOSE. BULIRSCHINT integrates a function of one variable over a 
finite interval. 

INPUT. Input to BULIRSCHINT consists of: 

F - the function to be inte~rated must be supplied as a typed 
ALGOL procedure, with the heading: 

REAL PROCEDURE NAME(X)J VALUE x; REAL x; 

A. - lower limit of integration 

B - upper limit of integration 

EPS - relative error tolerance 

OUTPUT. Output for BULIRSCHINT consists of: 

INT - value of integral 
ERR - an uppar bound for ABS <INT - TRUE VALUE OF INTEGRAL) 

USAGE. BULIRSCHINT is recommended for high accuracies CEPS~l.O@-9) and 
very smooth integrands. It is not to be used to integrate polynomials 
of a degree less than four or periodic functions over a periodicity 
interval. 

METHOD. This is a variation of Romberg integration, recently proposed 
by Bulirsch and St"oer, called rational extrapolation. Let TCJ) denote 
the trapezoid rule approximation to the integral, INT, for successively 
smaller step-sizes HCJ). The basic idea is to fit a rational function 
of H**2 to a sequence of the trapezoid sums. The value of the rational 
function at H=O (the rational extrapolation) is generally a more accur­
ate approximation to INT than any of the trapezoid sums. The extrapo­
lated values are calculated for successive sequences of trapezoid sums 
and tested to see if they are approaching a limit. Let TCI,K> be the 
extrapolated value of the rational function which is fitted t6 the val­
ues TCJ>, J=I,I+t, ••• ,I+K. The TCI,K> is calculated recursively in the 
program from TCJ) with step-sizes HCJ) = L/2,L/3,L/4,L/6,L/8,L12, ••• , 
where L=B-A, in the order TC1,1>,TC2,l>,T<1,2),TC3,1),TC2,2),TC1,3), 
TC4,1>,TC3,2>, ••• , subject to the limitation K~6, I+K~15. These values 
fjll out a trapezoidal tableau whose right-hand border, TCl,1>,TCt,2>, 
••• 

0 ,TC1,6),TC2,6),TC3,6), •• .,TC9,6>, is assumed to converge to INT 
<this can be proved if the integrand is smooth and no round-off error 
is committed>. Only t~e current extrapolated value (denoted by T in 
the program> and the preceding one (denoted by TA> are used in the con­
vergence test so that none of the interior values of the tableau need 
to be explicitly calculated or saved. 
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A complicated 2-fold convergence criterion is used. The closeness of 
two successive extrapolated values is tested by ERR=ABSCT-TA> < 
EPSxWxTAB. EPS is the inout tolerance and TAB is the current trapezoid 
rule approximation to the integral of ABSCFCX)). The factor W is 
determined by the proqram in such a way that the actual error is gener­
ally the same order of magnitude as EPSxTAB. This means that the 
returned parameter ERR is conservative, frequently overstating the 
actual error by the order of magnitude of W, where 4 £ W £ 144. The 
second part of the test is used to prevent premature exiting from the 
procedure in cases where the text on T-TA is passed early because of an 
unusual combination of circumstances. This test does not allow an exit 
in the early stages unless certain combinations of the TCI,J> have 
become monotonic (their limit;ng behavior). 

REFERENCE. Bulirsch, R. and Stoer, J. 1967. Numerical Quadrature by 
Extrapolation. ~Ymlti1£hl H~1hlm~lik 9:271-278. 
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SIMPS PROCEDURE. 
The syntax is as follows: 

REAL PROCEDURE SIMPSCX,X1,X2,EPS,f)J 
VALUE Xl,X2,EPSJ REAL X,Xl,X2,EPS,Fi 

PURPOSE. SIMPS evaluates numerically a 2- or 3-dimensional iterated 
integral. 

INPUT. Input to SIMPS consists of: 

X - variable of integration 

Xl - lower limit of integration 

X2 - upper limit of integration 

EPS - relative error tolerance 

F - function to be integrated; it can be declared as a real proce-
dure or passed as a real expression 

USAGE. SIMPS is specifically designed for multidimensional integrals 
with variable limits of integration. The integration should be smooth. 
EPS should' b'e greater than or equal to 1.o;;i-6. 

EXAMPLES. SIMPSCX,0,1,@-5,SIMPSCY,O,SQRTC1-X**2),.5@-5,X**2+Y**2)) 
computes the integral of X**2+Y**2 over the first quadra~t of the unit 
circle. An example of a 3-dimensional integral is SIMPSCX,-1,2,@-4, 
SlMPSCY,O,X~.5@-4,SIMPSCZ,O,X**2+Y•*2,.25@-4,GCX,Y,Z)))), where G is 
declared as a teal procedure of the three variables X,Y,Z. 

METHOD. A single call to SIMPS computes an estimate of the integral 
of FCX> between the limits Xl and X2 using a series of approximations 
generated by the Simpson rule. Let SCK> be the Simpson rule·approxima­
tion using 2**K subintervals, SCK) = HxCFCA)+4xFCA+H)+2xFCA+2xHl+ 
CB-A)/2**K. The convergence test ABSCSCK)-SCK-1>>~ EPSx~ is applied 
for K? 3 so that at least ~ight points are used in the final estimate. 
If this test is not passed, SC15) is returned as the answer. The pro­
cedure is written i~ such a w~y that it may call itself. Also, the 
limits Xl and X2 may be expressions. Therefore, SIMPS is specifically 
designed to evaluate integrated integrals. 

REFERENCE. Olynyk, Frank. 1964. ALGORITHM 233, Simpson's Rule for 
Multiple [ntegration, ,2mm~ A,H 7:348. 



DOUBLEINTEGRAL PROCEDURE. 
The syntax is as follows: 

REAL PROCEDURE DOUBLEINTEGRALCF,Al,Bl,A2,82,EPS); 
VALUE Al,Bl,A2,B2,EPS; REAL Al,Bl,A2,B2,EPS; 

PURPOSE. DOUBLEINTEGRAL integrates numerically a function of two 
variables over a rectangle. 

INPUT. Input to DOUBLEINTtGRAL consists of: 

r - function to be integrated; it must have a heading of the form: 

Al -
Bl -
A2 -
B2 -
EPS 

REAL PROCEDURE FCX,Y); 
VALUE X,Y; REAL x,v; 

lower l i mi t of integration 

upper l i mi t of integration 

lower limit of integration 

upper l i mi t of integration 

- relative error tolerance 

of X a Xi S 

of X a Xi S 

of y axis 

of y a Xi S 

USAGE. DOUBLEINTEGRAL may only be used for double integrals with con­
stant limits. The procedure is adaptive to handle general integrands. 
EPS should be greater than or equal to 1.o@-6. 

EXAMPLE. DOUBLEINTEGRALCF,0,1,0,2,@-5> evaluates the integral of a 
function F of two variables over the rectangle with vertices at CO,O), 
C0,2>, Cl,2>~ C0,2>. 

METHOD. The double integral is treated as a l•dimensional integral of 
a function which is itself an integral. The adaptive ~rocedure 
SIMPSONINT is used for the 1-dimensional integration. 

REFERENCE. This is a modification of: McKeeman, W. M. 1962. ALGORITHM 
146, Multiple Integration. 'Qfilfil• A,tl 5:604. 
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TRIPLEINTEGRAL PROCEDURE. 
The syntax is as follows: 

REAL PROCEDURE TRIPLEINTEGRALCF,Al,Bl,A2,82,A3,83,EPS>; 
VALUE Al,B1,A2,B2,A3,83,EPS; REAL Al,Bl,A2,B2,A3,83,EPS; 
REAL PROCEDURE F; 

PURPOSE. TRIPLEINTEGRAL integrates numerically a function of three 
variables over a 3-dimensional rectangle. 

INPUT. Input to TRIPLEINTEGRAL consists of: 

F - function to be integrated; it must have a heading of the form: 

Al -
Bl -
A2 -
82 -
A3 -
83 -
EPS 

REAL PROCEDURE FCX,Y,Z); 
VALUE X,Y,Zi REAL X,Y,Zi 

lower l i mi t of integration 

upper limit of integration 

lower l i mi t of integration 

upper l i mlt of integration 

lower l ·i mi t of integration 

upper l i mi t of integration 

- relative error tolerance 

on X a Xi S 

on X axis 

on y a Xi S 

on y a Xi S 

on z a Xi S 

on z a Xi S 

USAGE. TRIPLEINTEGRAL may only be used for triple integrals with con­
stant limits. The procedure is adaptive to handle general integrands. 
EPS should be grea·t~r than or equal to 1.o@-6. 

EXAMPLE. TRIPLEINTEGRALCF,0,1,-1,1,-2,0,@-4) integrates the function F 
of three variables over the hyperrectangle with vertices at C0,1,0), 
Cl,1,0),Cl,-1,0>,C0,-1,0),C0,1,~2>,Cl,1,-2>,Cl,-1,-2),CO,•l,-2) • 

METHOD. TRIPLEINTEGRAL is an extBnsion of the method used for 
DOUBLEINTEGRAL • 

REFERENCE. This is a modification of: McKeeman, W. M. 1962. ALGORITHM 
146, Multiple Integration. ~Qfilfil• A~M 5:604. 
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JBE~~-fBQkEOYEE~ 
The syntax is as follows: 

SECTION, 5 

SPECIAL FUNCTIONS 

REAL PROCEDURE JBESSCNMAX,X,J); 
VALUE NMAX,x; INTEGER NMAX; REAL x; 
ARRAY J(OJ; 

PURPOSE. 
JBESS evaluates the Bessel f.unctions JO, ••• ,JNMAX at the fixed value X. 

INPUT. 
Input to JBESS consists of: 

NMAX - an integer which can be positive, negative, or zero 
X - an unrestricted real value 

OUTPUT. 
Output for JBESS consists of: 

J - an array containing the values JO, ••• ,JNMAX 
dimensioned [O:ABSCNMAX)] 

JBESS - returned the value JCNMAX,X) 

METHOD. 
This procedure is a soecial. case of one given by Gautschi. An 
iterative backward recurrence algorithm is used. The iteration is con­
tinued until approximately D significant digits of accuracy are 
obtained. Di~ iet at 11. The algorithm is most efficient when Xis 
small or moderately large in absolute value. If NMAX or Xis negative, 
the relations JC•K,X> = C·l>**K*JCK,X> and JCK,•X) = C·l>••K•JCK,X> are 
used. 

REFERENCE. 
Gautschi, Walter. 1964. ALGORITHM 236, Bessel Functions of the First 
Kind. kQIDID• A~M 7:479-480. 
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l~E~~-fEQ£EllllEE~ 
The syntax is as follows: 

REAL PROCEDURE IBESSCNMAX,X,IJ; 
VALUE NMAX,x; INTEGER NMAX; REAL x; 
ARRAY ICO]; 

PURPOSE. 
!BESS evaluates the modified Bessel functions 10, ••• ,INMAX at the fixed 
value of X. 

INPUT. 
Input to !BESS consists of: 

NMAX - an integer which can bi positive, negative, or zero 
X - an unrestricted real value 

OUTPUT. 
Output for !BESS consists of: 

I - an array containing the value 10,~ •• ,INMAX 
dimensioned [O:ABSCNMAX)J 

!BESS - returns the value ICNMAX,X> 

METHOD. 
This procedure is a soecial case of one given by Gautschi. An 
iterative backward recurrence algorithm is used. The iteration is con~ 
tinued until approximately D significant digits of accuracy are 
obtained. Dis set at 11 ■ The algorithm is most efficient when X is 
small or moderately large in absolute value. If NMAX or Xis negative, 
the relations IC~,X> = IC-K,XJ and ICK,-XJ ~ C-l>*•K•ICK,X> are used. 

REFERENCE. 
Gautschi, Walter. 1964. ALGORITHM 236, Bessel functions of th~ First 
Kind. t2filfil• Attl 7:479-480. 
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cxJsrs_PRocruuRE, 
The syntax is as follows: 

REAL PROCEDURE CXJBESCNMAX,X,Y,U,V>; 
VALUE NMAX,X,Y; INTEGER NMAX; REAL X,Y; 
ARRAY U,V(O]; 

PURPOSE. 
JBSSCX evaluates the Bessel Functions JO, ••• ,JNMAX at the,fixed, 
complex value Z = X + I* Y. 

INPUT. 
Input to JBSSCX consists of: 

NMAX - an integer which can be positive, negative, or zero 
X - the unrestricted real part of the argument 
Y - the unrestricted imaginary part of the argument 

OUTPUT. 
Output for JBSSCX consists of: 

' 

U - an array containing the real parts of the values 
JO, ••• ,JNMAX dimensioned (O:ABSCNMAX)] 

V - an array containing the imaginary parts of the values 
JO, ••• ,JNMAX di-ensioned (O:ABSCNMAX)] 

METHOD. 
This procedure is a s~ecial case of one given by Gautschi. An 
iterative backward recurrence algorithm is used. The iteration is 
continued until approximately D significant digits of accuracy are 
obtained. D is set at 11. The algorithm is most efficient when 
modulus<z> is small or moderately large. If NMAX is negative the 
formula JC-K,Z> = C•l)**K*JCK,Z) is used. 

REFERENCE. 
Gautschi, Walter. 1964. ALGORITHM 236, Bessel Functions of the First 
Kind. £Qfilfil• A£tl 7:479-480. 
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E~l-fEQtEUYEE£ 
The syntax is as follows: 

REAL PROCEDURE ELlCX~KC); 
VALUE X,Kc; REAL X,Kc; 

PURPOSE. 
Ell evaluates the incomplete elliptic integral of the first kind 
defined here as the integral from Oto X of the function of T: 

The parameters X and KC may be any real numbers. An alternate 
definition is ELlCX,KC) = Integral from Oto ARCTAN CX) of: 

METHOD. 
The algorithm is based on the Landen transformation. Use of the 
constants CA= lO••C•D/2) and CB= 10 ••C•D-2> yields amount O signifi­
cant figures. Dis set to 11. For KC= 0, Ell reduces to ARSINHCX> 
which is evaluated in double precision from its logarithmic 
representation. 

REFERENCE. 
Bulirsch, R. 1965~ Numerical Calculations of Elliptic Integrals and 
Elliptic Functions. Numgrische Mathematik 7:78-90. 
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~ELl_fEQ~~QYBf~ 
The syntax is as follows: 

REAL PROCEDURE CELl (KC); 
VALUE KCi REAL KCi 

PURPOSE. 
CELl evaluates the complete elliptic integral of the first kind defined 
here as the integral from Oto infinity of the function of T: 

The parameter KC may be any real number. An alternate definition is 
CELlCX,KC) = Integral from Oto PI/2 of: 

METHOD. 
The algorithm is based on the Landen transformation. Use of the 
constant CA= lO••C-0/2) yields about D significant figures. D is set 
to 11. For KC= O the integral is not finite and an exponent overflow 
is caused. 

REFERENCE. 
Bulirsch, R. 1965. Numerical Calculations of Elliptic Integra sand 
Elliptic Functions. Numecische Mathematik 7:78-90. 
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Ck~_fEQ~EQ~Ef~ 
The syntax is as follows: 

REAL PROCEDURE El2CX,KC,A,B); 
VALUE X,KC,A,B; REAL X,KC,A,B; 

PURPOSE. 
EL2 evaluates the general elliptic integral of the second kind defined 
as the integral from Oto X of the function of T: 

The parameters X,KC,A, and B may be any real numbers. An alternate 
definition is EL2CX,KC,A,B> = Integral from Oto ARCTANCX) of: 

METHOD. 
The algorithm is based on the Landen transformation. Use of the 
constants CA~ lO••C-0/2) and CB= 10••<-D-2> yields when A and B have 
the same sign about O valid figures, which are significant if ABSCA) 
GTR ABSCB>. Dis set to 11. The C•Z part of the value EL2 gives the 
value of the Jacobian Zeta function for Z = K••2. For KC=O EL2 is 
represented by double precision elementary functions. 

REFERENCE. 
Bulirsch, R. 1965. Numerical Calculations of Elliptic Integrals and 
Elliptic Functions. Numerische Mathematik 7:78-90. 
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tE.bZ_f!U!tElH!EE.!. 
The syntax is as _follows: 

REAL PROCEDURE CEL2CKC,A,B}; 
VALUE KC,A,B; REAL KC,A,B; 

PURPOSE. 
CEL2 evaluates the general complete elliptic integral of the second 
kind defined as the integral from Oto infinity of: 

The parameters X,KC,A, and B may be any real numbers. An alternative 
definition is EL2CX,KC,A,B> = Integral from Oto ARCTANCX} of: 

METHOD. 
The algorithm is based on the Landen transformation. Use of the 
constants PI/4 and CA= lO**C-D/2} yields about D significant figures 
when A and B have the same sign. Dis set to 11. For KC=O and B=O the 
integral reduces to the constant A. For KC=O and B NEQ O the integral 
is not finite. In this case an exponent overflow is caused. 

REFERENCE. 
Bulirsch, R. 1965. Numerical Calculations of Elliptic Integrals and 
Elliptic Functions. Numerische Ma1hematik 7:78-90. 
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CLJ_ffiQ~CUUEC~ 
The syntax is as follows: 

REAL PROCEDURE EL3CX,KC,P>; 
VALUE X,Kc,p; REAL X,Kc,p; 

PURPOSE. 
EL3 evaluates the incom~lete elliptic integral of the third kind which 
is defined as the integral from Oto X of the function of T: 

The parameters X,P and KC are permitted to be any real numbers with 
the restriction that 1+P*X**2 NEQ o. Standard notation for EL3 is 
PICPHI,N,K> = Integral from Oto PHI of: 

DPHI/CC1+N*SINCPHI)**2)*SQRTC1-K•*2*SINCPHI)**2>>~ 

The relation PICPHI,N,K> = EL3CX,KC,P> holds, where PHI= ARCTANCXJ, 
K**2+KC•*2 = 1, and P = N+l. 

METHOD. 
The algorithm is bas&d on the Bartky transformation. Use of constants 
CA= 10**(-D/2), CB: lO**<•D-2> and ND= D-2 yields D significant 
figures. One digit may be lost by cancellation. Dis set to 11. An 
exponent overflow is caused if 1+P*X*•2=0. 

REFERENCE. 
Bulirsch, R. 1965. Numerical Calculations of Elliptic Integrals and 
Elliptic Functions. Numeri.~che Mathem~tik 7:78•90. 
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~EbJ_ffig~EQYEE~ 
The syntax is as follows: 

REAL PROCEDURE CEL3CKC,P); 
VALUE KC,Pi REAL KC,Pi 

PURPOSE. 
CEb3 evaluates the complete elliptic integral of the third kind defined 
as the integral from Oto infinity of the function of T: 

The trigonometric form of CEL3 is the integral from Oto PI/2 of: 

METHOD. 
The algorithm is based on the Landen transformation. Use of the 
constants PI/2 and CA= lO••C-D/2) yields about D significant figures. 
D is set to 11. No restrictions are placed on the input parameters KC 
and P. However, if either KC or P = 0 the integral is not finite and 
an exponent overflow is caused. 

REFERENCE. 
Bulirsch, R. 1965. Numerical Calculations of Elliptic Integrals and 
Elliptic Functions. NMm~£i~£h~ Milh~m~lik 7:78-90. 
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CEL_PROCtDURE. 
The syntax is as follows: 

REAL PROCEDURE CELCKC,P,A,B); 
VALUE KC,P,A,B; REAL KC,P,A,B; 

PURPOSE. 
CEL evaluates the general complete elliptic integral defined as the 
integral from Oto infinity of the function of T: 

There are no restrictions on the parameters KC,P,A, and B. If KC=O and 
B NEQ O the integral is not finite and an exponent overflow is caused. 

The trigonometric form of CEL is the integral from Oto PI/2 of: 

where C = COSCPHI> and S = SINCPHI>. 

METHOD. 
CEL is evaluated by an algorithm given by Bartky. The use of the 
constant CA= 10**<-D/2) yields D significant figures. D is s~t to 
11 ■ If KC=O and B=O, the approximation CELCO,P,A,O> =/ CELC@-11,P, 
A,O> (with a relative error of the order of @•11> is used. 

REFERENCE. 
Bulirsch, R. 1965. Numerical Calculations of Elliptic Integrals and 
Elliptic Functions. Numeris~he Mathematik 7:78•90. 
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fLQIIEE_fftQ~EQYEE~ 
The syntax is as foll-0ws: 

SECTION 6 

MISCELLANEOUS 

PROCEDURE PLOTTERCOUTFILE,FIRSTPT,NPOINTS,NGRAPHS,X,Y); 
VALUE FIRSTPT,NPOINTS,NGRAPHS; INTEGER FIRSTPT,NPOINTS,NGRAPHS; 
ARRAY X[Ol, Y[O,O]; 
FILE OUTFILE; 

PURPOSE. 
PLOTTER pl-0ts up to four graphs on the file OUTFILE. The abscissae 
CX values> must be equally spaced a~d may be increasing or decreasing. 
The abscissae may be calendar data: days or months abbreviated to the 
first three characters, e.g., MON,WEO,FRI, or AUG,SEP,OCT. 

INPUT. 
Input to PLOTTER consists of: 

FIRSTPT - index of first X value to be plotted 

NPOINTS - index of last X value to be plotted 

NGRAPHS - number of graphs to be plotted 

X - xco:NPOINTS] contains the abscissae to be plotted; they must 
be equally spaced, may be increasing or decreasing, and may 
be the first three characters of days or of months (but not 
mixed) 

Y • Y[O:NPOINTS,O:NGRAPHS•ll contains the ordinates to be plotted; 
the ordinates associated with the abscissae X(KJ are 
YCK,Ol,YCK,1J, ••• ,Y(K,NGRAPHS·ll 

OUTPUT. 
Output for PLOTTER consists of: 

OUTFILE - the defines specifying the size of the graph have been 
preset for a 120-column, 6•lines-per·inch printer 

METHOD. 
The X values- are plotted down the page, and the Y values are plotted 
across the page. The largest graph is scaled relative to the number of 
print positions available and the remaining graphs Cif any> relative to 
it. In other words, the same scale factor is applied to all of the 
graphs. The X values are scaled if it is necessary to remove leading 
or trailing zeroes, and the formats under which abscissae and ordinates 
are printed are determined by the size and precision of the data. 

A number of defines are set in the begirining of the procedure to deter­
mine various characteristics of the grap~. XPRINTINCREMENT controls 
the printing frequency of the abscissae~ a value of K causes every Kth 
abscissae to be printed. Flattening of the graphs occur if PRINT-



COLUMNS is set to less than 120, its default value. Indenting the left 
margin can be accomplished by giving a nonzero value to INDENT. 

A maximum of four graphs is allowed. This limit can be increased sim• 
ply by assigning more symbols to the array GRAPHSYMBOLS near the end of 
the procedure. If two graphs cross at a point, only the symbol corres• 
ponding to the higher numbered graph is printed. 

REFERENCE. 
Lloyd, P. 1966. ALGORITHM 276, GRAPH PLOTTER. ~2mm. A,M 9:68. 
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BEADMAIBIX_fBQ~£DYBE£ 
The syntax is as follows: 

PROCEDURE READMATRIXCROWS,COLS,A,READIT,PRINTIT,EXIT>; 
VALUE ROWS,COLs; INTEGER ROWS,COLS; 
ARRAY READIT,PRINTIT; 
LABEL EXIT; 

PURPOSE. 
Reads the input matrix A in free format from the file READIT. Blanks 
may be used as delimiters in place of commas and the FORTRAN exponent 
symbol E may be used in place of @. The first element of each row must 
begin a new card <record). The number of elements read per row is 
counted and compared with N. If agreement is not obtained, an error 
message is written. If less than N elements are entered, control is 
transferred to the label exit. The matrix is written on the file 
PRINTIT. 
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REAU~X~MAIRli_fRQ~EilliRl~ 
The syntax is as follows: 

PROCEDURE READSYMMATRIXCN,A,READIT,PRINTIT,EXIT>; 
VALUE N; INTEGER N; 
ARRAY ACO,OH 
FILE READIT,PRINTIT; 
LABEL EXIT; 

PURPOSE. 
Reads the symmetric input matrix A in free format from the file READIT. 
Only the lower triangle of the matrix {including the diagonal) is read. 
Blanks may be used as delimit~rs in place of commas and the FORTRAN 
exponent symbol E may be used in place of @. T~e first element of each 
row must begin· a new card (the file READIT is assumed to consist of 14-
word unblocked EBCDIC records). If an end~of-file is encountered 
before the entire matrix is read, control is transferred to the label 
exit. The matrix is written 6n the file PRINTIT. 
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SECTION 7 

FORTRAN COMPATIBLE PROCEDURES 

FORTRAN compatible versions of the most important pro~edures, excluding 
those requiring 2-dimensional arrays, are included in the library. The 
selected procedures are modified to allow binding to FORTRAN host pro­
grams, and renamed with 6-character names to conform to FORTRAN naming 
conventions. Thus, no USE card is required with the binder. For easy 
identification, the modified procedure names begin with F. 

It should be noted that most of the arrays used in the ALGOL procedures 
are declared with lower bounds of zero, but indexed with a lower bound 
of one {i.e., the zero location is unused). Consequently, FORTRAN 
input arrays passed to such procedures must be indexed from 2, and out­
put arrays passed back to FORTRAN hosts contain results beginning at 
location 2. 

Also, the roots of a polynomial calculated by FCXPLY or FRLPLY are 
returned in l-0cations 2 - N+l of the arrays ZEROR and ZERO!. 



[RLPLY fROCEDUR£. 
This version of REALPOLYZEROFINDER is suitable for binding to a FORTRAN 
host. 

NOTE 
The roots are returned starting in 
location 2 of the FORTRAN arrays passed 
for the formal arrays ZEROR and ZERO!. 

The syntax for FRLPLY is as follows: 

PROCEDURE FRLPLY(DEGREE,P,ZEROR,ZEROI>; 
VALUE DEGREE; INTEGER DEGREE; 
ARRAY P,ZEROR,ZEROIC*]; 

PURPOSE. 
FRLPLY finds all the zeroes of a real polynomial. 
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E~Xf~r~~BQ~tQYBE~ 
This version of COMPLEXPOLYZEROFINDER is suitable for binding to a 
FORTRAN host. 

NOTE 
The roots are returned starting in 
location 2 of the FORTRAN arrays passed 
for the formal arrays ZEROR and ZEROI. 

The syntax for FCXPLY is as follows: 

PROCEDURE FCXPLYCDEGREE,PR,PI,ZEROR,ZEROI); 
VALUE DEGREE; INTEGER DEGREEi 
ARRAY PR,PI,ZEROR,ZEROIC•J; 

PURPOSE. 
FCXPLY finds all the zeroes of a complex polynomial. 



£B~~B§_fBQ£EQUBEi 
This version of ROMBERGINT is suitable for binding to a FORTRAN host. 

The syntax for FRMBRG is as follows: 

[PROCEDURE FCX); 
VALUE x; REAL x; 
EXTERNAL;] 

REAL PROCEDURE FRMBRGCA,B,EPS>; 
VALUE A,B,EPS; 
REAL A,B,EPS; 

PURPOSE. 
FRMBRG integrates a function of one variable over a finite interval. 
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.E.S!:1f.S1LfB.Qkt.Q!.!Bt.:. 
This version of SIMPSONINT is suitable for binding to a FORTRAN host. 
The function sub-program named F must appear in the host. 

The syntax for FSMPSN is as follows:. 

[PROCEDURE FCX); 
VALUE x; REAL x; 
EXTERNAL;] 

REAL PROCEDURE F~MPSNCA,B,EPS)J 
VALUE A,B,EPS; 
REAL A,B,EPSi 

PURPOSE. 
FSMPSN integrates a function of one variable over a finite interval. 
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E~Y~lB_ffiQ~EQYRE~ 
This version of BULIRSCHINT is suitable for binding to a FORTRAN host. 
The function sub-program named F must appear in the host. 

The syntax for FBULIR is as follows: 

(PROCEDURE FCX)i 
VALUE x; REAL x; 
EXTERNALil 

PROCEDURE FBULIR~A,B,EPS,INT,ERR)i 
VALUE A,B,EPS; 
REAL A,B,EPS,INT,ERRi 

PURPOSE. 
FBULIR integrates a function of one variable over a fin;te interval. 



Ell~lll!_fEQ~£QliE££ 
This version of OOUBLEINTEGRAL is suitable for binding to a FORTRAN 
host. A function of two variables named F must be declared as a 
function sub-program in the FORTRAN host. 

The syntax for FDBINT is as foll~ws: 

CREAL PROCEDURE FCX,Y)J 
VALUE X,YJ REAL X,YJ 
EXTERNAL;] 

REAL PROCEDURE FDBINTCA1,Bl,A2,B2,EPS); 
VALUE Al,Bl,A2,B2,EPSi 
REAL Al,Bl,A2,B2,EPSJ 

PURPOSE. 
FDBINT integrates a function of two variables over a rectangle. 
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FTRINT_PROCEDURE •. 
This version of TRIPLEINTEGRAL is suitable for binding to a FORTRAN 
host. A function of three variables named F must be declared as a 
function sub-program in the FORTRAN host. 

The syntax for FTRINT is as follows: 

[REAL PROCEDURE FCX,Y,ZJ; 
VALUE x,y,z; REAL x,y,z; 
EXTERNALJJ 

REAL PROCEDURE FTRINTCA1,Bl,A2,B2,A3,B3,EPS); 
VALUE Al,Bl,A2,82,A3,83,EPSJ 
REAL Al,Bl,A2,B2,A3,83,EPS; 

PURPOSE. 
FTRINT integrates a function of three variables over a 3-dimensional 
rectangle. 
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LINE Q N rn BR OUT I NE • 
The syntax is as follows: 

SU BR OU TI NE LIN EQ NC NM ,N ,A ,B ,O ET ER t'> 
INTEGER NM,N 
INTEGER IPC100) 
REAL ACNM,N),BCN) 
DOLBLE PRECISION DETERM 

PURPOSE. LINEQN solves the lfoear system of equations A•X = 8 and 
computes a determinant of the coefficient matrix. 

INPUT. Input tc LINEQN ccnsists cf: 

NM - row dimension of the 2-dimensfonal array A as 
dee la red in the cal Ling program dhiensi en 
s tatemer:t 

N - number of equations and unknowns in the system 

A - square coeffkient matrix 

B - right-hand-side vector 

OUTPUT. Cu tp ut f ro_rr LI NE QN i nc Lu des: 

A - input rratrix is overwritten ty its LU decomposition 
B - solution Xis overwritten on B 
DETERM - double precision determinant of the coefficient matrix 

SUBROUTINES REQUIREC. The necessary subroutines are DECOMP and SCLVE. 

RESTRICTIONS. The order N of the system must not exceea 100. For 
larger systems the aimension of the phot index array IP must be 
i nc re as ed. 

METHOD. Subroutine DECOMP uses Gaussian eliminatfon with partial 
pivoting to triangularize A. The upper triangular factor U over.writes 
t he u pp er t r i an g l e c; n c l u d i n g t he d ia go n a L> o f A • Th e n e g a t i v e o f th e ~ 
lower triangular factor L <omitting its unit diagonal> is overwritten 
on the strict lcwer triangle of A. Actual row interchanges are carried 
out in the upoer triangle. The deterrrinant, product of the diagonal 
elements of .uJI is computed in double precision to minimize the possi-
bHity of exponent cverflcw or underflow. If the determinant is o., 
an error message is printed and a divide by zero occurs in SOLVE. 
Otherwise SCLVEoverwrites the solution on B by the usual back 
sub st it ut i or rre th cd. 

REFERENCE. Moler, Cleve B. 1972. Matrix Computation with FORTRAN and 
Paging. C.£.!!!.!!• Att:1 15:268•270 and 274. 
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LNQPRV SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE LNQPRVCNM,N,A~LU,B,X,DIGITS,DETERM> 
INTEGER I,J,NM,N 
INTEGER IPC100) 
REAL DIGITS. 
REAL ACNM,N),LUCNM,N),BCN),XCN) 
DOUBLE PRECISION DETERM 

PURPOSE. LNQPRV solves the linear system A•X = B to machine accuracy 
and computes the determinant of coefficient matrix A. 

INPUT. Input _to LNQPRV consists of: 

NM - row dimension of the 2-dimensional array A as 
declared in the calling program dimension 
statement 

N - number of equations and unknowns in the system 

A - square coefficient matrix. A is preserved. 

B - right•hand-side vector. B is preserved. 

OUTPUT. Output f~om LNQPRV includes: 

LU - a 2-dimeMsional array containing the triangular decomposition 
of A 

X - solution 

~IGITS - number of the initially correct digits in solution X 

DETERM - double precision determinant of the coefficient matrix 

SUBROUTINES REQUIRED. 
IMPRUV. 

The necessary subroutines are DECOMP; SOLVE, and 

RESTRICTIONS. The order N of the system must not· exceed 100. For 
larger systems the dimension of the pivot index array IP must be 
increased. 

METHOD. Subroutine DECOMP uses Gaussian elimination with partial 
pivoting to triangularize A. The upper triangular factor U overwrites 
the upper triangle (including the diagonal> of A. The negative of the 
lower triangular factor L (omitting its unit diagonal> is overwritten 
on the strict lower triangle of A. Actual row interchanges are carried 
out in the upper triangle. The determinant, product of the diagonal 
elements of U, is computed in double precision to minimize the possi­
bility of exponent overflow or underflow. If the determinant is 0, an 
error message is printed and a divide by zero occurs in SOLVE. Other­
wise SOLVE compute~ the solution X by the usual back substitution 
method. Lastly, subroutine IMPRUV refines the solution X by iterative 
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improv,ment. DIGITS is based on the solution computed in SOLVE. 

REFERENCE. Moler, Cleve B. 1972. Matrix Computation with FORTRAN and 
Paging. £Qfilfil• A£~ 15:268-270 and 274. 
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L NE GN S SU BR OUT I NE • 
The syntax is as fo ll ow s: 

SUBROUTINE LNEGNSC NM.,N.,A.,K.,C.,DETERM> 
INTEGER J, K, N, NM 
IN TE GER IP Cl 00 > 
REAL A(NM.,N).,CCNM,K) 
DOUBLE PRECISION DETERM 

PURPOSE. LNEQNS solves the K systems of equations A•Y = C and comput,es 
the deterrrirant of coefficient matrh A. 

INPUT. Input tc LNEQNS ccnsists of: 

NM - row dimension of the 2-dirrersional arrays A and C 
as declared in the calling program dimension statement 

N - er de r cf A 

K - nu1Tber of columns of C <number of right-hand sides> 

A - square cceff ic ient matrix 

C - a 2-dimensionat array contairing the K right-hand 
sides as cctumns 

OUTPUT .. Cutput frorr LNEQNS includes: 

A - input matrix is overwritten by its LU decomposition 
C :- the K s"°luticns are overi.ritten on the columns of C 
DE TE RM - d ou bl e pr ec is ion de te rm in ant of t he coefficient mat d x 

SUBROUTINES REQUIREC. The necessary subroutines are DECOMP and SCL:VE. 

RESTRICTICNS. The crder N of the system must not exceech 100. For 
larger systems the dimer.sion of the pivot index array IP must be 
increased. Arrays A and C must have the same actual row dimension. 

METHOD. Subroutine DECOMP uses Gaussian elimination with partial 
pivoting to triangularize A. The upper triangular factor U over­
writes the upper triangle Cincludfog the diagonal> of A. The negative 
of the lower trhngular factor L (omitting its unit dhgonal> is over:• 
written on the strict lower triangle cf A. Actual row interchanges 
are carried out in the upper triangle. The determinant, product of 
the diagonal elements of U, is computed in double precision to minimize 
the possibility of exponent overflow er underflow. If the determinant 
is 0, an error l!'essage is printed and a divide by zero occurs in SOLVE. 
Otherwise SCLVE is called successively for each column of C and over• 
writes the correscordfog columns cf C wit,h the solutions. 

REFERENCE. Moler., Cleve e. 1972. Matrix Computation with FORTRAN and 
Paging. ~.Q.!Di• A,l;t:1 15:268-270 and 274. 
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SYMBLQ SUBROUTINE. 
The syntax is as follows: 

SU BR OU TI NE S YM EL QC NR A, N, M, A, B, X, FI RS T, *) 

DI t-'E t\S ION AC NRA, 1) ,8 CN >, XC N> 
LOGIGAL FIRST 

PURPOSE. SYMBLG solves the symmetric linear system A•X = B where A is a 
posHive-definite band matrix. 

INPUT. Input to SYMBLQ consists cf: 

X 

NRA - row cirnersion of the 2-dhnensional array A as declared in 
the calling prcgram oimension statement 

N - or oe r cf sys terr. 

M - number of lines on either side of the main diagonal; must be a 
positive irteger less than N 

A - A[l:N,l:M+ll contains the lower half of the symmetric, posi-
tive-definite band coefficiert matrix. The subdiagonals of 
the matrix are stored in the columns of A, and the main diagonal 
is storec .in ACI,M+l>, I= 1 Cl> N. The elements of the stored 
array cccu1=y the positions illustrated below for N = 5, t,1. = 2 
of a ccnvertional array: 

S to re d_ Ar rat 

X 
AC3,1) 
AC4,l) 
ACS,1) 

X 
AC2,2) 
AC3,2) 
AC4,2) 
AC5,2) 

AC 1, 3) 
AC2,3) 
A(3,.3) 
AC 4, 3) 
-AC.5, 3) 

ACl,3) 
AC2,2) 
AC 3, 1) 

AC2,3> 
AC3,.2) 
AC4,l) 

A ( 3, 3) 
AC4,2) 
AC 5, 1) 

AC4,3) 
AC5,2) AC 5, 3) 

The elements irdicated by X's in the upoer-left corner of the 
stored array are not used. 

B - B[l:NJ contains the right-hand side of the system. 

FIRST - a TRUE/FALSE switch. The call SYMBLQCNRA,N,M,A,8,X, 
.TRUE.,*> is used for the f;rst set of equations. 
Additional sets with the same coefficient matrix and dif.­
ferent right-hand sides are solved by the call SYMBLQ 
CNRA ,N ,M ,A ,B ,X ,. FALSE.,*). 

* - statement label in the calling program to which control h 
transferrec: if matrix A is not positive-definite 



OUTPUT. Cutput froll' SYMBLQ includes: 

A - lower triangular part of the Cholesky decomposition LU 
overwrites A. 

X - solution vector 

METHOD. The Cholesky decomposition A= LU is performed in-place. Lis 
a lower triangular rratrix, and U is its transpose. Matdx Lis stored 
in the same form as matdx A. The reciprocals cf the main diagonal 
elements are stcred in place of the diagonal elements. If matrix A is 
not positive-definite, the procedure fails and control is transferred 
to the statement lat:eled * in the calling orogram. 

REMARKS. The call SYMBLQCNRA,N,M,A,S,B,FIRST,*> overwrHes B with the 
s o l ut ion ve ct or X • 

REFERENCES. Martin, R. s. and Wilkinson, J. H. 1965. Symmetric 
Decomposition of Positive Definite Bard Matrices. Numerische 
Mathematik 7:355-361. 

Reinsch, c. and WHkinson, J. H. eds. 1971. Linear Algebra. !:1.ao.s;H2.22.!s 
fgr. !..Y!Qm2li£. ~~mQY.!a!i~.O• Vol. 2. Nei,. York:Springer-Verlag. 

EXAMPLE. The sample calling program siven below can be used to solve 
the sample data that follows. 

~~mQ!~_t!!!ins_ErfS!!m~ 
A sample calling pr~gram follows: 

DI ME NS ION AC 10 , 5 ) , BC 10 >, X C 10 > 
LOGICAL FIRST 
FI RS T= • T RUE. 
NRA=lO. 

11 FORMATC2I5.) 
1 3 FORMAT Cl OF 8. 0) 

.READCS,11) N,M 
MPl=M+l 
DO 20 I =1 ,N 

20 READC5,13) C.ACI,J>,J=l,MPl> 
READC5,13) CBC I>,I=l,N) 
CALL SYMBLGC NRA, N, M, A, B, X, FIRST, &101} 
ST OP 

10 1 WR IT EC 6, 10 3 > 
103 FORMAT{//"** ERROR EXIT** .. > 

ST GP 
END 
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~ Jm ~1.§_ it! ls~ 
The followirg is sairple data for the i:receding program: 

O. C 
o.o 
1. 0 
1. 0 
1. 0 
2. 0 

li ~m.ac.t1 .a 

o.o 
- 4. 0 
• 4. 0 
- 4. 0 
- 4. 0 
-1.0 

5.0 
6. 0 
6.0 
6. 0 
s.o 
o. 0 - 1. C 2.0 

The value 0.0 is assigned to the unused, upoer-left locations marked x. 
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SYMLNQ SUBRCUTINE. 
The s)1ntax is as follows: 

SU BR OU TI NE S YM LN QC NRA, N, A, LOU, B, X, * > 
REAL ACNRA,NhLOUCNRA,N),BCN),XCN) 

PURPOSE. SYMLNG solves the symmetric linear system A*X = B where 
matrix A is positive-deHnite. 

INPUT. Input to SYt'LNQ consists cf: 

NRA - row dimensfon cf the 2·dimensional arrays A and LOU as 
declared in the calling program dimension statement 

I\ - order of systerr 

A - syrrmetdc coefficient matrix. Only the lo..,er triangle of A 
needs to be stored. 

B • right•hand 0 side vector 

* - statement label in the callirg program to which control is 
transferrec if Cholesky decorrpcsition of A does not exist 

OUTPUT. Output frorr SYMLNQ includes: 

X - soluflon vector 

LOU - strict lcwer triangle cf LCU contains L•I, and diagonal 
contains D-irverse. 

SUBROUTINES REQUIRED. The necessary subroutines are SYMDCP and SYMSLV. 

METHOD. A copy of rratrix A Cassulfed to be positive-definite> is decom-
posed without oivoting into the triangular form A= LOU. The factors 
are defined as follcws: 

L - unit lower triangular matrix 
D - di ag en al 
U - transpose cf L 

The deccmposition is stable for pcsitive•deHnite matrices. If matrix 
A is not positive-definite, however, serious loss of accuracy may occur 
or the decomposition rray not exist. If the decomposition does not 
exist, control is transferred tc the statement labeled* in the calling 
program. The triangular form is then solved in two stages by SYMSLV. 

REMARKS. The call SYt-lLNQCNRA,N,A,A,B,X,*> overwrites matrix A with its 
tr;angular factcrs Lando. The call SYMLNQCNRA,N,A,LOU,B,B,*> 
overwrite'S vectcr 8 with the solution vector x. 

REFERENCES. Martin, R. s.; Peters, G.; and WHkinson, J. H. 1965. 
Symmetric Decomposition of a Positive Definite Matrix. lium~c.ii~.!l! 
~11him1!i! 7:362~3e3. 

Revised 9/23/75 by 
PCN 1076981-001 8• 6C 



R e ; n s c h , C • a n d W H k ; n s c n , J • H • e d s • 1 9 7 1 • U n e a r A l g e b r a • !i sll !Hl. .Q2 .!s 
fgr. Ajd1£.!!la.t.i£ ,fl!l.12Y.Uli£D.• Vol. 2. Ne" York:Spr;nger-verlag. 

a- GD 



SYMLQP ~UBROUTINE. 
The syntax is as follows: 

SU BR OU TI NE S YMLQPC NRA, N, A, LOU, 8, X, DI GI TS,* ,R > 
REAL A CNRA,N >, LOU( NRA, N) ,B CN >, XC I\) ,R CN) 

PURPOSE. SYMLQP solves the symmetric lfoear system A*X = 8, where matrix 
A is positive-definHe, and improves the solution X to machine accuracy. 

INPUT. Inpwt tc SYl-'LQP ccnsists cf: 

I\RA - row dimensior cf the 2-dimensional arrays A and LOU as 
declared in the calling prcgram dimension statement 

I\ - er ae r. cf system 

A - symmetric .coefficient matrix. Only the lower trfangle of the 
matrix needs tc be stored. If the full matrix is stored, the 
call to SYt-MET is suoerfluous and should be removed. 

B - right-hand-side vector 

* - statement label in the callirg program to which control ;s 
transferred if Cholesky decomposition cf matrix A does not 
exist er if iterative imi:;rcvement does not converge 

OUTPUT. Output frcrr SYMLbP includes: 

X - solution vector 

DIGITS - number cf correct digits in initial solut·ion 

LOU - strict lower triangle contains L-I, and diagonal contains 
D- in ve .rs e. 

R - last resid1.al vector computed 

SUBROUTINES REQUIREC. The necessary subroutines are SYMDCP, SYMSLV, 
,, SYMMET, and SYMIMP. 

METHOD. A copy of n:atrix A Cassurred to be positi•ve-definite) 
'decomposed without i:;ivotirg into the triangular form A= LOU. 
factors are deffoed as follows: 

L - un it low er tr i an gu la r ma tr ix 
D - diagonal 
U - transpose cf L 

i s 
The 

The decomoosition is stable fer oositive-definite matrices. If A is 
not positive-definite, however, serio1.s loss of accuracy may occur or 
the deccmpositicn may not exist. The system is solved by SYMSLV, and 
if possible, the solution is improved to machine accuracy. If the tri-
angular deccmpositicn fails to exist er if the iterative improvement 
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fails tc corverge, an error message is printed ane control is 
transferred to the statement labeled* in the calling program. 

REMARKS. Vectors Band X inust occupy separate storage. Matrkes A and 
LOU must occupy separate storage. 

REFERENCES. Martin,. R. S.; Peters, G.; and Wilkinson, J. H. 19'66. 
Iterative Refinement of the Solution cf a Positive Definite System of 
E qu at io rs. tiY.!!!i!i.2£h~ 1:ls.!hi!!!sli! 8: ,o 3- 216. 

M a r t i n., R • S • ; P e t e r s ., G • ; an d W i l k i n s o n., J • H • 1 9 6 5 • Sy mm e t r i c' D e co rr -
position of a P cs it iv e Def; ni te Mat r i x. !:l!d!!!iti~£ bi f:1glhima!i! 
7:362-383. 

Reinsch,. c. and Wilkinson,. J. H. eds. 1971. Linear Algebra. t!s.09.£29! 
f,Q.C. AY1£l!!a11£ ££!!!J2Y!s.!i£!!• Vol. 2. Ne\oi York:Springer-Verlag. 

8- 6F 

G' 



L LS QS E SU BR OUT I NE • 
T he s yn tax is as fo l l ow s: 

SU BR OUT I NE L LS QS EC NRA, Ml ,M, N, A , Q Fi, B, X, RES, FI RS T, *, DI AG, PIVOT, 
BETAS,G> 

DI ME NS ION A ( NR A, N) ,QR( NRA, N) ,Bon, X ( N) , RES CM >, DI AG ( N )p PI VO T( N) , 
BETAS(t-.J),GCN) 

INTEGER PIVOT 
LOGICAL FIRST 

PURPOSE. LLSQSE solves an overdetermined system of M equations in N 
CN .LE .. M) unknowns. A specified numter of equations can be solved 
exactly. 

INPUT. Input to LLSQSE ccnsists cf: 

NRA - row dimersior cf the 2-dimensional arrays A and QR as 
declared in the calling program dimension statement 

t-11 - first Ml equations are solved exactly; must satisfy 
0 • LE. tJ,l • LE. N 

M - nurrber of eauaticns Crows of the matrix> 

f\ - nurrber of 1,;nkncwrs (columns cf the matrix> 

A - coeffiCient matrix 

8 - dfht-hand•side vector 

FIRST - Boolean switch must be TRUE on the first call and FALSE on 
subseq1,;ent calls having the same coefficient matrix and 
different\right-hand sides. 

* - statement label in the callirg program to whkh,control is 
transferred if the QR-decomposition cannot be completed 

OUTPUTo Cutput frorr LLSQSE includes: 

X - solution vector 

RES - residuals are stored in locations t'l+l to M. 

QR - QR•decompcsition of A 

DIAG - contains the diagonal elements of the upper triangular 
factor R 

OTHER PARAMETERS. Additicnal parameters of LL.SQSE consist of: 

PIVOT - records the row exchanges in partial pivoting done during 
the GR -d ec C!J1 PO s i ti on 

BETAS - stores the BETA's 
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G - vector G C .. o rk array> 

METHOD. If FIRST is TRLE, matrix A is decomposed by a sequence of ele-
mentary Householder trar,sformations into the product of an orthogonal 
matrix G and an upper triangular matrix R. Pivoting is accomplished by 
successively reducirg the remaining cclumn having the largest sum of 
squares. If FIRST is FALSE, the array QR is assumed to already contain 
t h e Q R • d e co rr. p o s it i o r of m a t r i x A • Co n t r o l p.r o c e e d.s d i r e c t l y t o L LS SL V, 
which ccmputes the solution X and the residual vectors RES. 

REMARKS. If the res·iduals RES are not needed, the call LLSQSE(_NRA,Ml, 
M,N,A,A,B,X,RES,FIRST,*,DIAG,PIVOT,G) can overwrite matdx A with its 
QR•decorrpositior. Overwriting A with its QR-decomposition saves MxN 
w or cs of st or age, b Lt the res id ua ls w i l l not be c or re ct • 

REFERENCE. Bjorck, A. and Golub, G. 1967. Iterative Refinement of 
L i n ea r L e as t SQ u a re S o l u t i o n by H o u s e ho l d er Tr a n s fo rm at i o n. !!l I 7 : 
322-337. 

EXAMPLE. The samole calling program given beta .. can be used to solve 
the sample data that follows. 

~sm2li_,s!!ing_frQ3tsi~ 
A s am p l e c a l l i n g r: r. c g r a m f o L l o w s : 

8· 6H 

DIMENSION AC20,10),QRC20,11),BC20),XC1C>,RC2C>,PIVOTC1C), 
BETASClO) 

DIMENSION DIAGC10),GC10) 
INTEGER PIVOT 
NRA= 20 

11 FD RM AT C 3 IS ) 
1 3 FO RM AT C 8 F 1 0. 0 > 

RE AD C 5 , 11) M 1, M, N 
CO 20 J.=1 ,M 

20 READCS,13) CACI,J>,J=l,N>,ECI) 
CA LL L LS GS EC NR lo Ml ,M ,N ,A ,QR, 8, X, R,. TRUE.,& 10 1, DI AG ,P IV CT, 

BETAS,G) 
COMMENT SOLVE FOR A SECOND RIGHT-HAND SIDE VECTOR B. 

r<EADCS,13) CBCI>,I=l~M) 
CALL LLSGSECNRA,Ml,M,N,A,QR,B,X,R,.FALSE.,&101,DIAG,PIVOT, 

BETAS,G> 
ST OP 

101 l-iRITEC6,103) 
103 FORMATC/" ** ERROR EXIT**"/) 

ST OP 
END 



§ 2!!U21 ~- J:;,2 !.2 ~ 
The following ; s data fer the precedir.g program: 

36 • 63 0 3 36 0 -7 56 0 7 56 C 46 3 
- t3 0 14 70 0 - 88 20 0 2 1168 0 -220500 - 13 86 0 
3 36 0 - 88 20 0 5 64 48 0 -1411200 1512000 97 02 0 

-7 56 0 21168 C -1411200 3628800 - 39 69 co 0 •258720 
7 56 0 -220500 1512000 -3969000 4410COO 2 91060 

-2 77 2 83 16 0 -582120 15 52 32 0 - 17 46 36 0 -116 42 4 
-4 15 7 • 17 82 C 93 55 5 •261800 2 88 2a e -118944 
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L LS QPR SU BR CUT I NE • 
The syntax is as follows: 

SU BR OU TI NE L LS GP RC NR A, t-11 , M, N , A , QR, B, X, RES, FI RS T, *, FA IL, P IV OT , WK> 
DI ME NS IO N AC NR A, N > , Q RC NR A, 1) , 8 CM ) , X C N > , RES CM >, PI VO TC N > , W KC N > 
INTEGER PIVOT 
LOG! CAL FIRST, FA IL 

PURPOSE. LLSQPR solves an overdetermined system of M equations in N 
CN .LE. M) unkncwns and improves the solution to machine accuracy. A 
specified rn.imber of the eauations can be satisfiec exactly. 

INPUT. Input to LLSQPR ccnsi sts of: 

NRA - row aiirersfon cf the 2-dimensicnal arrays A and QR as 
declared in the calling program dimer.sion statementi must 
satisfy NRA .GE. M+2 

Ml - first Ml equations are solved exactly; must satisfy 
0 • LE. Ml • LE. N 

M - nuirber of· equati ens Crows of the matri'x) 

N - nurr.ber of unkncwr.s <columns cf the matrix> 

A - coefficient rr-atrix; declared column dimension must be greater 
th an or eq 1.,;a l to N. 

B - ri'ght•har.d•side vector 

FIRST - Boolean switch must be TRUE on the first call and FALSE 
on subsecuent calls havirg the same coeff;cient matrix ard 
d i ff er en t r i g h t - ha nd s i d e s • 

* - statement label in the cal lirg program to which control is 
transferrec if the QR•decompcsition cannot be completed 

FAIL - set TRUE if the iterative refinement fails to sufficiently 
improve the solution; otherwise, set to FALSE 

OUTPUT. Output froir LLSQPR includes: 

X - so l u ti on. v ec tor 

RES - residuals are stored in locations Ml+l to M. 

QR - QR•decoir.pcsitior. of matrix A, with the diagonal elements of 
the ui:;per triangular factor R stored in the CM+l)th row. The 
C.M+2)th row and the CN+l)th column are used for working 
storage. peclared dimensions QRCNRA,I\CQ) must satisfy 
CI\RA,NCG) .GE. CM+2,N+l). 
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OTHER PARAMETERS. Additicnal parameters cf LLSQPR consist/of: 

PIVOT• records the row exchanges in partial pivoting done during 
the QR-decomposition; dirrension is greater than or equal 
to N. 

WK - working array; dimension is greater than or equal to N. 

METHOD. If FIRST is TRUE, matrix A is decomposed by a sequence of ele· 
mentary Householder transformations into the product of an orthoganal 
matrix Q and an upper tdangular· matrh R. Pivoting is accomplished t:y 
successively redudng the r~maining column having the largest sum of 
squareso If FIRST is FALSE, the array QR is assumed to already contain 
the QR-decorrpositior of matdx A, and control proceeds directly to 
ACCSLV. In ACCSLV the first set cf solutions is taken to be null vec-
tors, and the first two iteration steps are always executed. With DX 
and DR cefined as the charges in X and RES respectively, the iteration 
for the current right-hand side is terminated when the two conditions 
below are simultanecusly satisfied: 

ECOXCI)) .GE •• 125*E<DXCI-1> .DR. ECCXCI» .LE. ETA*ECXCl>) 
ECORCI» .GE •• 125*ECDRCI-1> .DR. ECDRCI» .LE. ETA*ECXCl>> 

The character E represents the Euclidean norm, and DXCI) is the value of 
DX after the Ith iteration. If the iteration has been terminated and 
the condition 

occurs concurrertly, the parameter FAIL is set to TRUE. 

REFERENCE. Bjorck, A. and Golub, G. 1967. Iterative Refinement of 
Lfoear Least Square Solution by Householder Transformation. 
1111 7 : 3 2 2 - 3 3 7 • 

EXAMPLE. The sample calling prograrr given below can be used to solve 
the samcle data that follows. 

~2mQi~-~a!liog_Er2s!a!i 
A sample calling prcgram follows: 

LOGICAL FA IL 
INTEGER PIV 
DI ME NS ION AC 22 , 10 > , QR C 22 , 11 > , B C 2 C > , X C 1 C > , R C 2 0 > , P IV C 1 0 > , WK C 10 > 
NRA= 22 

11 FORMATC3I5) 
13 FORMATC8F10.0) 

READCS,11> Ml,t,',N 
CO 20 I=l,M 

2CJ READCS,13) CACI,J>,J=l,N> 
READCS,13) CBCI>,I=l,M) 
CALL LLSQPRCNRA,Ml,M,N,A,Qf.,B,X,R,.TRUE.,&101,FAIL,PIV,WK) 

COMMENT SOLVE FOR A SECOND RIGHT-HAND SIDE VECTOR 8. 
READCS,13) CBCI>,I=l,M) 
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CA LL L LS t;P RC NR A, M 1 , M, N, A , QR, B, X, R, .F AL SE • , & 1 01 , F A I L, PI V, WK ) 
ST OP 

101 WRITEC6,103) 
10 3 FD RM ATC/" ** ERR OR E XI T ** "/ ) 

ST OP 
END 

~ 2!!U21 ~- L:.21.2 ~ 
The follow;ng ; s data fer the preced;ng 

36 - 63 0 3 36 0 -7 56 0 
- E3 0 14 70 0 - 88 20 0 2 1168 0 
3' 36 0 - 88 20 0 5 64 48 0 -14 1120 0 

-7 56 0 211860 -1411200 36 28 8 0 0 
7 56 0 -2 20 so 0 15 12 00 0 - 39 69 00 0 

-2 77 2 83 16 C "."5 32 12 0 15 52 32 0 
46 3 -13 86 0 97 02 0 -2 58 720 

-4 15 7 -17 82 0 93 55 5 -2 61800 

8• 6L 

program: 

7 56 C 
-2 20 50 O 
1512 00 0 

•3969COO 
4410000 

-1746360 
2 91 CG C •116424 
2 88 28 8 -118944 



D TL QPR SU BR OUT I NE • 
The syntax is as follows: 

SU BR OU TI NE D TL <;PRC N, A, LU ,B ,X .,p S, SC AL ES ,DIG IT 5, OX ,D ET BA 5, DE TE XP) 
DO U B LE P RE C I S I ON A C N ., N. > ., LU C N ., N > ., E C N > ., X C N > ., SC AL ES C N > ., DX C N ) ., D I G I TS ., 

D ET BAS 
IN TE GER PS CN }., DE TE XP 

PURPOSE. OTL(;PR solves the linear system A•X = s., imoroves the solution 
to machine accuracy., and computes the determinant of the coefHcient 
matrix A. 

INPUT. Inpl..t to DTLQPR ccnsists of: 

I\ - dimension of coefficient matrix A 
A• coefficient rr:atrix 
8 • right-hand-side vector 

0 UT PUT. Output fro rr OT LQ PR i nc tu des: 

X • solution vector 

P.S .. contains i:ermuted row indices 

DfGITS.; number of ccrrect digits in initial solution; must be 
declared in double precision in the calling program 

DETBAS - ccntains the significant digits of DETCA)i must be 
declaced in double precision in the calling program 

DE TE XP - c en ta ins the ap pr op ri ate power of 1 0 for DE TB AS; mu st be 
d ec la red in the cal ti ng pro gr am as an i nt eg er 

SC AL ES., LU., DX - work i ng -s to rage mat ri ce s 

METHOD. Gaussian elimination wHh parthl pivoting is used for the 
initial solution. )lccun:ulated inner prod1..cts are used.to calculate the 
residuals for the iterative improvement. 

REMARKS. The parameter DIGITS contains the number of digits of the 
solutior that do not change during the improvemen·t. The parameters A, 
LU, a., x., SCALES., and PS must be dimensioned in the calling program as 
fol lows: 

DOUB LE P REC I SI ON A C N • N >., LU C N, N >, 8 C N) ., X C N ) , SC AL ES C N > 
INTEGER PSCN> 
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SYMLQS SUBROUTINE. 
The syntax is as follows: 

SU BR OU TI NE S YMLQSC t\, A, K, C, Y, P, KA IG > 
·DOUBLE· PRECISION ACN,N>,CCK,.N),.YCK,.N>..PCN> 

PURPOSE. SYMLQS solves the K symmetrk systems of equations A*Y = C 
with the K right-hard sides stored in rows l through K of array C and 
the correspcndirg K solutions placed in rows l through K of Y. 

INPUT. Input tc SYt-',LQS c cnsi st s cf: 

N - dimensfon cf coefficient matrix 

A - array containing the symrretric coefficient matrix. Only the 
lower triangle of the matrh needs to be stored (strict upper 
tr i a ng le i s not 1,;s ed >. 

K - number of sets of equations ·to be solved 

C - array cf right-hand sides 

OUTPUT. Output frorr SYMLQS includes: 

A - triangular deccmpositicn of matrix A overwrites the strict 
lower triargle of matrix A. 

Y - so Lu ti ens cf the K systems a re stored in rows l th rough K 
of Y. 

KAIG - if this flag equals 1, Chclesky decomposition does not 
exist. 

P - working stcrage matrix 

METHOD. Matrix A (assumed to be positive-definite> is decomposed with­
out pivoting into the tdangular form A= LOU. The factors are defined 
as follows: 

L - unit lower tdangular matrix 
D - diagonal 
U - tr an sp cs e cf L 

The deocmposition is stable for positive-definite matrices. If matrix 
A is .not positive-definite, however,. serious toss of accuracy may occur 
or the cecompositfon rray not exist. If the decomposition does not 
exist, an error message is written and control is transferred to the 
e n d o f th e s u b r o u t i r, e • S ub r o u t i n e LI t\ E Q N S c a n be u s e d fo r gr ea t e r a c cu -
racy if the system is· net positive-definite. After SYMOECOMPOSE,. 
SYMSOLVE is used successively for each row of C. The rows of C and Y 
a re treated as 1- ai rre ns io na l arrays Carra y rows> so that no e ff ;c ie nc y 
is lost by the double subscdpting. 
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REMARKS. Parameters A, C, Y, and P must be dimensioned ;n the call;ng 
program as follows: 

DOUBLE PRECISION ACN,N>,CCK,N>,YCK,N>,PCN> 

The call SY~LQSCN,A,K,C,C,P> overkrHes the right•hand•side matrix C 
with the soluticn matrix Y. 

Revised 9/23/75 by 
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S YI NP R SU BR OUT I NE. 
The syntax is as follows: 

SU ER OU TI NE · SY I NP RC N, A, A I NV ER, LU, T, DX , R , P, B , K A I G > 
DOUBLE PRECISICN ACN,N>,AINVERCN,N>,LUCN,N>,TCN>,DXCN>,RCN>,PCN),BCN) 

PURPOSE. SYINPR corrput.es the complete inverse of the symmetric matdx 
A, imorcves it to machine accuracy, and stores the array in AINVER. 

INPUT. Inpt..t tc SYINPR consists· of: 

N - or ce r of A 

A - array containing the matrix to be inverted; only the lower 
triangle is required. 

OUTPUT. Outout frorr SYINPR includes: 

All\VER - array containing the full inverse of A 
KAIG - if this flag equals 1, Cholesky decomposition does not exist. 
LU, T, DX, R, P, B - wcrking storage matrices 

METHOD. A copy of rratrh A (assumed to be positive-definite) is decom-
posed without pivoting into the triangular form A= LOU. The factors 
are defined as foUcws: 

L - unit low er t d an gu la r ma tr ix 
D - diagonal 
U - transpcse cf L 

If matrix A is not i:;ositive-definite, the triansular decomposition may 
not exist. The inverse is calculated and improved column by column, 
taking into ccns;aeration the special forni of the columns of the iden• 
tity matrh. If the triangular decom~9sition fails to exist or if the 
iterative irrprove.rrert of a column fails to converge, an error message 
is written and control is transferred to the end of the subroutine. 

REMARKS. Parameters A, AINVER, LU, T, DX, R, P, and 8 must be 
dimensioned in the calling program as follows: 

DO U B LE P RE CI SI C N A C N , N ) , A I NV ER C N , N ) , LU C N , N ) , TC N) , D X C N) , R C N ) , PC N} , 8 C N } 

SYINPR is ml.ich slower than SINVRA and should be used only if a fully 
accurate inverse is desired. 
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LINQNS SUBRCUTINE. 
The syntax is as follows: 

SUBRCUTINE LIN,NSCN,A,K,C,Y,PS) 
DOUBLE PRECISION ACN,N),CCK,N.),YCK,N> 
INTEGER PSCN} 

PURPOSE. LINQNS solves the K systems of equations A*Y = C. The K 
right-hand sides are stored in roi.s 1 through K of the KxN matrix c. 
The correspcndirg K solutions are placed in rows 1 through K of the 
K xN mat r; x Y .. 

INPUT. Input to LINQNS ccnsists cf: 

f\ - dirrensior cf.coefficient mat r i x A 

A - coefficient matrix 

K - row dimension of matrices C and y 

C - rratrix use c to store the set of ri gh t· hand sides as rows; 
dirrensioned CC K, N) 

OUTPUT. ·output frorr LINQNS includes: 

Y - matrix used to store the set of solutions as rows; 
dirrensiof'led YCK,N) 

PS .. contains.permuted row indices 

METHOD. Gaussian eUmination with partial pivoting decomposes A into 
triangular form. SCLVE is then used successively for ea.ch row of c. 
Solutiors fer ~ry nl.mber of right-hand sides can be calculated rapidly. 
No herative improvement is used. Each row of matrices Y and C is 
treated as a 1-airrersional array. 

REMARKS. Parameters A, C, Y, and PS must be dimensioned in the calling 
program as follcws: 

DOUBLE PRECISION ACN,N),CCK,N>,YCK,N) 
INTEGER PSCN) 

Matdx A is overwritten by its LU decomposition during the subroutfne. 
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C XL IN Q SU BR OUT I NE • 
The syntax is as follows: 

SUBROUTINE C XLINQ( ~, RA,I A, RLU, ILL, RB ,I 8, RX,I X, RDX, IDX, SC ALES,PS, 
FIRST,IMPROV, IR> 

DOUBLE PRECISION RACN,N>,IACN,N),RLUCN,N),ILUCN,N),RBCN),IBCN), 
R XC I\) , I X C N) , R DX C N >, ID X C N) , S CALES C N > , I RC N) 

INTEGER PSCN> 
LOGICAL FIRST,IMPROV 

PURPOSE. CXLING solves a system ,of ccmplex linear equations: 

The solution can.be optionally improved to machine accuracy. 

I NP UT. I np 1..t t C. ex LI NQ C en si st s cf : 

N - corrplex airrension of coeffkient matrix A 

RA - r ea l pa r. t o f co e f H ci en t ma tr ix A 

IA - irragirary part of coefficient matrix A 

RB - real part of right-hand-side vector 

IB - irr.aginary part cf right-hand-side vector 

FIRST - Boclear value that is TRLE the first time CXLINQ is called 
with a given coefficient matrix and FALSE for additional 
ca l ls 

IMFRCV - Bcolean val1..e that specifies whether iterative improvement 
i s des i red er not 

OUTPUT. Output frorr CXLINQ includes: 

RLU - real part cf the triangular decompcsitfon of matrix A 
ILU - imaginary part of the triangular decornoosition of matrix A 
RX - real part of solution vector 
IX - irragirary part of solutfon vector 
PS - contain~ row-perm1..ted indices 
ROX, IDX, SCALES, IR - working storage matrices 

METHOD. If FIRST is TRUE, CXDECOMPOSE uses Gaussian elimination with 
partial oivotfog to reduce a copy of A to triangular form. The 
pivoting is accomplished by interchanging the row indices stored in the 
array PS, rather than_ interchanging the physical rows. If FIRST is 
FALSE, the triangular· fcrm of Ai s assumed to be already stored in 
arrays RLU and ILU. CXSOLVE computes the solution, and if IMPROV is 
TRUE, the solution is refined to machine accuracy in routine CXIMPROVE. 
These operations are extensions to the complex arithmetic of the method 
used by LINPAC. If a singular matrix is detected, an error message is 
printed and CXLING exits. If the IMPROV option is reauested and the 
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solutfor fails to converge after 23 iterations, an error message is 
pdnted and the last iterati·on is taken as a solution. 

REMARKS. The cal t CXLI NQ CN,RA, IA,RA, IA,RB, IB,RX, IX,ROX,IOX,SCALES,PS, 
FIRST,FALSE,IR) overwrites matrices RA and IA with the triangular 
decompositicn of A. This call saves 2xNxN words of storage. 

REFERENCE. Forsythe, G. E. and Moler, C. 1967. ~Qllm.Yl§C. ,§QlYl.iQD Qf 
J..l.!Hts! ~!g~~.C.2iS .§Y]1!Jl!~• Englewood Cliffs, N.J.:Prentice-Hall. 

Revised 9/23/75 by 
PCN 1076981-001 8• 6S 



I NV ER T SU BR CUT I NE • 
The syntax is as follcws: 

SU 8 R CU TI NE I NV ER TC NM , N , A , A INV, DE TE RM ) 
INTEGER NM,N 
INTEGER IP<lOO) 
REAL A(NM,N),AINVCNM,N) 
RE AL X C 1 00) 
DOUBLE PRECISION DET~RM 

PURPOSE. INVERT inverts a square matrix. 

INPUT. Inpl.it to INVERT ccnsi sts of: 

NM - row dimension of the 2-dimersional arrays A and AINV as 
declared in the calling program dimension statement 

N - or ae r of A 

OUTPUT. Cu tp ut f rorr IN VERT includes: 

A - input rratrix is cverwrhten t::y its LU decomposition 
AI~V - inverse matrix is stored in AINV 
DETERM - dcuble precision deterildnant of the coefficient matrix 

SUBROUTINES REQUIRE-C. The necessary subroutines are INVDCP and DOT. 

RESTRICTICNS. Th·e order Nor A must not exceed 100. For larger 
systems the dimensicn of working arra-ys IP and X must be increased. 
The arrays A and Ait\V must have the same actual row dimension and 
must oc cu DY s ep ar ate st or age. 

METHOD. Subrcutir.e INVDCP uses Gaussian elimination with partial 
oivotin9 to triangularize A. The upoer triangular factor U over-
writes the upper t_riangle <including the diagonal> of A. The nega• 
tive of the lower triangular factor L ComHting its unit diagonal> 
is overwritten en the strict lo\.ier trhngle of A. Actual row inter-
changes are carried out fer the full matrix. The determinant, product 
of the diagonal elen:er.ts cf U, is computed in dcuble precision to 
minimize the possibility cf exponent overf.low or underflow. If the 
determinant is zero, an error message is printed and a divide by zero 
occurs in INVERT. Otherwise, INVERT computes the inverse by solving 
the N systerr:s of equations A•AINV = I, taking full advantage of the 
zeroes in the columrs of the identity matrix. 

REFERENCE. Moler, Cleve B. 1972. Matrix Computation with FORTRAN and 
P a g i n g • ~ 2!!1 l! • A ~t:1 1 5 : 2 6 8 • 2 7 0 an d 2 7 4 • 
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I NV ER A SU BR OU TI NE • 
The syntax is as follows: 

SUBROUTINE INVERACN,A,PS,V) 
DOUBLE PRECISICN ACN,N>,VCN> 
INT E GE R PS C N > 

PURPOSE. It\VERA replaces matrix A by its inverse. 

INPUT. Inout to INVERA consists of: 

t\ • dirrension cf A 
A• matrix to be inverted 

0 UT PUT. Output fro rr IN VE RA inc lu des: 

A - criginal matrix is overwritten by its inverse. 
PS• ccntains i:ermuted row indices 
V - working stcrage matrix 

METHOD. INVERA irverts matrix A in-place: As elements of the inverse 
are comc:uted, they replace the corresponding elements of A. Inversfon 
i n- place saves Nx N words cf s to rage o ~er pr oc edur e IN VE RS. I NV ER A, 
however, is slower. Procedure TRIANGLDEC0MP Hrst decomposes matdx A 
into triangular fcrm. CTRIANGLDECOMP is set the same as procedure 
DECOMPOSE in LINPAC except that actual row interchanges are used.) 
Procedure INVERT .then inverts the triangular -form by calculating the 
inverse X of the prcduct LU {the triargular form> from the fotrowing 
conditicns: 

XL - an upper triangular matrix 
UX - a unit lower triangular matrix 

To obtain the inverse of A, the columns of X are interchanged in the 
reverse order as th.e row interchanges in TRIA_NGLDECOMP. 

REMARKS. The parameters A, V, and PS must be dimensioned in the calling 
pro gr am a s fo l l ow s: 

DOUBLE PRECISION ACN,N>,VCN> 
INTEGER PSCN} 

REFERENCE. Fox, L. 1951. Practical Solution of Linear Equations a·nd 
Inversion of Matrices. Ir. Nat. Bur. Stand. At~ 39 ed. O. Taussky. 
pp. 1-54. 

Revised 9/23/75 by 
PCN 1076981-001 8• 6U 



I NV EP R SU BR OU TI NE • 
The syntax is as follows: 

SU BR OU TI NE I NV EP RC N, A, LU ,B ,X ,PS, SC AL ES ,DX, DE TB AS ,D ET EXP, Al NV ER> 
DOUBLE PRECISION ACN,N>,LUCN,N>,ECN>,XCN>,SCALESCN>,DXCN},DETBAS, 

A INVE RC N, N) 
IN TE GER PS CN >, DE TE XP 

PURPOSE. If\VEPR calculates the inverse of the matrix stored in ACN,N> 
and stores it in AII\VERCN,N>. The determinant of A is also calculated. 

INPUT. Input to INVEPR ccnsists cf: 

N - dimension cf A 
A - ma tr ix to be i nv er te d 

OUTPUT. Output from INVEPR includes: 

Aif\VER - array containing the in~erse of A 

DETBAS - contains the significant digits of DETCA>; must be 
aeclared in double precision in the calling program 

DETEXP - contains the appropriate power of 10 for DETBAS; must be 
dee la red as an integer in the cal Ling program 

PS - contafos permuted row indices 

SCALES, X, DX, LU, B - working storage matrices 

METHOD. INVEPR calculates the foverse of A by successively solving the 
N systems of eQuations recresented by A*INVER = I, where I is the NxN 
identHy matrix. Each column of AINVER is calcuJated to machine 
precisicn using iterative refinement. 

REMARKS. Parameters A, AINVER, SCALES, X, DX, LU, B, and PS must be 
dimensioned in the calling orogram as follows: 

DOUBLE PRECISION ACN,N>,AINVERCN,N),SCALESCN),XCN>,DXCN),LUCl\,N),BCN) 
INTEGER PSCN> 

Matrices A and AINVER must occupy separate storage. 
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D ET OF A SU BR CUT I NE • 
The syntax is as follows: 

SUBROUTINE DETOFACN,A,PS,SCALES,DETBAS,DETEXP> 
DOUB LE PRE CI SI ON A CN ,N >, SC AL ES CN >, DE TB AS 
INTEGER PSCN>,DETEXP 

PURPOSE. DETOFA calculates the deterrrinant of a matrix that has been 
brought intc LU form by p.rocedure DECCMPOSE. 

INPUT. Input to DETOFA c cnsi st s cf: 

N - dimension cf A 
A - ma tr ix whose deter mi na nt i s to be co mp ut ed 

OUTPUT. Output frorr DETOFA ;ncludes: 

PS - contains permuted row indices 

DETBAS - ccntains the significant digits of DETCA); must be 
declared in double precision in the calUng program 

DETEXP - ccntains the appropriate power of 10 for DETBAS; must be 
dee la red as an integer in the calling program 

SC AL ES - work; ng s to rage mat d x 

METHOD. The call DECOMPOSECN,A,A,PS,CETSIGN) computes the triangular 
matrices Land U and the permutation rratrh P so that LU= PA. L-I and 
U are stored in matrix A. Array PS contains the permuted row indices. 
If matrix A is singular, an exit occurs. 

REMARKS. The parameters A, SCALES, ard PS must be dimensioned in the 
cal l i ng pro gr am c1 s f o l l cw s: 

DOUBLE PRECISION ACN,N),SCALESCN) 
INTEGER PSCN> 

Revised 9/23/75 by 
PCN 107698Ul01 8• 6W 



S IN VR A SU BR OUT I NE • 
The syntax is as follows: 

SUBROUTINE SINVRACNRA,N,A,*) 
DIMENSION ACNRA,N> 

PURPOSE. SINVRA inverts the symmetdc, poshive-definite matrix A. 

I NP UT. Input t c SI NV RA c en si st s of : 

NRA• row dirrersion of the 2•dimensional array A as declared in 
the calling program dirrension statement 

I\ - er de r cf A; mu st be po si ti ve 

A - syrrmetric rratrix to be inverted. Only the .lower triangle of, 
the l'l'atrix needs to be stored <strict upper triangle is not 
used ) • 

*•statement label in the callirg program to which control is 
transferred if the Cholesky decomposition of A does not exist 

OUTPUT. Output frorr SINVRA includes: 

A - entire inverse matrix Calso symmetric> overwrites .4.. 

METHOD. Matrix A Cassurr:ed to be positive-definite> is decomposed with· 
out pivoting into the triangular form A= LOU. The factors are defined 
as follcws: 

L - un it l ow er t r i an gu la r ma tr ix 
D • diagonal 
U - tr an s p o s e· cf L 

The deccmposition .is stable for pcsithe•definite matrices. If A is 
not positive-definite, however, serio1.s loss of accuracy may occur or 
the decomposition may net exist. If the decomposition does not exist, 
an error l!'essage is printed and ccntrcl is transferred to the statement 
labeled* ir the calling program. Subroutine INVERT can be used for 
greater accuracy if the system is not positive-definite. 

Matrix L with its unit diagonal omitted.is overwrHten on the strict 
lower triangle of A. The reciprocals of the nonzero elements of Dare 
stored en the main oiagonal. The inverse of L <unit diagonal omitted> 
is computed in-place. The L•inverse and D·inverse are then replaced ty 
the lower triangle cf the inverse matrix. SYMMET is used to complete 
the remainder of the inverse matrix. 

REFERENCES. Martin, R. S.; Peters, G.; and Wilkinson, J. H. 1965. 
Symmetric Decomposition of a Positive Definite Matrix. th1m1c.i~£h! 
.l:1alhi!!!ali! 7: 3 62 -3 83. 
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Reinsch, c. and Wilkinson, J. H. eds. 1971. Lirear Algebra. tis0.9~22! 
fQC. !Ylf!!l§1i£ ~.£!!lJ2Y.!s.!i£!.l• Vol. 2. Ne1i1 York:Springer-Verlag. 

EXAt-'PLE. The sample calling program given below can be used to solve 
the saml'.:le data that follows. 

~Jmg!~-~s!lin£_Erfsr1m~ 
A sample calling program follows: 

DIMENSION ACl0,10) 
NRA= 10 

11 FD RM AT CI 5) 
13 FDRMATCl0Fe.0> 

READCS,11> N 
DD 20 I=l,N 

20 REi\DCS,13) CACI,J>,J=l,I> 
READCS,13) CBCI>,I=l,N) 
CALL SINVRAC NRA, N, A, &101) 
ST OP ; 

10 1 WR IT EC 6, 10 3) 
103 FORMATC//" ** ERROR EXIT**") 

ST OP 
END 

~Jmi21~_t1.ts.! 
The following is sarrple data for the preceding orogram: 

42 o. 
21 o. 14 o. 
14 C. 10 5. 8 4. 
10 s. 8 4. 7 0~ 6 o. 
87 s. 53 9. 39 9. 31 9. 

Revised 9/23/75 by 
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El2E~YAL~E~-A~Q-El2ENYE~IQB~~ 
This section includes FORTRAN subroutines for computing the full set of 
eigenvalues and eigenvectors of symmetric, real, complex and complex 
Hermitian matrices. In addition, the subroutines MXEGVL and MNEGVL 
are included. They compute the K largest or K smallest eigenvalues, 
respectively, of a symmetric matrix. 

For each type of matrix, the basic method used for computing the 
eigenvalues is preliminary reduction to a simpler form, e.g., tri­
diagonalization followed by QR or LR <closely related to QR) itera­
tions. Each subroutine documented her& consists of two or more calls 
to a set of working subroutines included in the library under the 
directory EISPACK. T~ese working subroutines are translations of 
ALGOL procedures having the same names. The majority of the ALGOL 
procedures have been developed by J. H. Wilkinson and his collegues. 
Recognized for several years as the best general-purpose eigenproblem 
programs, many of these procedures are included in the ALGOL section 
of this library. Translation to FORTRAN and ~ubsequent extensive 
testing have been carried out at Argonne National Laboratories and 
several leading un'iversities under the auspicies of the NSF-sponsored 
National Activity to Test Software CNATS) project. No written docu­
mentation of the EISPACK subroutines is included here because of 
extensive internal documentation. A separate, machine-readable, 
(ISPACK documentation file is included in the library. 

The ALGOL procedures are published together in tl20QQQQ1 fQ~ AY!Qfilsli~ 
Comgutatjon, Vol. II, "Linear Algebra," J. H. Wilkinson and C. Reins~h, 
eds., (Springer-Verlag, 1971). Each is also prepublished in various 
issues of the journal Numerische Mathematik. 

The EISPACK series of subroutines have been developed and made avail· 
able by the NATS project of the Applied Mathematics Division, Argonne 
National Laboratories, Argonne, Illinois. 
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SYMVAL SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE SYMVALCNM,N,A,VALUES) 
INTEGER NM,N,IERR 
REAL ACNM,N), VALUESCN) 
REAL EClOO> 

PURPOSE. SYMVAL finds alt N eigenvalues of a real symmetric matrix. 

INPUT. Input to SYMVAL consists of: 

NM - row dimension of the 2-dimensionat array A as declared 
in the calling program dimension statement 

N - ordei of matrix 

A - contains the real symmetric input matrix. Only the 
lower triangle of the matrix is needed. 

OUTPUT. Output from SYMVAL includes: 

A - the tower triangle of A is destroyed. The strict 
upper triangle of A is unaltered. 

VALUES - array containing the eigenvalues of the matrix 
in ascending order 

SUBROUTINES REQUIRED. The necessary subroutines are TREDl and TQLl. 

RESTRICTIONS. The order N of the matrix must not exceed 100. for 
Larger matrices, the dimension of the working storage array E must 
be increased. 

METHOD. The matrix is first reduced to tridiagonal for~ using 
subroutine TREDl which employs ~ouseholder transformations. The eigen­
values of the tridiagonal m~trix are calculated by subroutine TQLl 
using QL iterations. If the Kth eigenvalue is not determined after 30 
iterations, the value of K is printed and the subroutine exited normal­
ly with the first K-1 eigenvalues stored correctly. failures are 
exceedingly rare. 

REFERENCE. Bowdler, H.; Martin, R ■ s.; Reinsch, c.; and Wilkinson, J. 
H. 1968. The QR and QL Algorithms for Symmetric Matrices. Numerische 
tls!h~ms!ik 11:293-306. 

ACKNOWLEDGEMENT. These FORTRAN translations of TREDl and TQLl are part 
of the EISPACK series of subroutines developed and made available by 
the NATS project of the Applied Mathematics Division, Argonne National 
Laboratories, Argonne, Illinois. 
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SYMVEC SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE SYMVECCNM,N,A,VALUES,VECTRS> 
INTEGER NM,N,IERR 
REAL ACNM,N),VECTRSCNM,N), VALUESCN) 
REAL EClOOJ 

PURPOSE. SYMVEC finds all N eigenvalues and orthonormal eigenvectors 
of a real symmetric matrix. 

INPUT. Input to SYMVEC consists of: 

NM - row dimension of the 2-dimensional arrays A and VECTRS as 
declared in the calling program dimension statement 

N - order of matrix 

A - contains the real symmetric input matrix. Only the lower 
triangle of the matrix is needed. 

OUTPUT. Output from SYMVEC includes: 

A - the lower triangle of A is destroyed. The strict upper 
triangle of A is unaltered. 

VALUES - array containing the eigenvalues of the matrix i n 
ascending order 

VECTRS - a 2-dimensional array containing the normalized 
eigenvectors of A i n its first N columns 

SUBROUTINES REQUIRED~ The necessary subroutines are TRED2 and TQL2. 

RESTRICTIONS. The order N of the matrix must not exceed 100. For 
larger matrices, the dimension of the working storage array E must 
be increased. 'The arrays A and VECTRS must have the same actual row 
dimension and must occupy separate storage. 

METHOD. The matrix is first reduced to tridiagonal form using sub­
routine TRED2 which employs Householder transformations. TQL2 com­
putes the eigenvalues using QL iterations 'and the orthonormal eigen­
vectors of the original matrix using information supplied by TRE02. 
Shou'ld the eigenvectors of the tridiagonal matrix be desired instead, 
the matrix VECTRS must be set to the identity matrix before TQL2 is 
.entered. If the Kth eigenvalue is not determined after 30 iterations, 
the value of K is printed and the subroutine exited normally with the 
first K-1 eigenvalues stored correctly. Failures are exceedingly 
rare. 

REFERENCE. Bowdler, H.; Martin, R. s.; Reinsch, c.; and Wilkinson, J. 
H. 1968. The QR and QL Algorithms for Symmetric Matrices. liYmicia~h! 
~a!h~ma!ik 11:293-306. 
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ACKNOWLEDGEMENT. These FORTRAN translations of TRED2 and TQL2 are 
part of the EISPACK series of subroutines developed and made available 
by the NATS project of the Applied Mathematics Division, Argonne 
National Laboratories, Argonne, Illinois. 
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EIGVAL SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE EIGVALCNM,N,A,WR,WI) 
INTEGER NM,N,LOW,IGH,IERR 
REAL ACNM,N>, WRCN),WICN) 

PURPOSE. EIGVAL finds all N eigenvalues of the general real matrix A. 

INPUT. Input to EIGVAL consists of: 

NM - row dimension of the 2-dimen~ional array A as declared 
in the calling program dimension statement 

N - order of matrix 

A - contains the gener~l real input m~trix 

OUTPUTo Output from EIGVAL includes: 

A - the input matrix is destroyed by the'computation 

WR - the real parts of the eigenvalues are stored in the 
array WR 

WI - the imaginary parts of the eigenvalues are stored in 
the array WI. Complex conjugate eigenvalues are stored 
consecutively. 

SUBROUTINES REQUIRED. 
and HQR. 

The necessary subroutines are BALANC, ORTHES, 

METHOD. A is first prepared by the subroutine BALANC, which detects 
any isolated eigenvalues and reduces the norm of A without intro­
ducing any roundoff errors. ORTHES is then called to reduce A to an 
upper Hessenberg form using elementary orthogonal (Householder) 
transfor~ations. Subroutine HQR, which utilizes the Francis Double 
Step QR algorithm, is employed to find the eigenvalues of A. If the 
Kth eigenvalue is not determined after 30 iterations, the value of K 
is printed and the subroutine exited normally with the eigenvalues of 
indices K+l, K+2, ••• , N stored correctly. Failures are exceedingly 
rare. 

REMARKS. Balancing is strongly recommended because it generally im­
proves accuracy at a small additional cost in time. However, it is 
not necessary to balance orthogonal or normal matrices. If BALANC is 
not used, LOW must be set to 1 and UPP to N. 

If the original matrix is already of upper Hessenberg form (zeroes 
below the first sub-diagonal>, the call to ORTHES may be removed (sub­
routine BALANC preserves the Hessenberg form). 
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REFERENCE. Martin, R. s.; Peters, G.; and Wilkinson, J. H. 1970. The 
QR Algorithm for Real Hessenberg Matrices. NYID!~i1£h! H~lh!m~tik 
14:219-231. 

ACKNOWLEDGEMENT. These FORTRAN translations of BALANC, ORTHES and 
HQR are part of the EISPACK series of subroutines developed and made 
available by the NATS project of the Applied Mathematics Division, 
Argonne National Laboratories, Argonne, Illinois. 
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EIGVEC SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE EIGVECCNM,N,A,WR,WI,Z) 
INTEGER NM,N,LOW,IGH,IERR 
REAL ACNM,N),ZCNM,N>, WRCN>,WICN) 
REAL SCALEClOO> 

PURPOSE. EIGVEC finds all N eigenvalues and normalized eigenvectors of 
the general real matrix A. 

INPUT. Input to EIGVEC consists of: 

NM - row dimension of the 2-dimensional arrays A and Z as 
declared in the calling program dimension statement 

N - order of matrix 

A - contains the general real input matrix 

OUTPUT. Output from EIGVEC includes: 

A - the input matrix is destroyed by the ~amputation 

WR - the real parts of the eigenvalues are stored in the 
array WR. 

WI - the imaginary parts of the eigenvalues are stored 
in the array WI. Complex conjugate eigenvalues are 
stored consecutively. 

Z - a 2-dimensional array containing the normalized eigen­
vectors of A in its first N columns. If the Kth eigen­
value is ~~al, column K contains its eigenvector. If the 
Kth eigenvalue is complex with positive imaginary part, 
column K contains the real part and column K+l the 
imaginary part of the Kth eigenvector. The complex 
conjugate eiqenvector is not stored. 

SUBROUTINE REQUIRED~ The necessary subroutines are BALANC, ORTHES, 
ORTRAN, HQR2, BALBAK, and NRMLZ. 

RESTRICTIONS. The order N of the matrix must not exceed 100. For 
larger matrices, the dimension of the working storage array SCALE 
must be increased. The arrays A and Z must have the same actual 
row dimension and must occupy separate storage. 

ME~HOD. A is first prepared by subroutine BALANC, which detects 
any isolated eigenvalues and reduces the norm of A without intro­
ducing any roundoff errors. ORTHES is then called to reduce A to 
upper Hessenberg form using elementary orthogonal (Householder) 
transformations. The matrix defining the similarity reduction 1 

of A to upper Hessenberg form is then formed and stored in the 
array z. Subroutine ORTRANS, using the information left below 
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the sub-diagonal of A by ORTHES, completes the preliminary re­
ductions and transformations. Subroutine HQR2 is employed to 
obtain the eigenvalues of A and the eigenvectors of the balanced 
matrix. HQR2 utilizes the Francis Double-Step QR algorithm to 
compute the eigenvalues and back substitution for the eigenvectors. 
The eigenvectors of the balanced matrix are next transformed into 
eigenvectors of the original matrix by subroutine BALBAK. Finally, 
the eigenvectors of A are normalized so that a real eigenvector has 
its component of maximum magnitude equal to 1.0. A complex eigen­
vettor has its m~ximum modulus component equal to 1.0 + O*I ■ 

REMARKS. Balancing is strongly recommended because it gen~rally 
improves accuracy at a small additional cost in time. However, it 
is not necessary to balance orthogonal or normal matrices. If 
BALANC is not used, LOW must be set to 1 and UPP to N. If the 
original matrix is already of upper Hessenberg form (zeroes below 
the first sub-diagonal), the calls to ORTHES and ORTRANS may be 
removed <subroutine BALANC preserves the Hessenberg form>. In this 
case Z must be set to the identity matrix before HQR2 is entered. 
If un-normalined eigenvectors are sufficient, the call to subroutine 
NRMLZ may be removed. If the Kth eigenvalue is not determined 
after 30 iterations, the value of K is printed and the subroutine 
exited normally .with the eigenvalues of indices K+l, K+2, ••• , N 
stored correctly. Failures are exceedingly rare. 

REFERENCE. Peters, G. and Wilkinson, J. H. 1970. Eigenvectors of Real 
and Complex Matrices by LR and QR Triangularizations. ~Yfill£ii£hl 
tla1hlfils1ik 16:181-204. 

ACKNOWLEDGEMENT. These FORTRAN translations of BALANC, ORTHES, ORTRAN, 
HQR2 and BALBAK are part of the EISPACK series of subroutines developed 
Ind made availabl~ by NATS project of the Applied Mathematics Division, 
Argonne National Laboratories, Argonne, Illinois. 
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CEIGVL SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE CEIGVLCNM,N,AR,AI,WR,WI> 
INTEGER NM,N,LOW,IGH,IERR 
R E A L A R C N M , N > , _A I C N M, N > , W R C N > , W I C N > 

PURPOSE. CEIGYL finds all N eigenvalues of the general complex 
matrix A. 

INPUT. Input to CEIGVL consists of: 

NM - row dimension of the 2-dimensional arrays AR and AI as 
declared in calling program dimension statement 

N - complex order of the complex matrix A 

AR,AI - the real and imaginary parts of A are input in the 
arrays AR and AI, respectively 

OUTPUT. Output from CEIGVL includes: 

AR,AI - the input matrix is destroyed in the computation 

WR,WI - the real and imaginary parts of the eigenvalues 
are placed in the arrays WR and WI, respectively 

SUBROUTINES REQUIRED. 
and COMLR. 

The necessary subroutines are CBAL, CO~HES, 

METHOD. A is first prepared by subroutine CBAL, which detects any 
isolated eigenvalues, reduces the norm of the matrix, and equalizes 
the Ll norm of corresponding rows and columns without introducing 
roundoff error. The balanced matrix is next reduced to the upper 
Hessenberg form by subroutine COMHES utilizing stabilized elementary 
similarity transformations. The eigenvalues of the upper Hessenberg 
matrix Cwhich'are also the eigenvalues of A> are computed by sub­
routine COMLR which employs the LR algorithm with oartial pivoti~g. 
If the Kth eigenvalue is not determined after 30 iteratidns, the value 
of K is printed and the subroutine exited normally with the eigenvalues 
of indices K+l, K+Z, ••• , N stored correctly. Failures are exceedingly 
rare. 

REMARKS. Balancing is strongly recommended because it generally 
improves accuracy at a small additional cost in time. However, it is 
not necessary to balance normal matrices. If balancing is not used, 
LOW must be set to 1 and UPP to N. If the original matrix is already 
of upper Hessenberg form <zeroes below the first sub-diagonal>, the 
call to COMHES may be removed <subroutine CBAL preserves the Hessenberg 
form). · 

REFERENCE. Martin, R. S. and Wilkinson, J. H. 1968. The Modified LR 
Algorithm for Complex Hessenberg Matrices. Nymgci~£hg Ma!hgm~!ik 
12:369-376. 
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ACKNOWLEDGEMENT. These FORTRAN translations of CBAL, COMHES and COMLR 
are part of the EISPACK of subroutines, developed and made available 
by the NATS project of the Applied Mathematics Division, Argonne 
National Laboratories, Argonne, Illinois. 

8-16 



CEIGVC SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE CEIGVCCNM,N,AR,AI,WR,WI,ZR,ZI> 
INTEGER NM,N,LOW,IGH,IERR 
INTEGER INTC100) 
REAL ARCNM,N>,AICNM,N), ZRCNM,N>,ZICNM,N>, WRCN),WICN) 
REAL SCALEC100) 

PURPOSE. CEIGVC finds all N eigenvalues and normalized column 
eigenvectors of the general complex matrix A. 

INPUTo Input to CEIGVC consists of: 

NM - row dimension of the 2-dimensional arrays AR, AI, ZR, 
and ZI as declared in the calling program dimension 
statement 

N - complex order of the complex matrix A 

AR,AI - the real and imaginary parts of A are input in the arrays 
AR and AI, respectively 

OUTPUT. Output fro~ CEIGVC consists of: 

AR,AI - the strict upper triangles of AR and AI are overwritten 
with ~he eigenvectors or the triangular matrix produced 
by the LR algorithm 

WR,WI - the real and imaginary parts of the eigenvalues are 
placed in the arrays WR and WI, respectively 

ZR,ZI - ~he real and imaginary parts of the normalized 
eigen~ectors are stored in the columns of ZR and ZI 

SUBROUTINES REQUIRED. The necessary subroutines are CBAL, COMHES, 
COMLR2, CBABK2, and C~RMLZ. 

RESTRICTIONS. The order N of the matrix must not exceed 100. for 
larger matrices,· the dimension of the working storage arrays INT and 
SCALE must be intreased. The arrays A~,AI and ZR,ZI must have the 
same actual row dimension and must occupy separate storage. 

METHOD. A is first prepared by subroutine CBAL, which detects any 
isolated eigenvalues, reduces the norm of the matrix, and equalizes 
the Lt norms of corresponding rows and columns without introducing 
-roundoff error. The balanced matrix is next reduced to the upper 
Hessenberg form by subroutine COMHES utilizing stabilized elementary 
similarity transformations. 

After completing the preliminary reduction~, LR iterations with partial 
pivoting are employed by COMLR2 to compute the eigenvalues of A. 
COHLR2 also computes the eigenvectors of the balanced matrix by a 
back substitution process. These are transformed into eigenvectors of 
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the original matrix A by subroutine CBABK2. Finally, each eigenvector 
is normalized so that its component of maximum modulus is equal to 
1.0 + O•I. 

REMARKS. Balancing is strongly recommended because it generally im­
proves accuracy at a small additional cost in time. However, it is 
not necessary to balance normal matrices. If balancing is not used, 
LOW must be set to 1 and UPP to N. 

I'f the original matrix is already of upper Hessenberg form (zeroes 
below the first sub-diagonal>, the call to COMHES may be removed 
(subroutine CBAL preserves the Hessenberg form}. But if un-normalized 
eigenvectors are sufficient, s~broutine CNRMLZ may be omitted. If the 
Kth eigenvalue is not determined after 30 iterations, the value of K is 
printed and the subroutine exited normally with the eigenvalues of 
indices K+l, K+2, ••• , N stored correctly. Failures are exceedingly 
rare. 

REFERENCE. Peters, G. and Wilkinson, J. H. 1970. Eigenvectors of Real 
and Complex Matrices by LR and QR Triangularizations. Numerische 
Malhgmalik 16:181-204. 

ACKNOWLEDGEMENT~ These FORTRAN translations of CBAL, COMHES, 
COMLR2 and CBABK2 are part of the EISPACK series of subroutines 
developed and made available by the NA!S project of the Applied 
Mathematics Division, Argonne National Laboratories, Argonne, 
Illinois. 
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HREGVL SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE HREGVLCNM,N,AR,AI,VALUES) 
INTEGER NM,N,IERR 
REAL ARCNM,N)AICNM,N), VALUESCN> 
REAL TAUC2,100}, EClOO> 

PURPO~E. HREGVL finds all N eigenvalues of a complex Hermitian matrix. 

INPUT. Input to HREGVL consists of: 

NM - row dimension of the 2-dimension·al arrays AR and AI as 
declared-\in calling program dimension statement 

N - order of matrix 

AR,AI - contains the real and imaginary _parts of the complex 
Herm1tian input matrix. O~ly the lower triangles are 
needed. 

OUTPUT. Output from HREGVL includes: 

AR,AI - the lower triangles of AR and AI are destroyed. 
The strict upper triangles are unaltered. 

VALUES - array containing the eigenvalues of the matrix in 
ascending order 

SUBROUTINES REQUIRED. The necessary subroutines are HTRIDI and TQLl. 

RESTRICTIONS. The order N of the matrix must not exceed 100. For 
larger matrices, the dimension of the working storage arrays E and 
TAU must be increased. 

METHOD. The matrix is first reduced to tridiagonal form, using sub­
routine HTRIDI which employs unitary similarity transformations. The 
eigenvalues of the tridiagonal matrix are then calculated by TQLl, 
using QL transformations. If the Kth eigenvalue is not dete~mined 
after 30 iterations, the value of K. is printed and the subroutine 
exited normally with the first K-1 eigenvalues stored correctly. 
Failures are exceedingly rare. 

REFERENCE. Martin, R. s.; Reinsch, c.; and Wilkinson, J. H. 1968. 
Householder's Tridiagonalization of a Symmetric Matrix. Numeriscbe 
tl2lh~fil2lik 11:181-195. 

ACKNOWLEDGEMENT. These FORTRAN translations of T~Ll and the complex 
analogue of TREDl are part of the EISPACK series of subroutines devel­
ocied and made available by the NATS project of the Applied Mathematics 
Division, Argonne National Laboratories, Argonne, Illinois~ 
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HREGVC SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE HREGVCCNM,N,AR,AI,VALUES,ZR,ZI> 
INTEGER NM,N,IERR 
REAL ARCNM,N},AICNM,N}, ZRCNM,N},ZICNM,N}, VALUESCN} 
REAL TAUC2,100>, EC100) 

PURPOSE. HREGVC finds Bll N eigenvalues and orthonormal column 
eigenvectors of the complex Hermitian matrix A. 

INPUT. Input to HREGVC consists of: 

NM - row dimension of the 2-dimensfonal arrays AR, AI, ZR, 
and ZI as declared in calling program dimension statement 

N - order of matrix 

AR,AI - contains the real and imaginary parts of the complex 
Hermitia~ input matrix. Only the lower triangles 
are needed. 

OUTPUT. Output from HREGVC includes: 

AR,AI - the lower triangles of AR and AI are destroyed. 
The strict upper triangles are unaltered. 

VALUES - array containing the eigenvalues of the matrix 
in ascending order 

ZR,ZI - the real and imaginary parts of the orthonormal 
eigenvectors are stored in the columns of ZR and ZI. 

SUBROUTINES REQUIRED. 
and HTRIBK. 

The necessary subroutines are HT~IDI, TQLl, 

RESTRICTIONS. The ·order N of the matrix must not exceed 100. For 
larger matrices, the dimension of the working storage arrays E and 
TAU must be increased. The arrays AR, AI, ZR, and ZI must have the 
same actual row dimension and must occupy separate storage. 

METHOD. The matrix is first reduced to tridiagonal form using sub­
routine HTRIDI which employs unitary similarity transformations. 
Next, the array ZR is initialized to the identity matrix, so that 
TQL2 computes the eigenvectors, as well as the eigenvalues, of the 
tridiagonal matrix supplied to it by HTRIDI. Finally, HTRIBK trans­
forms the orthonormal eigenvectors of the tridiagonal matrix into 
orthonormal eigenvectors of the 6riginal matrix. By similarity, 
the eigenvalues of the tridiagonal matrix and the original matrix 
are the same. If the Kth eigenvalue is not determined after 30 
iterations, the value of K is printed and the subroutine exited 
normally with the first K-1 eigenvalues stored correctly. Failures 
are exceedingly rare. 
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REFERENCE. Martin, R. s.; Reinsch, c.; and Wilkinson, J. H. 1968. 
Householder's Tridiagonalization of a Symmetric Matrix. NumeriS£he 
~a1h~fils1ik 11:181-195. 

ACKNOWLEDGEMENT. These FORTRAN translations of TQLl and the complex 
analogues of TREDl and TRBAKl are part of the EISPACK series of sub­
routines developed and made available by the NATS project of the 
Applied Mathematics Division, Argonne National Laboratories, Argonne, 
Illinois. 
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MXEGVL SUBROUTINE. 
The syntax is as· follows: 

SUBROUTINE MXEGVLCNM,N,A,EPSl,K,VALUES,BOUNDS) 
INTEGER NM,N,K,IDEF,IERR 
INTEGER INDC25) 
REAL EPSI 
REAL ACNM,N), VALUESCN),BOUNDSCN) 
REAL EClOO> 
LOGICAL TYPE 

PURPOSE. MXEGVL finds the K algebraically largest eigenvalues of a 
real symmetric matrix. 

INPUT. Input to MXEGVL consists of: 

NM - row dimension of the 2-dtmensional array A as declared 
in ~alling program dimension statement 

N - order of matrix 

A - contains the real s~mmetric input matrix. Only the 
lower triangle of the matrix is needed. 

EPSI - abs6lu~e er~or tolerance. The theoretical absolute 
error in the Rth eigenvalue is usually not greater 
than·R ttmes EPSI. 

K - the number of eigenvalues to be computed. K should not 
exceed N/4. 

OUTPUT. Output frcim MXEGVL includes: 

A - the lower tr-iangle of A is destroyed. The strict ~pper 
triangle of A is unaltered. 

VALUES - array containing the K algebraically largest eigen­
values in descending order 

BOUNDS - array containing computed err~r bounds for the eigen­
values in the array VALUES 

SUBROUTINES REQUIRED. The necessary subroutines are TREDl and RATQR. 

RESTRICTIONS. The order N of the matrix must not exceed 100. The 
number K of eigenvalues to be computed must not exceed 25. For larger 
problems, the dimension of the working storage arrays E and IND must 
be increased. 

METHOD. The matrix is first reduced to tridiagonal form using sub­
routine TREDl which employs Household~r transformati6ns. The K largest 
eigenvalues of the tridiagonal matrix are calculated by subroutine 
RATQR which uses rational QR fterations with Newton corrections. No 
failure exit is taken. If the iteration for the Rth eigenvalue ceases 
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to converge, the last value is taken as an approximation to the Rth 
eigenvalue and the computation proceeds to the next eigenvalue. 

REMARKS. If more than N/4 eigenvalues are wanted, SYMVAL should be 
used. If the matrix is known to be definite, the statement !DEF= 0 
may be replaced by !DEF= 1 if positive-definite or IOEF = -1 if 
negative-definite,- reducing execution time. 

REFERENCE ■ G Reinsch, C. and Bauer, F. L. 1968. Rational QR Transfor­
mation with Newton Shift for Symmetric Matrices. Numerische 
M~thematik 11:264-272. 

ACKNOWLEDGEMENT. These FORTRAN translations of TRED1 and RATQR 
are part of the EISPACK series of subroutines developed and made 
av~ilable by the NATS project of the Applied Mathematics Division, 
Argonne National Laboratories, Argonne, Illinois. 
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MNEGVL SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE MNEGVLCNH,N,A,EPSl,K,VALUES,BOUNDS) 
INT~GER NM,N,K,IDEF,IERR 
INTEGER INDC25) 
REAL EPSl 
REAL ACNM,N), VALUESCN),BOUNDSCN) 
REAL ECl00> 

;LOGICAL TYPE 

PURPOSE. MNEGVL finds the K algebraically smallest eigenvalues of a 
real symmetic matrix. 

INPUT. Input to MNEGVL consists of: 

NM - row dimensi-0n of the 2-dimensional array A as declared 
in t~e calling program dimension statement 

N - ordet of matrix 

A - contains the real symmetric input matrix. Only the 
lower tria~gle of the matrix is needed. 

EPSl - absolute error tolerance. The theoretical absolute 
error in the Rth eigenvalue is usually not greater 
than R times EPSl. 

K - the number of eigenvalues to be computed. K should 
not exceed N/4. 

OUTPUT. Output from MNEGVL includes: 

A - the lower triangle of A is destroyed. The strict 
upper triangle of A is unaltered. 

VALUES - array containing the K algebraically smallest 
eigenvalues in ascending order 

BOUNDS - array containing computed error bounds for the 
eigenvalues in the array values 

SUBROUTINES REQUIRED. The necessary subroutines are TREDl and RATQR. 

RESTRICTIONS .• The order N of the matrix must not exceed 100. The 
number K of eigenvalues to be computed must not exceed 25. For 
larger problems the dimension of the working storage array E and the 
array IND must be increased. 

METHOD. The matrix is firs~ reduced to tridiagonal form using. 
subroutine TREDl whic~ emoloys Householder transformations~ The 

.K smallest eigenvalues of the tridiagonal matrix are calculated by 
subroutine RATQR which uses rational QR itarations with Newton 
corrections. No failure exit is taken. If the iteration for the 
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Rth eigenvalue ceases to converge, the last value is taken as an 
aporoxirr,ation tc the Rth eigenvalue and the computation proceeds 
to the rext eigenvalue. 

REMARKS. If more than N/4 eigenvalues are wanted, SYMVAL should 
be used. If the utrh is known to be definite, the statement 
IDEF = C R"ay be replaced by !DEF= 1 if pcsitive•definite or 
!DEF= -1 if negative-definite, reducing execution time. 

REFERENCE. Reirsch, c. and Bauer, F. L. 1968. Rational QR Transfor• 
mation \dth Newton Shift for Symmetdc Matrices. ~Ymi!i~£h~ 
~!lhiID!li~ 11:264-272. 

ACKNOWLEDGEf,'ENT. These FORTRAN translaticns of TREDl. and RATQR 
are part of the EISPACK series of subroutines developed and made 
available by the NATS oroject of the ~pplhd Mathematics Division, 
Argonne National Laboratodes, Argonne, Illinois. 

Revised 9/23/75 by 
PCN 1076981-001 8 •2 5 



~AlBli_AftlI~~fil~~ 
The fol lowing subroutfoes perform common arithmetic operations on 
square rratrices and addhion, subtraction, and multipUcation on 
conforming re ct an gu la r ma trices. 
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M MU LT M SU BR au TI NE. 
The syntax is as follows: 

SU BR CU TI NE M MU LT MC N., A., 9., C) 
DIMENSION ACN.,N).,BCN.,N).,CCN.,N) 

PURPOSE. MMULTM computes the matrix product C = A*B with matrices A 
and B stored in A[l:N.,1:NJ and 8[1:N.,1:NJ., respectively. The product 
is stored in C[l:N.,l:NJ. 

INPUT. Input to MMLLTM ccnsists of: 

N • dirrension cf A., g., and C 
A • f i rs t in cut ma tr ix 
B - second i npt.t matrix 

OUTPUT. Output frorr MMULTM includes: 

C • cutput matrix A*B 

METHOD. CCI.,J) is cefined to be the inner pro.duct of the Ith row of A 
a n d t he J th c o l um h of 8 • 

REMARKS. Matrix C may not be overwdtten on either A or B. 

Revised 9/23/75 by 
PCN 1076981-001 8 •2 7 



TRANS P SU BR CU TI NE. 
The syntax is as follows: 

SUBROUTINE TRAI\SPCN,A> 
D I t' E NS IO N A C N, N ) 

PURPOSE. TRANSF re~laces the matrix stored in A[l:N,1:NJ by its 
transpose. 

l NP UT• Input t O TR AN SP Consist S cf : 

N • dimension cf A 
A • n:atr h t c be transposed 

OUTPUT. Output frorr TRANSP includes: 

A• transposition of matdx A 

METHOD. The CI,J)th element of matrix A is replaced by the CJ,I>th 
element of A. 
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A MU LT R SU BR OUT I NE • 
T.he syntax ;s as follows: 

SUBROUTINE AMULTRCN,A,C> 
DIMENSION ACN,l\),CCN,N) 

PURPOSE. A~ULTR computes the product C = A*A•transpose of the ,matrh 
stored in A[l:N,l:NJ and Hs transoose. The result is stored in 
CCl:N,1:N]. 

INPUT. Input tc AMULTR ccnsists of: 

t-.J - dirrension cf A and C 
A .. ini::ut matrix 

OUTPUT. Output frorr AMULTR ;ncludes: 

C - cutout matrix A*A-transpose 

METHOD. CCI,J> is defi~ed to be the inner product of the Ith row of 
matrix A and the Jthcolurrn of matrix A. 

REMARKS. Matrix C may not be overwritten on matrix A. 

Revised 9/23/75 by 
PCN 1076981-001 8 •2 9 



AMULBT SUBROUTINE. 
The syntax is as follows: 

SU BR CU TI NE A MU LB TC N, A, B, C > 
DIMENSION ACN,l\),BCN,N>,CCN,N) 

PURPOSE. AMULBT corrputes the product C = A•B•transpose of the matrix 
stored in A[l:N,l:NJ and the transpose cf the matrix stored in 
8(1:N,l:NJ. The result is stored iri CCl:N,l:NJ. 

INPUT. Inpl.t to AMULBT consists cf: 

N • dirrension cf A, B, and C 
A - first input matrix 
8 - second ; np ut mat ri x 

0 UT PUT• Cutput frorr AMULBT includes: 

C - cutput matrix A•B•transpcse 

METHOD. Rather than actually calculating the transpose of matrix B, 
AMULBT takes the elements of B by rows instead of by columns for 
prer,,u lt ip li cati en by ma tr ix A. 

REMARKS. Matrix C rray not be overwritten on matrix A or 8. 
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MATVEC SUBRCUTINE. 
The syntax is as follows: 

SUBRCUTINE MATvECCN,A,X,Y> 
DIMENSION AC N, N) ,X CN >, YC N> 

PURPOSE. MATVEC coiroutes the product Y = A*X of the NxN matrh stored 
in ACl:t\,l:Nl and the Nxl column vector stored in XCl:NJ. The result 
is stored in Y[l:NJ. 

INPUT. Input to HATVEC consists of: 

N - square dimension of A and linear dimension of X and Y 
A - input matrix 
X - in~ut vectcr 

OUTPUT. Output froir ~ATVEC includes: 

Y - cu tp ut v ec tor A* X 

METHOD. YCI> is defined to be the inrer product of the Ith row of 
matrix A and vect'cr x. 

REMARKS. Vector Y iray not be overwritten oh vector x. 

Revised 9/23/75 by 
PCN 1076981-001 8 • 3 1 



V EC t-'A T SU BR CUT I NE • 
The syntax is as follows: 

SU BR OU TI NE V EC t-' A TC N, A, X, Y> 
Dit-'ENSION ACN,N>,XCN),YCN) 

PURPOSE. VECMAT corrputes the product Y = X*A of the lxN row vector 
stored in X[l:NJ anc the matrix stored ;n A(l:N,l:NJ. The result is 
stored in Y[l:NJ. 

INPUT. Input to VECMAT ccnsists of: 

t-. - square dimension of A and linear dimension of X and Y 
A - input matrix 
X - input vector 

OUTPUT. Output frorr VECMAT includes: 

Y - output v ec tor X* A 

METHOD. The Ith corrponent of vector Y is defined to be the inner 
product of vector X and the Ith columr of matrix A. 

REMARKS. Vectors X and Y must occupy separate storage. 
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V PL UR V SU BR CU TI NE • 
The syntax is as follows: 

SUBROUTINE VPLLRVCl\,AI,R,X,BI> 
DIMENSION AICN>,XCN>,BICN> 

PURPOSE. VPLURV adcs the scalar multiple R*X of the vector stored in 
X[l:Nl and the real number R to the vector stored in AI[l:Nl. The 
result is stored in BI[l:N]. 

INPUT. Input to VPLURV ccnsists cf: 

t-. • dirrensior cf AI, X, and BI 
AI • first i np1.t vector 
R • real multiplier 
X • second inpl.:t vector 

OUTPUT. Cutput froff' VPLURV includes: 

Bl - 01.tput vector 

METHOD. vectcr BI is defined by BICJ) = AI(J)+R*X(J). 

Revised 9/23/7S by 
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M M"I ND G SU BR OUT I NE • 
The syntax is as follows: 

SUBROUTINE MMINDGCN,D,A,C> 
Dil-'ENSION ACN,N>,CCN,N>,DCN) 

PURPOSE.· MMINDG subtracts the diagonal matrix that is stored as a 
l•dimensicnal array in D[l:Nl.frorr the matrix stored ;n A(l:N,1:Nl. 
The result C = A•D is stored in C[l:N,1:N]. 

I NP UT • I no ut t c MM IN DG c ens i st s of : 

N - square dimension of A and C and Unear dimension of D 
D - input diagcnal matrix stored as a vector 
A - input rra tr ix 

OUTPUT. Output frorr ~MINDG includes: 

C • cutput matrix A•O 

METHOD. The elements of array Dare subtracted from the corresponding 
diagonal elements of matrix A. 

REMARKS. Matrix C can be overwritten on matrix A by making the call 
. M MI ND GC I\, D, A, A>. 
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M MU LTD SU BR OUT I NE • 
The syntax is as follows: 

SUBROUTINE MMULTOCl'\,O,A,C) 
DI ~ENS ION AC N, N) ,C CN,N >, DC N> 

P·URPOSE. MMULTO postmultiplies the matrix stored in A[l:N,1:Nl by the 
diagonal matrix that is stored as a l•dimensional array in O[l:N]. The 
result C = A•D is stored in C[l:N,l:N]. 

I NP UT • I np ut t c MM UL TO cons i st s of : 

N .. square dimension of A and C and Unear dimension of D 
D .. input oiagcnal matdx stored as a vector 
A .. input matrix 

OUTPUT. Output froff MMULTD includes: 

C .. output matrix A•D 

METHOD. The elements of the Jth colu1Tn of matrix A are multiplhd by 
D CJ> to o bt ai n th ei Jt h column of rra tr ix C. 

REMARKS. Matrix C can be overwritten O'n matrix A by making the call 
M MU LT O C I\, D, A, A ) • 

Revised 9/23/75 by 
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D MU LT t' SU BR CUT I NE • 
The syntax is as follows: 

SU BR OU TI NE D MU LT MC k, o., A., C > 
DI ME NS ION. AC N., N> .,c CN .,N )., DC N> 

PURPOSE. DMULTM premultfplhs the matrix stored in A[l:N,l:Nl by the 
diagonal rratrix that is stored as a l•dimensional array in D[l:Nl. The 
result. C = D•A is stored in C[l :N.,l :NJ. 

INPUT. Input to DMLLTM ccnsists of: 

N - square dimension of A and C and linear dimension of D 
D • in out diagonal matrix stored as a vector 
A • input matrix 

OUTPUT. Output from 'DMULTM includes: 

C • output matrix O•A 

METHOD. The elements of the Ith row cf matrix A are multiplied by OCI> 
t•o o.b ta in the I th r cw of ma tr ix C. 

REMARKS. Matrix C can be overwritten on matrix A by making the call 
D MU LT t'-C "., D., A., A ) • 
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R PL US I-' SU BR CUT I NE • 
The syntax ;s as follows: 

SUERCUTINE RPLLSt-1CN,R,A,B> 
DIMENSION ACN,N>,BCN,N) 

PURPOSE. RPLUSM adds the real number R to each component of the matrh 
A[l:N,1:NJ. The result B = R+A ;s stored in 8(1:N,1":Nl. 

INPUT. Input to RPLUSM ccnsists of: 

I\ - dirrensfon of A and B 
R - in ~u t real n umber 
A - input rra tr h 

0 UT PUT. Output fro" RP LU SM i nc Lu de s: 

B - output matrix R+A 

REMARKS. Matr;x B can be overwritten on matrh A by making the call 
RPLUS ~Ct-., R, A, A). 

Revised 9/23/75 by 
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RMINM SUBROLTINE. 
The syntax is as follows: 

SU BR OU TI NE RM I I\M C N , R , A, B ) 
DI~Er-.SION ACN,l\),BCN,N> 

PURPOSE. RMINM subtracts each component of the matrix stored in 
A [1 : N , 1 : N J fr. om t he r ea l nu mb er R • T h e r es u t t B = R • A i s s to re d i n 
BU :N,1 :N ]. 

INPUT. Input to RMINt-1 consists of: 

N - oi rrens ion of A and 8 
R - input real number 
A - in~ut matrix 

OUTPUT. Output frorr RMINt' includes: 

B - cutput matrix R·A 

REMARKS. Matrix B can be overwdtten on matrix A by making the call 
RMI NM C N ,R, A, A ) • 
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R MU LT M SU BR CU TI NE • 
The syntax is as follows: 

SUBROUTINE RMULTt-lCN,R,A,8) 
DIMENSION ACN,N>,BCN,N> 

PURPOSE. RMULTM multiplies each component of the matrix stored in 
A[l:Nrl:N] by the real number R. The result B = R•A is stored in 
8(1:Nrl:NJ. 

INPUTo Ir.put tc RMLLTM consists cf: 

N - di rre ns ion cf A and t; 

R - in cut re al n um be r 
A - in cut rra tr h 

OUTPUT. Output frorr RMULTM includes: 

B - output matrix R*A 

REMARKS. Matrix B can be overwritten on rratrix A by making the call 
RMULTMC N, R, A, A). 

Revised 9/23/75 by 
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MCOPY SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE MCOPYCN,A,B > 
DIMENSION ACN,l\),BCN,N) 

PURPOSE. MCOPY copies the matrix stored in A[l:N.,l:NJ into the matrix 
stored in 8(1:N,1:Nl. 

INPUT. Input tc MCOPY consists of: 

I\ • di ire ns ion cf A and B 
A• rr:atrix to be copied 

OUTPUT. Output frorr ~COPY includes: 

B - output matrix <copy of A> 

METHOD. Matrix A is copied into matrix B element by element. 
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REC MP M SU BR OU TI NE • 
The syntax ;s as follows: 

SUBRCUTINE RECMPMCN,M,A,B,C) 
DIMEt\SION ACN,M>,BCN,M),CCN,M) 

PURPOSE. RECMPM corrputes the sum A+B of the rectangular matrices 
A[l:N,l:Ml and B[l:N,1:MJ. The result is stored in C[l:N,1:Ml. 

I NP UT. Input t c RE CM PM c en si st s cf : 

N - row dimensfon cf A, B, and C 
M - co lu mn dimension of A, B, and C 
A - f; rs t ; n i:u t ma tr ix 
B - second i np t.. t mat r i x 

OUTPUTo Cutput frorr RECMPM includes: 

C - OU tp ut mat r i X A+ B 

METHOD. The matrices are added elerrert by element. 

REMARKS. Either matrix A or B can be overwritten whh matrix C by 
making the call RECl'Pt-'CN,t-1,A,8,A) or RECMPMCN,M,A,8,8), respectively. 

Revised 9/23/75 by 
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REC MM M ~U BR CUT I NE • 
The syntax is as follows: 

SU BR CUTI NE REC MM MC N, M, A, 8, C) 
Dit-'ENSION ACN,t-'),9CN,M),CCN,M) 

PURPOSE. RECMMM corrputes the dHfererce C = A•B between the rectangular 
matrices A(l:N,1:MJ and 8(1:N,1:MJ. The result is stored in C[l:N,l:MJ. 

INPUT. Inp1..t tc RECMMM consists of: 

N - row dirrensfon of A, B, and C 
M - co Lu rrn dimension of A, 8, and C 
A - f i rs t in cut ma tr ix 
a - second i np 1,; t matrix 

OUTPUT. Output frorr RECMf-lM includes: 

C - output matrix A-B 

METHOD. The matrices are subtracted element by element. 

REMARKS. Ehher rratrix A or 8 can be overwritten with matrix C by 
making the call RECMMMCN,M,A,8,A) or fiECMMMCN,M,A,8,8), respectively •. 
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RECMMU ~UBROUTINE. 
The syntax is as follows: 

SU BR OU TI NE REC 1-'M UC N, K, M, A, B, C) 
DI t-'E r-.iS ION AC N, K) ,B CK ,M >, CC N, ti.) 

PURPOSE~ RECMMU col!'putes the product C = A*B of the N-rowed, K•columred 
matrix A(l:t-,,1:KJ and the K-rowed, M-columned matrix 8(1:K,1:t-'J. The 
result is stored in C[l:N,1:MJ. 

INPUT. Input to RECMl-'U consists of: 

N - row dirrension of A and C 
K - column dimension of A and roi. di mens ion of 8 
~ - column dimensicn of Band C 
A - f;rst input matrh 
8 - second i np Lt mat ri x 

OUTPUT. Output frorr RECMtl.U includes: 

C - output matrix A*B 

METHOD. The CI,J>th element of matrix C is defined to be the inner 
product of the Ith row of matrix A and the Jth column of matrh B. 

REMARKS. Matrices A, B, and C must occupy separate storage. 

Revised 9/23/75 by 
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~E~EBAk~ 

SECTION 9 

INTERPOLATION 

The subroutines in this section all concern interpolation; that is, 
they give approximate function values at points between known function 
values. In the 1-dimensional case, the function FCX) is known at 
certain points, XC1>, ••• , XCN>, called mesh points; and approximations 
to its values at other points in the interval CXC1>, XCN)) are desired. 
In the 2-dimensionat case, the function FCX,Y) is known at the vertices 
of the rectangular grid CXCI), YCJ>>, I=l, ••• ,NX, J=l, ••• , NY. The 
approximate values are desired at other points in the rectangle CXC1), 
XCNX>> x CYC1>, YCNY)). Cubic spline interpolation Cin the 1-dimen­
sional case) and bicubic spline interpolation <in the 2-dimensional 
case) are used to approximate the function values at the non-mesh 
points. 

A cubic spline of interpolation to the function FCX) on the mesh 
XC1), ••• ,XCN) is a function SCX), satisfying the following conditions: 

a. SCXCI)) = FCXCI>>, I=l, ••• ,N. 

b. SCX) is a cubic polynomial on each mesh interval CXCI), 
XCI+l>>, 1=1, ••• , N-1 Cbut not necessarily the same one 
on each interval). 

c. S,S',S" are continuous on CXC1), XCN)). 

In order to specify S uniquely, two additional conditions are required. 
There are several possibilities of which the two seemingly most natural 
are allowed: 

a. The user may supply the (approximate> first derivatives of 
the function Fa~ XC1) and XCN). 

b. In the absence of any data about these, the natural cubic 
spline which has S" CX(l)) = S" CXCN)) = O may be requested. 
<The user may desire the natural cubic spline even in some 
cases in which data about the endpoint derivatives of F 
is available.) 

The cubic spline is distinguished by the following property: Of all 
twice continuously differentiable functions interpolating to the func­
tion Fon the mesh and satisfying the end conditions mentioned above, it 
has minimum curvature in the sense that the integral over CXC1),XCN)) 
of CS"CX>>**2 is a minimum. <For additio~al optimal properties and 
convergence results, see the reference.> 

For 2-dimensional interpolation, only natural bicubic splines are given, 
being similar to the cubic spline; but, being a function of two vari­
ables, they are bicubic functions Ca cubic in X times a cubic in Y> on 
each mesh rectangle CXCI),XCI+l)) X CYCJ),YCJ+l)). The end conditions 
assumed are that the second partial derivatives of SCX,Y> with respect 
to X are zero at CXC1),YCJ)) and CXCNX),YCJ)), J=l, ••• ,NY. The second 
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partial derivatives of SCX,Y> with respect to Y are zero at CXCI>,YCl>> 
and CXCI),YCNY>>, I=l, ••• ,NX. 

All of the routines may be classified by the following criteria: 

a. Dimension of 1- or 2-dimensional data. 
b. Spacing of equally or unequally spaced input. 
c. Procedure of data densification or interpolation desired. 

In addition, the 1-dimensional routines each have two entry points 
depending on whether the natural spline is desired or the user wishes 
to specify the endpoint slopes. The difference between a data densi• 
fier and an interpolator is merely a question of where the user re• 
quires the evaluation of the spline approximation to the function. 
If the user requires a large number of approximate function values 
between two adjacent mesh points, a data densifier should be used. 
CFor l·dimensional, equally spaced data, results may be obtained for 
several consecutive mesh intervals at once.) Alternatively, if the 
user requires the approximate function values at a number of specific 
points in several mesh intervals, an interpolator routine is appli· 
cable. In any case, whatever results can be obtained with one, can 
be obtained with the other although with a possible loss of efficiency. 

NAMING_CONVENTION. 
All spline interpolation routines in this section begin with the let­
ters CS for cubic··spline. Following them is a DD for data densifie~ 
or an I for interpolator; and lastly an E for equally spaced data or a 
U for unequally spaced data. If the next character is a 2, the routine 
is for 2-dimensional data. In the 1-dimensional cases, no additional 
character indicates the natural cubic spline; and a final D indicates 
a spline with specified endpoint derivatives. CA name ending with a 
D is an entry to the similarly named routine without the o.> 

For example, on the mesh interval Cl,2) with M=9, either CSDDECD) or 
CSDDUCD> then returns 11 values, SCl), SCl.lJ, ••• , 5(1.9), 5(2) where 
SCl> = F<l>, SC2l = FC2> and SCl.1>, ••• , SCl.9) are approximate. On 
Cl,2) X <3,4) with IMX=ll, IMY=6~ either CSDDE2 or CSDDU2 then returns 
66 values: 

SCl,3>, SCl.1,3), ••• SCl.9,3), SC2,3), 
SCl,3.2>, SCl.1,3.2> •• SCl.9,3.2>, SC2,3.2l, 

• 

SCl,3.8), sc1.1,3.8), ••• , S(l.9,3.8), SC2,3.8), 
SCl,4), SCl.1,4), ••••• , 5(1.9,4), SC2,4) 

Of these, 5(1,3), 5(2,3), 5(1,4), and SC2,4) are exact. 

The routines with equally spaced data utilize the method of cardinal 
splines. A cardinal spline on a given mesh is one which interpolates 
to one at - mesh point and to zero at all other mesh points. The 
spline of interpolation to a given set of N data can be written as a 
linear combination of N+2 cardinal splines. <The two additional ones 
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are to handle the auxiliary end conditions.) For equally spaced data, 
all cardinal splines are translates of each other and this fact saves 
considerably on storage requirements. 

For unequally spaced data, the method of cardinal spline interpolation 
is no longer very efficient because the translation property is lost. 
The following method is therefore employed. A simple calculation shows 
that the cubic spline of interpolation can be represented on any mesh 
interval CXCI), XC!+l)) in terms of the two known quantities FCXCI>>, 
CFCXCI+l)) and the two unknown quantities S"(XCI>>, S"CXCI+l)). A tri­
diagonal system of N linear equations in the N unknowns S"CXCI>>, 
I=l, ••• ,N can be found expressing the continuity of s• at the mesh 
points. Solution of this system by the efficient Thomas algorithm 
gives the necessary information for evaluation of the spline. 

REFERENCE. Ahlberg, J. H.; Nilson, E. N.; and Walsh, J. L. 1967. 
Ih~ Ib~QI'l of SQlines and Thejr AQQlic 2 tions. New York:Academic Press. 
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CSDDE SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE CSDDE CA,B,N,F,J,L,M,G,*> 
AND ENTRY CSDDED CA,B,N,F,J,L,M,G,*,Ml,MN> 
REAL A,B,F,G,Ml,MN 
INTEGER N,J,L,M 
DIMENSION FCN),GCl) 
DIMENSION GCCL-J>*CM+l)+l) 

PURPOSE. Subroutine CSDDE computes the natural cubic spline inter­
polate to a set of N equally spaced data and returns a vector of CL-J>* 
CM+l)+l equally spaced interpolated function values. 

Entry CSDDED computes the cubic spline interpolate to a set of N equal­
ly spaced data with specified endpoint first derivatives and returns a 
vector of CL-J>*CM+l)+l equally spaced interpolated function values. 

INPUT. Input to CSDDE consists of: 

A left-hand endpoint of the interval C~;B) over which data is 
given 

B - right-hand endpoint of the interval CA,B> 

N - number of data points 

F - vector of N equally spaced function values FC1>,FC2>, 
••• ,FCN), where FCI) is a function value at A+CI-l)*H 
and H=CB-A)/CN-1) 

J - number corresponding to the Jth abscissa, the left-hand end­
point of the interval CA+CJ-l)*H,A+CL-l)*H) over which data 
densification is desired 

L - number corresponding to the Lth abscissa, the right-hand 
endpoint of the densification interval 

M - number of interpolated values sought in the interior of each 
mesh interval CA+CI-l>*H,A+I*H> 

* - corresponds to &STNO where STNO is a statement number 
in the calling program to which control returns in the 
event that an input error is detected 

Ml - first derivative of a function at A CCSDDED only) 

MN - first derivative of a function at B CCSDDED only) 

OUTPUT. Output from CSDDE includes: 
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G - vector of Cl-J)*CM+l)+l equally spaced interpolated, 
function values in which GCI> is the value at 
A+CJ-l)*H+CI-l)*CH/CM+l)) 



RESTRICTIONS. A .LT. B, N .GE. 2, 1 .LE. J .LT. L .LE. N, M .GE. 1. 
Detection of one of these errors results in an error message output 
on FILE 6 and a return to the statement number designated in the 
calling sequence. To change the output from FILE 6, replace the 
statement DATA PRINTR/6/. It is assumed that the dimension of F is at 
least N, and G is at least CL•J>*CM+1)+1. 

METHOD. The method of cardinal spline interpolation is used for both 
the natural cubic spline Ci.e., one having zero second d~rivatives at 
A and B> and the cubic spline with specified endpoint derivatives. 
Truncation of the sums appearing in the calculations is set to allow 
for 22 terms (adequate for almost alt applications> but may be changed 
if desired by replacing the statement 1 IP22 = 22. 

REFERENCES. Ahlberg, J. H. 1971. Spline Approximation as an Engineer­
ing Tool. In ~2m~Yl~£-AiQ~Q Engin~~~ing:fc2£~~QiD£i 2! lh~ ~~ID~2iiYm 
tl~!Q g! lh~ ~ni~~c~ilY 21 ~g!~cl22, Hi~ 11=11, l2ll• SM Study No. 5. 
ed. G. M. L. Gladwell. Ontario, Canada:Solid Mechanics Division, 
University of Waterloo. 

Nilsonp E. N. 1970. Cubic Splines on Uniform Meshes. NYm~tikal 
Halh~msliki 13:255-258. 

9-5 



CSIE SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE CSIE CA,B,N,F,M,G,*) 
AND ENTRY CSIED CA,B,N,F,M,G,*,Ml,MN) 
REAL A,B,F,G,Ml,MN 
INTEGER N,M 
DIMENSION FCN>,GCM) 

PURPOSE. Subroutine CSIE computes the natural cubic spline interpolate 
to a set of N equally spaced data and returns a vector of M inter­
polated function values. Entry CSIED computes the cubic spline· inter­
polate to a set of N equally spaced data with specified endpoint first 
derivatives and returns a vector of M interpolated function values. 

INPUT. Input to CSIEO consists of: 

A - left-hand endpoint of the interval CA,B> over which data is 
given 

B - right-hand endpoint of the interval CA,B) 

N - number of data points 

F - vector of N equally spaced function values FC1>,FC2), 
••• ,FCN>, where FCI> is the function value at A+CI-l>*H 
and H=CB~A)/CN-1> 

M - number of interpolated values sought 

G - vector of the M abscissae, in increasing order, at which 
interpolated function values are sought 

* - corresponds to &STNO where STNO is a statement number in a 
calling program to which 'control returns in the event that 
an input error is detected 

Ml - first derivative of function at A CCSIED only> 

MN - first derivative of function at B CCSIED only) 

OUTPUT. Output from CSIED includes: 

G - vector of M interpolated function values corresponding to 
input abscissae 

RESTRICTIONS. A .LT. B, N .GE. 2, M .GE. 1, A .LE. GCl>, 
GCM> .LE. 8. Detection of one of these errors results in an error 
message output on FILE 6 and a return to the statement number desig­
nated in the calling sequence. To change the output from FILE 6, 
replace the statement DATA PRINTR/6/. It is assumed that 
GCI) .LT. GCI+l) for I=l, ••• ,M-1. The dimension of F is at least N 
and G is at least M. 
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METHOD. The method of cardinal spline interpolation is used for 
both the natural cubic spline <i.e., one having zero second derivatives 
at A and B> and the cubic spline with specified endpoint derivatives. 
Truncation of the sums apoearing in the calculations is set to allow 
for 22 terms (adequate for almost all applications) but may be changed 
if desired by replacing the statement 1 IP22 = 22. 

REFERENCES. Ahlberg, J. H. 1971. Spline Approximation as an Engineer• 
ing Tool. In ComQu1er-Aided Engineering:froceedings of the SlmQosium 
tl~!g 21 1h~ ~niY~CiilY Qi li~l~ClQQ, MaY 11~11, l2L1• SM Study No. 5. 
ed. Go M. L. Gladwell. Ontario, Canada:Solid Mechanics Division, 
University of Waterloo. 

Nilson, E. N. 1970. Cubic Splines on Uniform Meshes. tlYfil~Ci£2l 
~alh~fil2li£i 13:255-258. 
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CSDDU SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE CSDDU CN,X,F,J,M,G,WK,*> 
AND ENTRY CSODUD CN,X,F,J,M,G,WK,*,Ml,MN) 
REAL X,F,G,WK,Ml,MN 
INTEGER N,J,M 
DIMENSION XCN>,FCN>,GCl>,WKlN,3) 
DIMENSION GCM+2) 

PURPOSE. Subroutine CSDDU computes natural cubic spline interpolates 
to a set of N unequally spaced data and returns vectors of M+2 equally 
spaced interpolated function values. Entry CSDDUD computes cubic 
spline interpolates to a set of N unequally spaced data with specified 
endpoint first derivatives and returns a vector of M+2 equally spaced 
interpolated function values. 

INPUT. Input to CSDDU consists of: 

N - number of data points 

X - vector of the N abscissae XC1>,XC2>, ••• ,XCN> in increasing 
order 

F - vector of N function values FC1),FC2), ••• ,FCN) corresponding 
to X. F<I> is the function value at XCI>. 

J - number corresponding to the Jth abscissa, the left-hand end­
point of the interval over which data densification is desired 

M - number of interpolated values sought in the interior of the 
interval CXCJ),XCJ+l>> 

WK - work area of a size at least 3*N 

* - corresponds to & ST NO where STNO is a statement number in the 
calling program to which control returns i n the event that an 
input error is detected 

Ml - first derivative of the function at A CCSDDUD only> 

MN first derivative of the function at B CCSDDUD only) 

OUTPUT. Output from CSDDU includes: 

G - vector of M+2 equally spaced interpolated function values 
where GCI> is the value at XCJ)+CI-1>*<CXCJ+1)-XCJ))/CM+1>> 

RESTRICTIONS. N .GE. 2, M .GE. 1, 1 .LE. J .LT. N. Detection of one 
of these errors results in an error message output on FILE 6 and a 
return to the statement number designated in the calling sequence. To 
change the output from FILE 6, replace the statement DATA PRINTR/6/. 
It is assumed that XCI) .LT. XCI+l) for I=l, ••• ,N-1. The dimension 
of Xis at least N, Fat least N, G at least M+2, and WK at least 3*N• 
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METHOD. A natural cubic spline Ci.e., one having zero second deriva­
tives at X(l) and XCN)) or a cubic spline with specified endpoint 
derivates is computed by solving a tridiagonal system of N linear 
equations using the Thomas algorithm. 

REFERENCE. Ahlberg, J. H.; Nilson, E. N.; and Walsh~ J. L. 1967. Ih~ 
Theor~ of ~Qline~ and Thei~ AQQii~ 2 li2Il~• New York:Academic Press. 
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CSIU SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE CSIU CN,X,F,M,G,WK,*) 
AND ENTRY CSIUD CN,X,F,M,G,WK,*,Ml,MN) 
REAL X,F,G,WK,Ml,MN 
INTERGER N,M 
DIMENSION XCN),FCN),GCM),WKCN,3) 

PURPOSE. Subroutine CSIU computes the natural cubic spline interpolate 
to the set of N unequally spaced data and return~ a vector of M inter­
polated function values. Entry CSIUO computei the cubic splin~ inter­
polate to the set of N unequally spaced data with the specified 
endpoint first derivatives. It returns a vector of M interpolated 
function values. 

INPUT. Input to CSIU consists of: 

N - number of data points 

X - vector of N abscissae XC1>,XC2), ••• ,XCN> in increasing 
order 

F - vector of N function values FC1>,FC2), ••• ,FCN) corresponding 
to X. FCI) is a function value at XCI>. 

M - number of interpolated values sought 

G - vector of M abscissae, in increasing order, at which inter­
polated function values are sought 

WK - work area of a size at least 3*N 

* - corresponds to &STNO where STNO is a statement number in the 
calling program to which control returns in the event that an 
input error is detected 

Ml - first derivative of the function at A CCSIUD only> 

MN - first derivative of the function at B CCSIUD only) 

OUTPUT. Output from CSIU includes: 

G - vector of M interpolated function values corresponding to 
the input abscissae 

RESTRICTIONS. N .GE. 2, M .GE. 1, GCl) .GE. XCl>, GCM) .LE. XCN). 
D-etection of one of these errors results in an error message output 
on FILE 6 and a return to the statement number designated in the 
calling sequence. To change the output from FILE 6, replace the 
statement DATA PRINTR/6/. It is assumed that GCI> .LT. GCI+l) for 
I=l, ••• ,M-1 and XCI) .LT. XCI+l> for I=l, ••• ,N-1. The dimension of 
Xis at least N, Fat least N, G at least M, and WK at least 3*N. 
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METHOD. A natural cubic spline <i.e., one having zero second 
derivatives at XCl) and XCN)) or a cubic spline with specified end­
point derivates is computed by solving a tridiagonal system of N 
linear equations usinq the Thomas algorithm. 

REFERENCE. Ahlberg, J. H.; Nilson, E. N.; and Walsh, J. L. 1967. !h~ 
Theory of ~Qline~ and Their AQQli~~liQili• New York:Academic Press. 
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CSDDE2 SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE CSDDE2 CA,B,C,O,NX,NY,F,JX,JY,IMX,IMY,G,WK,IRWF,IRWG,•> 
REAL A,B,C,D,F,G,WK 
INTEGER NX,NY,JX,JY,IMX,IMY,IRWF,IRWG 
DIMENSION FCIRWF,NY),GCIRWG,IMY),WKCl) 
DIMENSION WKCNY•CIMX+l>+IMY) 

PURPOSE. CSDDE2 computes the natural bicubic spline interpolate 
<2-dimensional> to the set of NX•NY data points on a rectangular grid 
with equal (but not necessarily the same> spacing in both X and Y 
directions. It returns an IMX•IMY array of interpolated function 
values. 

INPUT. Input to CSDDE2 consists of: 
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A left-hand endpoint of the interval CA,B> on the X axis. The 
data is given on a rectangle CA,B> x CC,O>. 

B - right-hand endpoint of the interval lA,B> 

C lower limit of the interval CC,O> on the Y axis 

D - upper limit of the interval CC,D> 

NX - number of mesh points in the X direction 

NY number of mesh points in the Y direction 

F - array of the function values FC1,1>,FC2,1>, ••• ,FCNX,1), 
FCl,2), ••• ,FCNX,NY) where FCI,J> is a function value 
at CA+CI-l>•HX,C+CJ-l>•HY> and HX=CB-A)/CNX-1), 
HY=CD-C)/CNY-1) 

JX - number corresponding to the JXth abscissa in the X direction. 
Data densification occurs over the rectangle 
CA+CJX-l)•HX,A+JX•HX) x CC+CJY-l)•HY,C+JY•HY) 

JY - number corresponding to the JYth ordinate in the Y direction 

IMX - number of interpolated values sought in the interior of the 
interval in the X direction for each value of Y + 2 Cn.b.> 

IMY - number of interpolated values sought in the interior of the 
interval in the Y direction for each value of X + 2 Cn.b.) 

WK - work area of a size at least NY•CIMX+l)+IMY 

IRWF - actual number of rows in F in the calling program 

IRWG - actual number of rows in G in the calling program 

* - corresponds to &STNO where STNO is a statement number in the 



calling program to which control returns in the event that an 
input error is detected 

OUTPUT. Output from CSDDE2 includes: 

G - array of IMX*IMY interpolated function values 
GC1,1),GC2,1 >, ••• ,GCIMX,1),GCl,2), ••• ,GCIMX,IMY) 
where GCI,J> is the function value at 
CA+CJX-l)*HX+CI-l)*CHX/CIMX-1)), 

C+CJY•l>*HY~CJ•l>*CHY/CIMY•l))) 

SUBROUTINES REQUIRED. The necessary subroutine is CSDDE. 

RESTRICTIONS. A .LT. B, C .LT. 0, NX .GE. 2, NY .GE. 2,. IMX .GE. 3, 
IMY .GE. 3, 1 .LE. JX .LT. NX, 1 .LE. JY .LT. NY, NX .LE. IRWF, 
IMX .LE. IRWG. Detection of one of these errors results in an error 
message output on FILE 6 and a return to the statement number desig• 
nated in the calling sequence. To change the output from FILE 6, 
replace the statement DATA PRINTR/6/. It is assumed that the dimension 
of FCIRWF, is at least NY>, GCIRWG, at least IMY), and WK at least 
NY*CIMX+l)+IMY. 

METHOD. The I-dimensional natural cubic spline interpolates in X are 
found interpolating to the functions FCI,J>, I=l, ••• ,NX for each value 
of J=l, ••• ,NY. These splines are all evaluated at appropriate X 
valueCs> and the results used as data for a 1-dimensional natural cubic 
spline interpolation in the Y direction. 

REFERENCE. Ahlbefg, J. H.; Nilson, E. N.; and Walsh, J. L. 1967. lb~ 
Tbeorl of 5Qline~ and Thei~ AQQ1i~~li2Oi• New York:Academic Press. 
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CSIE2 SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE CSIE2 CA,B,C,D,NX,NY,F,XO,M,Y,WK,IRWF,•> 
REAL A,B,C,D,F,XO,Y,WK 
INTEGER NX,NY,M,IRWF 
DIMENSION FCIRWF,NY),WKCNY>,YCM) 

PURPOSE. CSIE2 computes the natural bicubic spline interpolate 
<2-dimensional> to a set of NX•NY data points on a rectangular grid 
with equal Cbut not necessarily the same) spacing in both X and. Y 
directions. It returns a vector of M interpolated function values. 

INPUT. Input to CSIE2 consists of: 

A - left-hand endpoint of the interval CA,B> on the X axis. 
Data is given on a rectangle CA,B> x CC,D>. 

B - right-hand endpoint of the interval CA,B> 

C - lower limit of the interval CC,D> on the Y axis 

D - upper limit of the interval CC,D) 

NX - number of mesh points in the X direction 

NY - number of mesh points in the Y direction 

F - array of the function values FC1,1>,FC2,1>, ••• ,FCNX,1>, 
FCl,2), ••• ,FCNX,NY> where FCI,J> is a function value 
at CA+CI-l)•HX,C+CJ-l)•HY) and HX=CP-A)/CNX-1), 
HY=CD-C)/C~Y-1) 

XO - X direct,on abscissa for which interpolates are sought 

M - number of interpolated values sought 

Y - vector of M ordinates in a Y direction, in increasing order, 
for which interpolates are sought 

WK - work area of a size at least NY 

IRWF - actual number of rows in F in the calling program 

* - corresponds to &STNO where STNO is a statement number in the 
calling program to which control returns in the event that an 
input error is detected 

OUTPUT. Output from CSIE2 includes: 
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Y - vector of M interpolated function v~lues wh~re YCI) is the 
function value at CXO,YINCI)>. YINCI> means the value of 
YCI> on input. 



SUBROUTINES REQUIRED. The necessary subroutine is CSIE. 

RESTRICTIONS. A .LT. B, C .LT. D, NX .GE. 2, NY .GE. 2, M .GE. 1, 
NX .LE. IRWF, A .LE. XO .LE. B, Y(l) .GE. C, YCMJ .LE. D. Detection 
of one of these errors results in an error message output on FILE 6 
and a return to the statement number designated in the calling 
sequence. To change the output from FILE 6, replace the statement 
DATA PRINTR/6/. It is assumed that YCIJ .LT. YCI+lJ for I=l, ••• ,M-1. 
The dimension of FCIRWF, is at least NY>, Y at least M, and WK at least 
NY. 

METHOD. The l·dimensional natural cubic spline interpolates in X are 
found interpolating to the functions FCI,JJ, I=l, ••• ,NX for each 
value of J=l, ••• ,NY. These splines are all evaluated at appropriate 
X valueCs) and the results used as data for a l•dimensional natural 
cubic spline interpolation in the Y direction. 

REMARKS. If XO is a mesh point <i.e., XO=XCI> for some I>, the 
corresponding 1-dimensional interpolation routine CSIE yields the same 
results when applied to the function FCI,J),J=l, ••• ,NY where XCI)=XO. 

REFERENCE. Ahlberg, J. H.; Nilson, E. N.; and Walsh, J. L. 1967. The 
Theor~ of SQliDes 2 nd Their AQQlihations. New York:Academic Press. 
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CSDDU2 SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE CSDDU2 (NX,X,NY,Y,F,JX,JY,IMX,IMY,G,WK,IRWF,IRWG,*) 
REAL X,Y,F,G,WK . 
INTEGER NX,NY,JX,JY,IMX,IMY,IRWF,IRWG 
DIMENSION F<IRWF,NY>,GCIRWG,IMY),WKCl),XCNX),YCNY) 
DIMENSION WKCNY*CIMX+l)+IMY+3*MAXCNX,NY)) 

PURPOSE. CSDDU2 computes the natural bicubic spline interpolate 
(2-dimensional) to a set of NX*NY data points on a rectangular grid 
with unequal spacing. It returns an IMX*IMY array of interpolated 
function values. 

INPUT. Input to CSDDU2 consists of: 

NX - number of mesh points i n the X direction 

X - vector of NX abscissae i n the X direction 

NY - number of mesh points i n the y direction 

y - vector of NY ordinates i n the y dire~tion 

F - array of the function values FC1,1),FC2,1), ••• ,FCNX,1), 
F<l,2), ••• ,FCNX,NY) where F<I,J) is a function value 
at CXCI),YCJ)) 

JX - number corresponding to the JXth abscissa in the X direction. 
Data densification occurs over the rectangle 
CXCJX),XCJX+l)) x CYCJY),YCJY+l)) 

JY - number corresponding to the JYth ordinate in the Y direction 

IMX - number of interpolated values sought in the interior of the 
interval in the X direction for each value of Y + 2 Cn.b.> 

!MY - number of interpolated values sought in the interior of the 
interval in the Y direction for each value of X + 2 Cn.b.) 

WK - work area of the size at least NY*CIMX+l)+IMY+3*MAXCNX,NY) 

IRWF - actual number of rows in F in the calling program 

IRWG - actual number of rows in G in the calling program 

* - corresponds to &STNO where STNO is a statement number in the 
calling program to which control returns in the event that an 
input error is detected 

OUTPUT. Output from CSDDU2 includes: 
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G - array of IMX*IMY interpolated function values 
GC1,1>,GC2,1>, ••• ,GCIMX,1),GC1,2), ••• ,GCIMX,IMY) 



where GCI,J> is the function value at 
CXCJX)+CI•l)*CCXCJX+l)•XCJX))/CIMX-1)), 

YCJY)+CJ•l)*CCYCJY+l)•YCJY))/CIMY-1))) 

SUBROUTINES REQUIRED. The necessary subroutine is CSDDU. 

RESTRICTIONS. NX .GE. 2, NY .GE. 2, 1 .LE. JX .LT. NX, 1 .LE. JY .LT. 
NY, IMX .GE. 3, IMY .GE. 3, NX .LE. IRWF, IMX .LE. IRWG. Detection 
of one of these errors results in an error message output on FILE 6 
and a return to the statement number designated in the calling 
sequence. To change the output from FILE 6, replace the statement 
DATA PRINTR/6/. It is assumed that XCI) .LT. XCI+l> for I=l, ••• ,NX·l 
and YCI> .LT. YCI+l> for I=l, ••• ,NY-1. The dimension of Xis at least 
NX, Y at least NY, FCIRWF, at least NY>, GCIRWG, at least IMY}, and 
WK at least NY*CIMX+l}+IMY+3*MAXCNX,NY). 

METHOD. The l•dimensional natural cubic spline interpolates in X are 
found interpolating to the functions FCI,J>, I=l, ••• ,NX for each value 
of J=l, ••• ,NY. These splines are all evaluated at appropriate X 
valueCs} and the results used as data for a l·dimensional natural 
cubic spline interpolation in the Y direction. 

REFERENCE. Ahlberg, J. H.; Nilson, E. N.J and Walsh, J. L. 1967. lh~ 
Theor1 of SQlines and Their AQRli~aii2ll~• New York:Academic Press. 
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CSIU2 SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE CSIU2 CNX,X,NY,Y,F,XO,M,Yl,WK,IRWF,*> 
REAL X,Y,F,XO,Yl,WK 
INTEGER NX,NY,M,IRWF 
DIMENSION FCIRWF,NY>,WKCl),XCNX),YCNY>,YlCM) 
DIMENSION WKCNY+3*MAXCNX,NY)) 

PURPOSE. CSIU2 computes the natural bicubic spline interpolate 
C2-dimensional> to·a set of NX*NY data points on a rectangula~ grid 
with unequal spacing and returns a vector of M interpolated function 
values. 

INPUT. Input to CSIU2 consists of: 

NX - number of mesh points i n the X direction 

X - vector of NX abscissae i n the X direction 

NY - number of mesh points in the y direction 

y - vector of. NY ordinates i n the y direction 

F - array of the function values FC1,1>,FC2,1>, ••• ,FCNX,1>, 
FCl,2), ••• ,FCNX,NY) where FCI,J) is a function value 
a t C X C I')', Y C J ) > 

XO - X direction abscissa for whi.ch interpolates are sought 

M - number of interpolated values sought 

Yl - vector of M ordinates in the Y direction, in increasing 
order, for which interpolates are sought 

WK~ work area of the size at least NY+3*MAXCNX,NY> 

IRWF - actual number of rows in F in the calling program 

* - corresponds to &STNO where STNO is a statement number in the 
calling program to which control returns in the event that an 
input error is detected 

OUTPUT. Output from CSIU2 includes: 

Yl - vector of M interpolated function values where YlCI> is a 
function value at CXO,YlINCI>>, and where YlINCI> means the 
value of YlCI> on input 

SUBROUTINES REQUIRED. The necessary subroutine is CSIU. 

RESTRICTIONS. NX .GE. 2, NY .GE. 2, XCl> .LE. XO .LE. XCNX>, M 
.GE. 1, NX .LE. IRWF, YCl) .LE. YlCl), YCNY> .GE. YlCM). Detection 
of one of these errors results in an error message output on FILE 6 

9-18 

;; 



and a return to the statement number designated in the calling 
sequence. To change the output from FILE 6, replace the statement 
DATA PRINTR/6/. It is assumed that XCI) .LT. XCI+l) for I=l, ••• ,NX-1, 
YCI> .LT. YCI+l) for I=l, ••• ,NY-1 and YlCI> .LT. YlCI+l) for I=l, ••• 
,M-1. The dimension of X is at least NX, Y at least NY, FCIRWF, at 
least NY>, Yl at least M, and WK at least NY+3*MAXCNX,NY). 

METHOD. The 1-dimensional natural cubic spline interpolates in X are 
found interpolating to the functions FCI,J>, I=l, ••• ,NX for each value 
of J=l, ••• ,NY. These splines are all evaluated at appropriate i 
valuesCs) and the results used as data for a 1-dimensional natural 
cubic spline interpolation in the Y direction. 

REMARKS. If XO is a mesh point Ci.e., XO=XCI) for some I>, the 
corresponding 1-dimensional interpolation routine CSIU yields the 

~ same results when applied to the function FCI,J),J=l, ••• ,NY where 
XCI)=XO. 

REFERENCE. Ahlberg, J. H.; Nilson, E. N.; and Walsh, J. L. 1967. lh~ 
Theory of SQlines 2 nd Their AQQlications. New York:Academic Press. 

9-19 



QifFERtNTIAL_EQUATIONS. 

SECTION 10 

DIFFERENTIAL EQUATIONS, 
NUMERICAL INTEGRATION, 

AND DIFFERENTIATION 

The DESUB package for solving systems of first order ordinary 
differential equations (documented below) is the FORTRAN version of 
the ALGOL procedure DIFEQNS given in section 3. It uses the rational 
extrapolation method of R. Bulirsch and J. Stoer. The FORTRAN imple· 
men ta t i on was de v e l op e d at Be l l T el e p hone Labor at or i es and made 
available by Bell. Extensive testing demonstrates that it is fast and 
accurate. <For more detailed information see section 3.) The 
numerical integration and differentiation routines NUMINT and NUMDIF 
use the spline interpolation described in section 9. Both accept 
unequally spaced data. 

DESP SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE DESP CSP,XFX,N,Y,XI,XF,HI,EPS,ERR,XOUTX,*) 
AND ENTRY DECXFX,N,Y,XI,XF,HI,EPS,ERR,XOUTX,*) 
DIMENSION YCN),OYC20),SC20),RC20),YRC20) 
COMMON /PARAM/ZOT,POWER2,EMAX,EMIN,HDIV,ZOTUP,ICHOP 
COMMON /IPARAM/M,NMAX 
COMMON /INFO/ EX,ER,EH,NE,NERR 
COMMON /OTPUT/ SPPRT,HIPRT,XIPRT,XFPRT,EPSPRT,NPPRT,TITLE 
LOGICAL STYPE,KONVF,TITLE 
EXTERNAL XFX,ERR 

INPUT. Input to OESP consists of: 

SP - input for OESP only. A positive value for SP causes 
the solution to be computed and output at each point of 
grid with the spacing SP. Use entry DE when the program­
selected output is sufficient. 

XFX - user supplied subroutine to calculate the right-hand 
side of the differential equation. It must have the form: 

SUBROUTINE XFXCY,X,DY> 
REAL X 
DIMENSION YC20),DYC20) 

Where given the values of X and the dependent 
variables YCl>, ••• ,YCN) at X, the subroutine returns the 
values of the derivatives DY{l), ••• ,DYCN) at X. 

N - number of equations in the system 

Y - a 1-dimensional array of initial values 

XI - initial value of the independent variable 

XF - final value of the independent variable. XF may be less 
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than XI, in which case HI must be negative. 

HI - initial steosize. HI may be negative. 

EPS - error tolerance 

ERR - parameter to specify the convergence criterion. 
There are three ch-0ices for ERR: 

ERR= SE - Standard error 
ERR= RE - Relative error 
ERR= AE - Absolute error 

XOUTX - output subroutine. A printer output routine named 
OEOUT is supplied with the OESUB package. 
Alternatively, the user may supply his own routine. 

* - in call to OESP, an* must be replaced by &STNO, where STNO 
is a label in the calling program to which control is trans­
ferred in the event of an input error or a failure of the 
iteration to converge 

OUTPUT. Output from OESP includes: 

Y - contains the solution at XF •. Output at intermediate points 
is under the control of the subroutine XOUTX. 

SUBROUTINES REQUIRED. The necessary suoroutines are XFX, ERR, and 
XOUTX. The latter two are supplied with the OESUB package but may b­
replaced by user-coded routines. XFX must be supplied by the user. 

RESTRICTIONS. N .LE. 20. For larger systems, the value of NMAX is 
in the Block Data section. The dimensions of the local arrays declared 
in subroutines DESUB and DESP must be increased. However, DESUB may 
not be as efficient as predictor-corrector methods for large systems. 
The input parameters HI and EPS must, satisfy: 
ABSCXF•XI}/2**15 .LT. ABSCHI>, 1.0E-10 .LE. EPS .LE. 1.0E-2. 

METHOD. DESP uses the ~ational extrapolation method of R. Burlirsch 
and J. Stoer. Extensive testing at Bell Telephone Laboratories has 
shown this program to be superior in both speed and accuracy to the 
older standard methods• at least for small systems of equations. 

REFERENCE. Bulirsch. R. and Stoer, J. 1966. Numerical Treatment of 
Ordinary Differential Equations by Extrapolation Methods. !Ym~~il~h~ 
~a1h~ma1ik s:1-13. 

ACKNOWLEDGEMENT. The DESUB package is Vol. 2, Issue 1 of the Numerical 
Mathematics Program Library Project, Bell Telephone L~boratories, 
Murray Hill, New Jersey, and is used with their permission. 
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NY~fRltA1-lNIE~RAIIQN_ANU_Ul££fRENIIAIIQN~ 
The function Fis given in tabular form at unequally spaced abscissae, 
XC1),XC2), ••• ,XCN), where FCI) is the function value at XCI). The 
routines in this section calculate an approximate integral of F over 
CXCl),XCN)) and evaluate approximate first derivatives of Fat 
specified points in the interval CXCl),XCN)). 

A cubic spline of interpolation to Fon the mesh XCl>, ••• ,XCN) with 
endpoint derivatives specified as the first divided differences 
CFC2)-FC1))/CXC2)-XC1)) and CFCN)-FCN-1))/CXCN)-XCN-1)) is calculated. 
<See the section on interpolation with cubic splines for a discussion 
of the background and method.) NUMINT then calculates the integral of 
the spline interpolant as the approximate.integral of F and NUMDIF 
evaluates the first derivatives of the spline at the desired points 
as the approximate first derivatives of F. A useful method for cal­
culating approximate second derivatives of F is to calculate approxi­
m a t e f i r s t d e r i v a t i v e s u s i n g N U M D I F a t , f o r e x a m p l e , t h·e m e s h p o i n t s 
XCl>, ••• ,XCN), and then to use NUMDIF again with these approximate 
first derivatives as the input function values. 

REFERENCE • Ah lb erg, J. H • ; Ni t son, E • N. ; an d W a l s h, J • L • 1 9 6 7. Ill~ 
lh~Q.C.Y Qi ~QiiD~i iDQ Ih~i.c. AQQli~2liQD2• New York:Academic Press. 

Greville, T. N. E. 1967. Spline Functions, Interpolat\on, and 
Numerical Quadrature. Mathematical Methods fQ.C. .Qi.9ilal ~QfilQ.Yl.!!.C.~, 
Vol. 2. New York:John Wiley and Sons. 
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NUMINT SUBROUTINE. 
The syntax is as follows:. 

SUBROUTINE NUMINT CN,X,F,INTEG,WK) 
REAL X,F,INTEG,WK 
INTEGER N 
DIMENSION XCN),FCN),WKlN,3) 

PURPOSE. The subroutine NUMINT calculates an approximate integral 
over CXCl>,XCN)) for a function F given in tabular form with unequally 
spaced data. 

INPUT. Input to NUMINT consists of: 

N - number of data points 

X - vector of the N abscissae XC1),XC2>, ••• ,XCN> in increasing 
order 

F - vector of the N function values FC1),FC2), ••• ,FCN> 
corresponding to X. FCI> is the function value at XCI). 

WK - work area of the size at least 3*N 

OUTPUT. Dut~ut from NUMINT includes: 

INTEG - approximate value of the integral of F over the 
interval CXCl>,XCN>> 

RESTRICTIONS. It is assumed that XCI) .LT. XCI+l) for I=l, ••• ,N-1. 
The dimensio~ of Xis at least N, Fat least N, and WK at least 3*N• 

METHOD. A cubic spline of interpolation to the function f on the 
mesh XCl), ••• ,XCN> with specified endpoint derivatives is calculated, 
and its integral _over CXCl>,XCN>> evaluated. The endpoint derivatives 
are assumed to be the first divided differences CFC2>-FC1))/CXC2)•XC1>> 
and CFCN>•FCN•l))/CXCN)•XCN•l)). 

REFERENCES. Ahlberg, J. H.; Nilson, E. N.; and Walsh, J. L. 1967. !h~ 
Ih~Qt~ 21 ~Q1iot1 aOQ Ihtit AQQ!i~a!i2Oi• New York:Academic Press. 

Greville, T. N. E. 1967. Spline Functions, Interpolation, and 
Numerical Quadrature. Mathemati£al Me1hods !2t Uisila! ~2m~y1gr1, 
Vol. 2. New York:John Wiley and Sons. 

10-4 



NUMOIF SUB&OUTINE. 
The syntax is as follows: 

SUBROUTINE NUMOIF CN,X,F,M,G,WK) 
REAL X,F,G,WK 
INTEGER N,M 
DIMENSION XCN),F(N),G(M),WKCN,3) 

PURPOSE. The subroutine NUMOIF calculates approximate first 
derivatives for a function given in tabular form with unequally 
spiced data. 

INPUT. Input to NUMDIF consists of: 

N - number of data points 

X - vector of N abscissae XC1>,X<2>, ••• ,XCN> in increasing 
order 

F - vector of the N function values FC1),FC2), ••• ,F(N) 
corresponding to X. FCI> is the function value at XCI). 

M - number of first derivatives sought 

G - vector of M abscissae, in increasing order, at which 
derivatives are sought 

WK - work area of the-size at least 3•N 

OUTPUT. Output from NUMOIF includes: 

G - vector of M first derivatives corresponding to input· 
abscissae 

RESTRICTIONS. It is assumed that X<I> .LT. XCI+ll for I=l, ••• ,N-1, 
GCI> .LT. GCI+l> for I=l, ••• ,M-1, GCl) .GE. XCl>, GCM) .LE. XCN). 
The dimension of Xis at least N, Fat least N, G at least M, and WK 
at least 3•N. 

METHOD. A cubic spline of interpolation to the function Fon the 
mesh X<l), ••• ,XCN> with soecified endpoint derivatives is calculated. 
Its derivatives are evaluated at the desired points. The endpoint 
derivatives are assumed to be the first divided.differences ·• 
CFC2)-FC1))/(XC2)-XC1)) and CFCN)-FCN-1))/CXCN)-XCN-1)). 

REFERENCE. Ahlberg, J. H.; Nilson, E. N.; and Walsh, J. L. 1967. The 
lh~Q£Y Qi ~Qlin~~ sDQ Ih~ic AQQii~2iiQil~• New York:Academic Press. 
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SECTION 11 

ZEROES AND EXTREMA 

~QblillQN_Q[_NQNblN&AE_~~liAIIQN~~ 

NLNEQN SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE NLNEQNCN,X,WK,STOPIT,EPS,ERS,FREQ) 
INTEGER N,STOPIT,FREQ 
DIMENSION XCN>,WKCl> 
REAL EPS,ERS 

PURPOSE. NLNEQN solves a system of N simultaneous nonlinear equations 
in N unknowns. 

REQUIREMENT. A ~ubroutine bearing the name FUNCT must be supplied by 
the user. It must have the form: 

SUBROUTINE FUNCTCX,I,F> 
INTEGER I 
REAL F,XCI) 

.It returns in F the value of the Ith function of X. 

INPUT. Input to NLNEQN consists of: 

N - number of equations and variables in the system 

X - array of the size N containing the starting values of 
N variables 

STOPIT - maximum allowed number of iterations 

EPS - convergence criterion on the functions. An acceptable 
solution is at ha~d if for I= 1, ••• ,N ABSCFCI>> < EPS. 

ERS - second stooping criterion on the relative distance bet~een 
two successive approximations 

FREQ - output option which equals either the interval between 
iterations for printout, or O if no printout is required 

OUTPUT. Output from NLNEQN includes: 

X - approximation to the solution unless STOPIT is exceeded 
or the modified Jacobian becomes singular. In these 
cases X forms th~ last iterate. 

STOPIT - actual number of iterations performed 
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SUBROUTINES REQUIRED. FUNCT must be provided by the user. 

RESTRICTIONS. The number of equations ate limited to 10. Larger 
systems may be accommodated by enlarging the arrays. 

METHOD. The algorithm used is a modification of Newton's developed by 
Brown. Each equation is expanded in a Taylor series and the variable 
corresponding to the largest derivative is eliminated. Extensive 
testing shows Brown's algorithm to be the best general purpose equation 
solver currently available. 

REMARKS. For maximum efficiency the functions in FUNCT must be ordered 
according to increasing nonlinearity. 

REFERENCE. Brown, K. M. 1969. Quadratically Convergent Newton-Like 
Method Based upon Gaussian Elimination. ~lAtl J. Numer. Anal. 6:560•569. 
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ZEROES OF. fUNCTIONS_OF_A_SlNGLE_VARIABLE. 

ZEROML SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE ZEROML CFUNCT,N~V,FV,ITNO,EPSV~EPSD,FREQ) 
INTEGER N,FREQ,ITNOCN) 
REAL VCN),FVCN>,EPSV,EPSD 

PURPO.SE. ZEROML uses Muller's method to find real zeroes of a real 
function FCX> of a single variable. 

INPUT. Input to ZEROML consists of: 

FUNCT • a user-provided external function which returns the value 
of Fat X. It must have the form: 

FUNCTION FUNCT CX) 
REAL X 

N - an integer variable specifying the number of starting points 
contained in V 

V - a I-dimensional array of the size N containihg the N 
starting values 

ITNO - a I-dimensional array of the size N specifying the 
maximum iterations allowed for each of the N starting 
points 

EPSV - a real variable specifying the first stopping criterion. 
VCI) is an acceptable zero if· ABSCFCVCI>>> is less 
than EPSV. 

EPSO - a real variable specifying the second stopping criterion. 
The iterative process is terminated if the relative 
distance between two successive approximations is less· 
than EPSO. 

FREQ - an integer variable specifying the frequency of output 
in terms of numbers of iterations between printing 
results. A value of O suppresses printing. 

OUTPUTo Output from ZERDML includes: 

V - array containing the N computed approximations to zeroes 

FV - a I-dimensional array of the size N containing the N 
values of Fat V 

ITNO - array containing the number of iterations performed. 
On an abnormal termination ITNOCI> contains: 

0 - if the function F is a constant 
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·1 - if the iteration is stopped by exceeding 
the number of iterations allowed_ 

·2 - if the iteration is stopped by the second 
stopping criterion 

METHOD. Muller's method of parabolic interpolation is used. Deflation 
is performed to prevent approximations to converge to previously 
computed zeroes. 

REMARKS. The startinq points contained in V should be arranged in 
monotonically increasing order to minimize the error caused by 
deflation. 

REFERENCES ■ Muller, D. E.~1956. A Method for Solvin~ Algebraic 
Equations Using an Automatic Computer • .t1.a1.h ■ I.a!21~i. AiS.i ,2m~Y1• 
10:205-208. 

Wilkinson, J. H. 1963. R2~ngins fttQ~i in Als~~taik ft2k~ii~i• 
New York:Prentice•Hatl. 



ZEROSS SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE ZEROSS CFUNCT,N,V.dTNO,EPS,FREQ) 
INTEGER N,FREQ,ITNOCN) 
REAL VCN>,ERS 

PURPOSE. ZEROSS uses the successive substitution method to find the 
real roots of an equation of the form GCX) = X for a real function G. 

INPUTo Input to ZEROSS consists of: 

FUNCT - a user-provided external function which returns the value 
of G at X. It must have the form: 

FUNCTION FUNCT CX) 
REAL· X 

N - an integer variable specifying the number of starting points 
contained in V 

V - a 1-dimensional array of the size N containing the N 
starting values 

ITNO - a 1-dimensio~al array of the size N specifying the maximum 
permissible iterations for each starting point 

EPS - a real value specifying the stopping criterion. VCI> 
is an acceptable root if the distance between the two 
successive approximations is less than EPS. 

FREQ - an integer number specifying the frequency of output in 
terms of the number of iterations between printing 
results. A value of O suppresses output. 

OUTPUT. Output from ZEROSS includes: 

V - array containing the N computed roots 

ITNO ~ array containing the number of iterations performed. 
If convergence is not achieved within the number of 
iterations allowed, a value of -1 is returned. 

METHOD. Successive iterates in this metbod are given by: 

XCK+l) = GCXCK)} K=O, 1, 2, ••• 

Aitken's acceleration method is used to as~ure fast convergence. 

REMARKS. In addition to solving equations of the form GCX) = X, 
ZEROSS provides a flexible skeleton program for various iterative 
methods used to solve equations of the form F<X> = o. For example, 
in Newton's method without deflation, G should be of the form 
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G = X - FCX)/F'CX). 

REFERENCES. Isaacson, I. and Keller, H.B. 1966. Anal~iii Qf liYm~ti~al 
H~1hQ~~-New York:John Wi Ley and Sons. 

Wilkinson, J. H. 1963. E2Yn2ing fttQti in Als~~tai~ ftQ~~ii~i• 
New York:Prentice-Hall. 
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ZERONT SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE ZERONT CFUNCT,N,V,FV,ITNO,EPSV,EPSD,FREQ> 
INTEGER N,FREQ,ITNOCN) 
DOUBLE PRECISION VCN>, FVCN>, EPSV,EPSD 

PURPOSE. ZERONT uses Newton's method to find the real zeroes of a real 
function FCX) of a single variable. 

INPUT. Input to ZERONT consists of: 

FUNCT - a user-provided, external, double precision function 
which returns the value of Fat x. It has the form: 

DOUBLE PRECISION FUNCTION FUNCTCX) 
DOUBLE PRECISION X 

N - an integer variable specifying the n~mber of starting points 
contained in V 

V - a 1-dimensional array of the size N containing the N 
starting values 

ITNO - a l~dimensional array of maximum permissible iterations 
for eaoh of the N starting points 

EPSV - a double orecision variable containing the first stopping 
criterion. VCI> is an acceptable z-ero if ABS CFCVCI>>> 
is less than EPSV. 

EPSD - a double. precision variable containing the second stopping 
criterion. The iterative process is terminated if the 
relative distance between two ~uccessive approximations is 
less than EPSO. 

FREQ - an integer variable containing the frequency of output in 
terms of the number of iterations between printing results. 
A value of O suppresses printing. 

OUTPUT. Output from ZERONT includes: 

V - array containing the N approximations of zeroes 

FV - a l•dimensionat array of the size N containing the N values 
of Fat V 

ITNO - array containing the number of iterations performed to 
arrive at the approximations in v. On abnormal term­
ination, ITNOCI> contains: 

O - if function F is a constant 
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-1 - if the iteration is stopped by exceeding the 
number of iterations allowed 

-2 - if the iteration is stopped by the second 
stopping criterion 

METHOD. ZERONT uses Newton's method with acceleration to assure fast 
convergence. Deflation of the function is used to prevent approxima­
tions of convergence to previously computed zeroes. 

REMARKS. Newton's method requires a starting point to be close to 
zero. It might be necessary to try several starting points to 
ensure convergence to the true zero. Derivatives needed in Newton's 
method are generated within ZERONT. Initial starting points in V 
should be arrange~ in a monotonically incraasing order to minimize 
error due to deflation. Double precision is used to allow higher 
accuracy. 

REFERENCES. Isaacson, I. and Keller, H.B. 1966~ Ao~lYiii Qf NYmgti~gl 
ti~l.b.Q.Qi• New York:,John Wi tey and Sons. 

Wilkinson, J. H. 1963. ftQYO.QiOS fLLQL~ lo Al£ebraic PLocesses. 
New York:Prentice-Hall. 
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EXTREMA_OF_FUNCTl □ NS. 

□ PTHKJ SUBROUTINE. 
The syntax is as follows~ 

SUBROUTINE OPTHKJCFUNCT,N,X,OX,BL,BU,EPS,ITNO,FREQ,Y,FY) 
INTEGER N,ITNO,FREQ 
REAL XCN),DXCN),BLCN>,BUCN>,EPS,YCN),FY 

PURPOSE. OPTHKJ uses the ~coke-Jeeves direct search method to solve 
optimization problems of an N-dimensional, nonlinear function FCX). 
Upper and lower bounds on independent variables can be specifie~. 

INPUT. Input to OPTHKJ consists of: 

~ FUNCT - a user-provided external function which should return 
the value of Fat X. It is of the form: 

FUNCTION FUNCTCX) 
REAL XCl> 

N - specifies the number of independent variables of F 

X - I-dimensional array of the size N that contains the 
starting vector 

DX - I-dimensional array of the size N that contains the 
initial step-size vector 

BL - I-dimensional array of the size N that specifies the 
lower bound of the solution vector. Sufficiently large 
negative numbers (e.g., -0.1E+10) should be entered if 
no lower bound is to be set. 

BU - I-dimensional array of the size N that specifiis the upper 
bound of the solution vector. Sufficiently large positive 
numbers (e.g., +0.1E+10) should be entered if no u~per 
bound is to be set. 

EPS - specifies the stopping criterion. Iteration terminates 
if the norm of the reduced DX is less than EPS. 

ITNO - specifies the maximum number of iterations allowed 

FREQ - specifies the frequency of output in terms of the number 
of iterations between printing results. A value of 0 
suppresses output. 

OUTPUT. Output from OPTHKJ includes: 

ITNO - equals either the number of iterations performed, or 
-1 if the maximum number of iterations allowed is 
exceeded 
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Y - I-dimensional array of the size N which contains the 
approximate solution vector found, unless ITNO is -1 

FY - the function value of Fat Y 

METHOD. OPTHKJ uses the Hooke-Jeeves direct search method,·which is an 
algorithm without using derivatives. Exploratory and pattern searches 
are conducted alternatively to find better approximations. DX, the 
step size, is reduced when both of the searches fail, and iteration 
terminates when its ·norm is less than the EPS specified. 

REMARKS. In general, OPTHKJ finds a local optimum. Consequently, to 
assure optimality, the user should try to start with several different 
initial vectors. 

REFERENCE. Hooke, R. and Jeeves, T. A. 1962. Direct Search Solutions 
of Numerical and Statistical Problems. Journ~l of ACM. a:212-229. 
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NONLlNEAB_PROGRAMMING. 

PENHKJ SUBROUTINE. 
The syntax is as follows: 

SUBROUTINE PENHKJCFUNCT,N,L,M,X,BL,BU,EPSP,EPSO,ITNO,FREQ,Y,FY> 
INTEGER N,L,M,ITNO,FREQ 
REAL EPSP,EPSO,XCN>,BLCN>,BUCN),YCN),FYCL+M+l) 

PURPOSE. PENHKJ finds the optimal solution of a constrained nonlinear 
programming problem of the form: 

MIN FCX) 
CBL .LE. X .LE. 8U> 

SUBJECT TO G1CX) .LE. 0, I=l,2 ••••• L, 

H1 CX) = 0, I=l,2 ••••• M. 

The penalty function method is used with the intermediate unconstrained 
optimization problems solved by the Hooke-Jeeves method. 

INPUT. In~ut to PENHKJ consists of:. 

FUNCT - a user-provided external function of the form: 

FUNCTION FUNCTCX,I) 
REAL X 
INTEGER I 

L - specifies the number of inequality constraints 
FUNCT should return the value: 

Gl<X>, IF 1 .LE. I .LE. L, 

H CX), IF <L+l> .LE. I .LE. CL+M) 
I-L 

FCX), IF I=L+M+l 

N - specifies the number of independent variables of F 

L - specifies the number of inequality constraints 

M - specifies the number of equality constraints 

X - I-dimensional array of the size N th at contains the 
vector 

starting 

BL - I-dimensional array of the size N that specifies the lower 
bound of the solution vector. Sufficiently large negative 
numbers Ce.q., -0.lE+lO> should b~ entered if no lower bound 
is set. 

BU - I-dimensional array of the size N that specifies the upper 
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bound of the solution vector. Sufficiently large positive 
numbers (e.q.p +O.lE+lO) should be entered if no upper bound 
is set. 

EPSP - specifies the stopping criterion. Iteration terminates and 
X is an acceptable approximation if PCX), the penalty at 
vector XP is less than EPSP. 

EPSO - specifies the second stopping criterion. The iterative 
process is terminated if the relative distance between 
two successive approximations is less than EPSO. 

ITNO - specifies the maximum number of iterations allowed 

FREQ - specifies the frequency of output in terms of the number 
of iterations between printing results. A value of 0 
suppresses output. 

VY - I-dimensional array of the size CN+M+L+l), reserved at a 
work1ng area 

OUTPUT. Output .from PENHKJ includes: 

ITNO - contains the number of iterations performed. On an abnor­
mal termination, it equals either -1 exceeding the number 
of allowed iterations if the maximum number of iterations 
is exceededp or -2 if iteration is stopped by a second 
stopping criterion. 

Y - 1-dimensional array of the size N that contains the 
approximate solution vectorp unless ITNO .LE. 0 

VY - 1-dimensional array of the size CN+M+L+l). 
contains: 

G1CY)p IF 1 .LE. I .LE. LP 

HI-LCY), IF CL+l) .LE. I .,LE. CL+M) 

FC Y),. IF I=L+M+l 

FYCI) 

EPSP - contains PCY),. the penalty at the approximate solution Y 

METHOD. PENHKJ uses the well known penalty function method. It 
transforms a constrained mathematical programming problem of the 
form used in PURPOSE (above> into a sequence of unconstrained 
optimization problems of the form: 

MIN 
CBL <-X < BU) 

W's (the penalty coefficients) are a monotonically increasing sequence. 
PCX)'s, {the penalties at X) are measures of the extent to which the 
constraints are violated. In PENHKJ,. a scaling technique is used to 
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avoid domination of PCX) by any one or group of constraints. The 
Hooke-Jeeves method is use~ to solve the sequence of optimization 
problems of the form used immediately above. 

REMARKS. To assure optimality, the user should try to start with 
several different initial vectors. 

REFERENCES. Fiacco, A. V. and McCormick, G. P. 1968. li2D1iO!~t 
ft2sr~mmins=~!gY1nli~l Yn~2n11c~ini~ MinimiIJli2n l!£hni~M!i• 
New York:John Wiley and Sons. 

Hooke, R. and Jeeves, T. A. 1962. Direct Search Solutions of Numerical 
and Statistical Problems. J2Ytna1 21 A~M a:212-229. 

Keefer, o. L. and Gottfried, B. s. 1970. Differential Constraint 
Scaling in Penalty Function Optimization. AllE It~nia£li2lli 2:281•289. 
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R 00 TS_O F _PO L.YNO MlAJ..S. 

RLPOLY SUBROUTINE. 
The syntax is as follows: 

SEC TI ON 1 2 

FORTRAN POLYNOMIALS 

SUEROUTI NE RLPOL YC NDEG,PP, ZEROR, ZERO I, FA IL) 
DI n ~s ION ZE RO FC ND E G >, ZE RO IC ND EG >, pp C 1 > 
LOGICAL FAIL 

PURPOSE. RLPOLY finds all zeroes Crocts) of a real polynomial 
PP= ACl>•X**NDEG+ ••• +ACNCEG>•X+ACNOEG+l). 

INPUT. Input to RLPOLY ccnsists cf: 

NDEG - degree cf the polynomial 

PP - array of coefficients of the polynomial ordered from largest 
tc smallest power; remains intact 

OUTPUT. Output frorr RLPOLY consists cf: 

ZEROR, ZERCI-. arrays of the real and imaginary parts of the 
zeroes of the pol}'ncmial 

FAIL - Boolean value set TRUE H algorithm fails to find all 
z er ce s; other id se FALSE 

RESTRICTICNS. The algorithm acceots polynomials with a maximum degree 
50 Cl .LE. NOEG .LE. 50). To change the size of the polynomials that 
can be solved, replace the dimensions of the arrays in common area and 
the NDEG test. 

METHOD. RLPOLY uses a 3-stage variable-shift iteration method devel• 
oped by M.A. Jenkir.s ard J. F. Traub. The zeroes are calculated one 
or two at a time, generally in increasing order of magnhude, using 
real arithmetic wher possible.· Failure of the heratfon to converge 
for a r cot ca us es a r error message to be printed and the su bp ro gr am t c 
exit with the zerces already found stcred in arrays ZERCR and ZEROI. 
Fa i Lu res are rare. 

REFERENCE. Jenkins, t'. A. 1969. Three Stage 
for the Sclt.tior cf Polynomial Eqt.aticns with 
for the Zeros. T~ctinical Report No. CS 138. 
Science ueot., Stanford University. 

V ar i ab l e- Sh if t It er at ions 
a Posteriori Error Bounds 
Stanford, Cal if .:computer 

E'XAMPLE. The samcle calling orograrr 'that follows can be used to solve 
t h e s am ~ t · e ca t a f o l lo w i ng t h e p r o gr am • 

Revised 9/23/75 by 
PCN 1076981-001 1 2- 1 



~sm.Q!§_t!1lins_Er~sr2m~ 
A sample call;ng program follows: 

DIMENSION ZFC50},ZIC50},CPC51} 
LOG IC AL FAIL 
INTEGER OEGFEE 

11 FORMATCIS} 
13 FOR tJA TC 8F 10 .O } 

REA CC 5., 11 > CE GREE 
NCO EF =DEG REE+ 1 
REA DC 5, 13 > CCPC I> .,I =1,NCOEF > 
CALL RL PO LY CD EG REE, CP .,z R, ZI ,F ~I U 
STOP 
E ·No 

~ sm .121 §_ ~s !-2 .e 
The following ;s data for the preceding program: 

1. 0 -1 .o 1 -s .o 1 2 .o 3 

1 2- 2 
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C XP OL Y SU SR CUT I NE • 
The syntax is as follows: 

SU BR CU TI NE C XPOL YC NDEG ,PPR ,PPI ,ZER OR ,Z ER DI ,F AIU 
DI ME NS ION ZERO RC ND EG >,ZERO IC ND EG), PP RC 1 > ,P PI Cl ) 
LOGICAL FAIL 

PURPOSE. CXPOLY firds all zeroes of a complex polynomial PP= CPPR,PPI>. 

INPUT. Input to CXPOLY ccnsists cf: 

NDEG - degree cf the polynomial 

PP R, P PI - a r r a y s cf 't he r ea l an d i m a g i n a r y pa rt s of t he c o e ff i -
cierts cf the polynomial ordered from largest to 
smallest power; remair intact 

OUTPUT. Output frorr CXPOLY consists cf: 

ZEROR, ZERO! - arrays of the real and imaginary parts of the zeroes 
of the polynomial 

F A I L - 8 o o l e an v a l u e s e t T RU E i f a l g o r i t h m f a i l s t o f i n d a l l 
zercesi other1,,ise FALSE 

RESTRICTIONS. The algorithm accects colynomials of maximum degree 
50 Cl .LE. !\DEG .LE. 50). To change the size of colynomiats that can 
be solved, replace the dimensions of the arrays in common area. 

METHOD. CXPOLY uses a 3-stage variable-shift i.teraticn method devel­
oped by M.A. Jenkirs and J. F. Traub. The zerces are calculated one 
at a tirre, generally in increasing order cf magnitude, using complex 
adthmetic. Failure of the iteration to converge for a root causes an 
err or message t c be p ri nt ed and the s t.b pr cg ram to e d t with the z er oe s 
already found storec: in arrays ZEROR and ZERO!. FaHures are rare. 

REFERENCES. Jenkins, M.A. 1969. Three Stage Variable-Shift Iterations 
for the Solutior cf Polynomial Equaticns with a Posteriori Error Bounds 
for the Zeros. Technical Report No. CS 138. Stanford, Catif.:Computer 
Science Dept., Stanford Uriversity. 

J en k i ns , M. 
Polynomial. 

A. and Traub, J. F. 1972. 
12.!!:.!!!.:. ~~~ 15:97-100. 

ALGORITHtJ 419, Zeros of a Complex 

EXAt'PLE. The samole calling program given belol-i can be used to solve 
the sam~le data that follows. 

~smQl~-1~!lin£_EL2sr~rr~ 
A sample calling prcgrarr follows: 

D IM DJ SI ON ZR C 50 ) , Z I C 5 0) ,. P RL C 5 1) , P IM { 5 1) 

LOGICAL FAIL 
I NT EGER DEG REE 

11 F CR MA TC I 5 ) 

Revised 9/23/75 .by 
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13 FORtJ,ATC8Fl0.0) 
REA DC 5, 11 > DEGREE 
NCO EF =DEG REE+ 1 
REACCS,13 > CPRLCI >,PIM<I>,I=l,NCOEF> 
CALL CXPOLYCDEGREE,PRL,PI,_.., ZR,ZI,FAIL> 
STOP 
END 

~ .21!! l2! ~- .Q,2 1.e ..l 
The following is data for the precedirg program: 
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1. 0 
6 .2 1 

C. 0 
-8 .6 2 

- 8. 1 
-18 .19 

- 3. 1 
27 .4 3 
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POLADD SUBROUTINE. 
The syntax is as follows: 

SU BR OU TI NE POL AD DC Nl OE G, CO ff 1, N2 CE G, CO EF 2, I\R DEG, COEf R> 
DI t'E I\S ION CO Ef lC 1) , COE F2 Cl >, CO Ef RC 1 > 

PURPOSEo PCLADC adcs two polynomhls. 

INPUT. Inpwt to POLADD cons;sts of: 

"1CEG - degree+ 1 of first polyromial 

COEFl • array cf coefficients for first polynom;al ordered from 
largest to smallest power; dimension [l:NlDEGl 

N2DEG - desree + 1 of second polynomial 

COEF2 - array cf coeffic;ents for second polynomial ordered from 
largest to Sll'allest power; dimension tl:N2DEGl 

OUTPUT. Output frorr POLADD consists cf: 

I\RCEG - degree+ 1 of resultant polynomial 

COEFR - array of coefficients for resultant oolynomial ordered 
frcm· largest to smallest power; dimension [l:NRDEG> 

METHOD. The degree NRDEG•l of the resultant polynomial is calculated 
as the larger of the two degrees NlDEG-1 and N2DEG•l. Corresponding 
coefficients are adced to form tre array COEfR. 

Revised 9/23/7S by 
PCN 1076981-001 1 2• 5 



P DL SU 8 SU 8R DU TI NE • 
T he s yn ta x is as fo l l cw s: 

SUBRDUTI NE P OLSUBC Nl DEG., COEF 1., N2CEG., COEF2., I\RDEG., COEFR> 
DI ti'E t-.S ION CO EF 1C 1) .,c OE F2 C 1 )., CO EF RC 1) 

PURPOSE. POLSUB subtracts one polynordal from another. 

INPUT. Input to POLSUB consists cf: 

~lCEG - degree+ 1 of first polynomial 

COEFl - array of coeffkhnts for first polynomial ordered from 
largest to srr,altest ooweri dimension Cl:NlDEGl 

l\2CEG - degree + l of second polynomhl 

COEF2 - array cf coefficients for second pclynomfal ordered fr.om 
largest to smallest power; dhension [l:N2DEGl 

OUTPUT. Cutput frorr POLS LB consists cf: 

NRCEG - degree+ 1 of resultant polynomial 

COEFR - array cf coefficients for resultant polynomial ordered 
from largest to smallest power; dimension Cl:NROEGl 

METHOD. The degr~e f\jRQEG•l of the resultant polynomial is calculated 
as the larger of tbe two degrees NlDEG-1 and N2CEG·l. Coefficients ir. 
array CCEF2 are s.ubtractec from corresponding coefficients in array CCEFl. 
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P0LJ,IUL SUBRCUTINE. 
The syntax is as follows: 

SUERCUTINE P0LMUL.CN1DEG,C0EF1,N2CEG,C0EF2,NRDEG,COEFR) 
DI ME NS ION CO EF 1( 1) ,COE F2 Cl>, CO EF RC 1) 

P UR PC SE. P GL MU L rru l t i p l i es two pol yn cm i a ls • 

INPUT. Input tc P0LMUL consists of: 

NlCEG - degree+ 1 of first polyromial 

C0EFl - array cf coefficients for first polynomial ordered from 
largest to smallest power; dimension [1:NlDEGJ 

N2 CE G - degree + 1 of second pol 'yn cm i al 

C0EF2 - array cf coefficients for second polynomhl ordered from 
largest to smallest power; dimension [1:N2.0EGJ 

OUTPUT. Cutput frorr P0LMLL consists cf: 

I\RCEG - degree+ 1 of resultant polynomial 

COEFR - array of coefficients for resultant oolynomial ordered 
frcm largest to smallest power; dirrension (l:NRDEGJ 

METHOD. The degree NRDEG-1 of the resultant polynomial is calculated 
as NlDEG+l\2CEG-2. Tne coefficients of array C0EFR are calculated as 
the sum of the prcducts of the coefficients of C0EFl and C0EF2 having 
exponents that surr to the corresoonding exponent of C0EFR. 

REMARKS. CCEFR canrot occupy the same location as COEFl or C0EF2. 

Revised 9/23/75 by 
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P0L0IV WBR0UTINE. 
The syntax is as follows: 

SUBROUTINE P0LDIVC Nl0EG, C0EFl., N2CEG., ,C0Ef2,NQ0EG,C0EfQ,T0L,ERRC0D) 
Dlt'ENSION C0fflC 1) ,C0Ef2C1 >,C0EFCC 1) 

PURPOSE. P0LDIV aivides cne polynordal by another. 

INPUT. Input to .POLO IV ccnsi sts of: 

t-.lCEG - degree+ 1 of dividend pclynomhU replaced by degree+ 1 
cf.remainder 

C0EFl - array cf coefficients for dividend polynomial ordered from 
largest to smallest power; replaced by remainder after 
division; dirr.ension [l:NlDEGJ 

t\2DEG - degree+ 1 of divisor polynomial 

C0EF2 - array of coefficients for divisor polynomial ordered from 
largest to sniallest power; dhensicn [l:N2DEGJ 

T0L - tolerance value below which coeffidents are eUminated 
during ncrl!'atizatfon 

OUTPUT. Cutout frorr P0LDIV consists cf: 

NlDEG •degree+ 1 of remainder polynomial 

C0EFl - array cf coefficient for remainder polynomiali dimension 
[1:NlDEGJ 

NQ CE G - degree + l of ou ot i e nt pc l yn om i a l 

C0EFQ - array cf coefficients of quotient polynomial ordered frorr 
largest to srraltest power; dimension [l:NQDEGl 

ERRC0D - error code: Zero is normal, and 1 is for zero divisor •. 

METHOD. Polynorrial C0EF1 is divided t:y polynomial COEF2 giving the 
quotient C0EFQ ana the remainder such that C0EFl = COEFC•COEF2+remainder. 
The divisor array C0EF2 and the remainder array get normalized. 

REMARKS. The remairder replaces C0EFl. If N2DEG equals 1., then NlDEG 
is set to zero. The divisor C0EF2 rerrains unchanged. I.f the degree 
of the c.ivisor polyr.orrial is greater than that cf the dividend, array 
NQDEG is set to zerc and the calculation is bypassed. 
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POL DE f< !:U BR GU TI NE. 
The syntax is as follows: 

SUBR CUTI NE POL CE RC !';DEG ,C DEF, ND DEG, COEF 0) 
DIMENSION COEFCl),COEFDCl) 

PURPOSE. PCLDER fir,ds the derivative of a pol.ynomial. 

INPUT. Irput to POLDER consists cf: 

NDEG •degree+ 1 of polynomial 

COEF - array of coefficients for original polynomial ordered from 
largest to smallest cower; dh1ension (1:NOEGJ 

0 UT PUT. Cutput frorr POLDER consists cf: 

t-.OCEG - degree+ 1 of derivative; equals NDEG·l 

COEFD - array of coefficients for derivative ordered from largest 
to srrallest i:;oweri dimension [1:NOCEGJ 

METHOD. The parameter NDOEG is set at NDEG•l. The derivative is then 
calculated by multi4=lying the coefficients by·their respective exponents. 

Revised 9/23/75 by 
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F OL INT SU BR CU TI NE • 
The syntax is as follcws: 

SU ER CU TI NE P DL IN TC ND EG ,COE F, C, NI CE G, CO EF I> 
DIMENSION COEFCl.>,COEFICl> 

PURPOSE. PCLINT fir.ds the integral of a oolynomial. 

I NP UT. I rp ut t c POL! NT consists of : 

C • corstar.t of integration 

I\DEG - degree+ 1 cf oriqinal polynomial 

COEF • array of coefficients for original polynomial ordered from 
largest to smallest pcwer; dimension (l:NOEGJ 

OUTPUT. Output frorr POLI NT consists cf: 

NIDEG - degree+ 1 of integral; equals NOEG+l 

COEFI - array cf ccefficients for integral polynomial ordered from 
largest to swallest power; dimension (l:NIDEGJ 

METHOD. The paran:eter t-.ICEG is set at NDEG+l, and the constant term is 
set at c. The integral is calculated by dividing the coefficients by 
their respective exi:onents. 
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POLHOR ~UBROUTINE. 
The syntax is as follows: 

SUBROUTINE POLrORC NDEG.,COEF., 8DOL.,ARG.,R.,K) 
DI,..Ef\SION COEFCl).,RCl> 

PURPOSE. POLHOR firds the values of the Hrst K dedvatives of a poly· 
nomhl for a given value cf the variable. POLHOR can also calculate 
the values of the first K coefficients of the expansi'On of the oolynondat 
in a poi.er series ir the reighborhood of a given ooint. 

INPUT. Input tc POLHOR consists cf: 

t\DEG - degree+ 1 cf polynomial 

COEF - array of coefficients .ordered from largest to smallest 
pcwer; dimension [1:NDEG] 

BOCL - Boolean variable set TRUE if the values of the first K•l 
derivatives are desired; set FALSE if the expansion of the 
polynomial in a power series is desired 

ARG .. value of variable if BCOL is TRUEi if SOOL is FALSE., 
reighbcrhood at which power series exoansion is desired 

K - K·l is the highest order of the derivative if BOOL is TRUEi if 
BDOL is FALSE., largest degree of the term with which the power 
series is terminated 

OUTPUT. Cutout froir POLHCR consists cf: 

R - array of values cf derivatives if BOOL is TRUE; Jth entry is 
the value cf the CJ•l)th derivative. If BDOL is FALSE., array 
of values cf the first K coefficients cf the power series. 
Oiirension R[l:Kl 

METHOD. The Horner scheme is used. 

REFERENCE. Pankiewicz., W. 1968. ALGCRITHM 337., Calculation of a 
Polynomial and Its Cerivative Valt..es cy Horner Scheme. ~2mm• AtM 11:663. 
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POLIJAO SUBRCUTINE. 
The syntax is as follows: 

SUBROUTINE POLIJADCN1DEG,COEF1,C,t\2DEG,COEF2,NRDEG,COEFR> 
DI IJE t\S ION CO EF 1C 1 > ,C CE F2 C 1 >, CO ff RC 1 > 

PURPOSE. POLMAO adds the coefficients of one polynomial to the product 
of a factor and coefficients of another polynomial. 

INPUT. Input tc POLMAD consists of: 

NlCEG - degree+ 1 of first polynomial 

COEFl - array of coefficients for first polynomial ordered from 
largest to smallest ooweri dimension [l:NlDEGl 

t\2CEG - degree+ 1 of second polynomial 

COEF2 - array cf coefficients for second polynomial ordered from 
largest to smallest power; dimension [l:N2DEGJ 

C - factor to be multiplied by array COEF2 

OUTPUT. Output frorr POLMAD consists cf: 

NR CE G - degree + 1 of re su t tan t po l y no mi al 

COEFR - array of resultant coefficients ordered from largest to 
smallest power; dimerisfor Cl:NRDEGJ 

METHOD. The degree NRDEG-1 of the resultant polynomial is calculated 
as the larger of the two degrees NlDEG-1 and N2DEG-l. To form array 
COEFR, the coefficients in array COEFl are added to the corresponding 
coefficients in array COEF2 multiplied by c. 
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POLPOP SUBROUTINE. 
The syntax is as follows: 

SU ER CU TI NE POL PO PC Nl DEG, COEF 1, N2 CE G, CO EF 2, NR DEG, CO EF R, CT 1, CT 2) 
DI ME NS ION CO EF lC 1 >,COE F2 Cl), CO EF RC 1) ,C Tl C 1), CT 2C 1) 

PURPOSE. POLPOP substitutes the variable of a polynomial with another 
p-olynomial. 

INPUT. InpL.t tc POLPOP ccnsists of: 

t-.lCEG - degree·+ 1 of first polynomial 

COEFl - array cf coefficients for first polynomial ordered from 
largest to smallest power; dimension (l:NlDEGl 

t--.2CEG - degree+ l of second pol~nomial 

COEF2 - array cf coeff kient for second polynomial ordered from 
largest to srrallest power; dimension (l:N2DEGJ 

OUTPUT. Cutout frorr POLPOP consists cf: 

I\RCEG - degree+ 1 of resultant polynomial 

COEFR - array of coefficients for resultant polynomial ordered 
from largest to smallest power; dimension (l:NRDEGl 

OTHER. Additional parameters of POLPOP are: 

CTl, CT2 - arrays for internal calculations; dirnension 
C 1: CNlDEG-1 >* CN2DEG·l )+ll 

METHOD. The variable of polynomial CCEFl is substituted by polynomial 
COEF2 tc form pol:yncmial COEFR. The cegree of the resultant polynomial 
is CN1DEG-l)*CN2DEG-l). 

REMARKS. If either NlDEG or N2DEG is negative, NROEG is set at zero 
and calculation is bypassed. 

Revised 9/23/75 by 
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POLYOV SUBRCUTINE. 
The syntax is as follows: 

SU BR CU TI NC: POL t-'O VC Nl DEG, COEF 1, N2 CE G, CO EF 2) 
DI MENS ION COEFlC 1) ,CCE ►2 Cl> 

PURPOSE. PCLMOV rroves cne polynomial to another. 

INPUT. Input tc POLMOV consists of: 

t\lCEG •degree+ 1 of polynorrial to be moved 

COEFl - array of coefficients of oolynomhl, ordered from largest 
to srrallest power, to be moved; dimer.sion (1:NlDEGJ 

OUTPUT. Output frorr POLMCV consists cf: 

N2CEG - degree.+ 1 of resultant polynomial 

COEF2 • array cf cceffichnts of resultant polynomial ordered frcm 
largest to smallest power; dhensicn [1:N2DEGJ 

METHOD. Parameter N2DEG is replaced cy NlDEG, and array COEFl is moved 
to COEF2. 
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POLNOR SUBRCUTINE. 
The syntax is as fo LL ow s: 

SUBROUTINE POLI\ORCNDEG,COEF,TOL> 
DII-Ef\:SION COEFCl) 

PURPOSE. POLNOR normalizes the coefficient array of a polynomial. 

INPUT. Input to POLNOR consists of: 

NDEG - degree+ 1 cf polynomiali replaced by final degree+ l 

COEF - array of original coefficients orderec from largest to 
smallest poweri replaced by final coefficientsi dimension 
(1:NDEGJ 

TOL - tolerance value below which coeffidents are eliminated 

OUTPUT. Cutput frorr POLNOR consists cf: 

!\DEG - degree+ 1 cf normalized polynomial 
COEF - array of coefficients for normalized polynomial 

METHOD. The degree NDEG-1 of the polynomial is reduced by 1 for each 
leading coefficient having an absclute value less than or equal to TOL. 
Coefficients are then moved to the left so the leading coeffident is 
i n CO EF C 1 >. 

REMARKS. If all coefficients are less than TOL, the result is a zero 
polynomial with NDEG equal to zero. 

Revised 9/23/75 by 
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POL SO R SUBROUTINE • 
The syntax ;s as follows: 

SUSROUTINE POLSORCNOEG.,COEF.,U) 
DI t'E NS ION COEF Cl) 

PURPOSE. POLSOR shifts tt,e orig;n. 

I NP UT. Input t C PO LS OR C en si st s of : 

NDEG - degree+ 1 of polynomhl 

COEF - array of coefficients ordered from largest to smallest 
power; replaced by array cf transformed coeffic;ents 

U - shift J:ara1reter 

OUTPUT. Output frorr POLSOR cons;sts cf: 

COEF - array of transformed coefficients 

METHOD. The coefficient array COEF'CI) of polynomial PCX> is transformed 
such that QCX> = PCX-U)., where QCX> denotes the polynomial having the 
transformed coefficient array. 
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P DL GC D SU BR CUT I NE • 
The syntax is as follows: 

SU BR OU TI NE POL GC DC Nl DEG, COEF 1, N2CE G, CO EF 2, TO L, ER RC OD ,COE FT) 
DIMENSION COEFlC 1) ,COEF2 Cl>, COEFTC 1> 

PURPOSE. PCLGCD firds the gr.eatest common divisor of two polynomials. 

INPUT. Input tc POLGCD ccnsists cf: 

t\lCEG - degree+ 1 of first polynomial 

COEFl - array cf coefficients of first polynomial ordered from 
largest to srrallest power; dimension {1:NlOEGl 

N2 DEG degree+ 1 of second polynomial 

COEF2 - array cf ccefficients for second polynomial ordered from 
largest to smallest power; replacea by greatest common 
divisor; dimension [1:N2CEGJ 

TOL • tolerance value below which coefficient is eliminated during 
ro rmal i.z at ion 

OUTPUT. Output frorr POLGCD consists cf: 

N2 CE G - de gr_ ee of gr ea test c cm mo r di vi so r po l y no mi al 

COEF2 - coefficient array for greatest common divisor 

ERRCOD - resultant error code: Zero indicates no error; 1 indkates 
c.□EFl or COEF2 is a zerc polynomial. 

OTHER. An addi ti cnal parameter of POLGCD is: 

COEFT - array for internal calculaticns; dimension Cl:N1DEG•N2DEG+ll 

METHOD. The greatest ccmri:on divisor cf the polynomials COEF1 and COEF2 
is determined by a Euclidean algorithri:. The coefficient arrays COEFl 
and COEF2 are destrcyed. The greatest common divisor is generated in 
COE F2. 

REMARKS. The parameter NlDEG must be greater than N2DEG. If N2DEG 
equals 1 on return, the arrays COEFl and COEF2 are crime. The greatest 
common divisor is a constant. The parameter NlOEG is destroyed during 
the computation. Fer division of COEFl by COEF2 with the result stored 
in COEFT and the rerrainder in COEFl, t.se the call POLDIVCNlDEG,COEFl, 
N 2D EG, C CE F2, N TD EG, COE FT, T CL ,ERR CO C) • 

Revised 9/23/75 by 
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FORTRAN SPECIAL FUNCTIONS 

C XB ES J_ SU BR OUT I NE • 
The syntax is as follows: 

SU BR CUTI NE CXBESJC NMAX,X,Y ,U,V ,U~, VA> 
DIMENSION UCl>,VCl >,UACl >,VA Cl) 

P UR PO SE. 
CXBESJ evaluates the Bessel functions (of the ffrst kind) JO, ••• ,JNMAX 
at the fixed complex value Z = X+I*Y• 

I NP UT • 
Input to CXSESJ consists cf: 

NMAX - integer which can be positive, negative, or zero 
X - unrestricted real part of argument 
Y - unrestricted imaginary part cf argument 

OUTPUT. 
Outout for CXSESJ consists of: 

U - cor.tairs the real parts of the values JO, ••• ,JNMAX in U(I>, 
I=l,.; •• ,NM+l where NM= ABSCt-.MAX> 

VD contair:s •. the imaginary oarts of the values JO, ••• ,JNMAX in 
VCI), I=l, ••• ,NM+l where NM= ABSCNMAX) 

0 TH ER PAR AM ET ER S. 
Additioral CXBESJ parameters are: 

UA - working array used for UAPPROX and RRli must be at least of 
size·2 ... ·Nt-1+1 

VA - wcrkirg array used for VAPPROX and RR2; must be at least of 
s i z e 2 * N_M + 1 

FUNCTIOI\ REGUIRED. 
A necessary functior is: 

TO FY 

METHOD. 
This sut:routine is a soecial case of cne given by Gautschi. The sub• 
routine uses an iterative backward recurrence algorithm. The iteration 
is continued until approximately D (set at 11> significant digits of 
accuracy are obtained. The algorithm is most efficient when MOOULUSCZ> 
is small or moderately large. If NMAX is negative, the following 
f or mu la i s us ed : 

Revised 9/23/75 by 
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REMARKS. 
Values of X and Y with absolute values less than ETOL are taken to be 
zeroes. 

R ff ER EN CE. 
Gautschi, w. 1964. ALGORITHM 236, Bessel Functions of the First Kind. 
fQmm-A~tl 7:479-480. 
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The syntax is as follows: 

FUNCTION BESSF..;C NMAX,X,J,JA) 
REAL JCl>,JA(l) 

P UR PO SE. 
BESSFJ evaluates the Bessel functions (of the first kind> JO, ••• ,JNMAX 
at the fixed value x. 

I NP UT. 
Input tc BESSFJ ccnsists of: 

t\MA)( - integer which can be positive, negative, or zero 
X - unrestricted real value 

OUTPUT. 
Output for BESSFJ ccnsists of: 

J - array contairing the values .;o, ••• ,JNMAX in JCI>, I=l, ••• ,NM+l 
where NM = ABSCNt-'AX) 

0 TH ER P AR AM ET ER • 
An additional parameter of BESSFJ is: 

JA - workirg array; must be at least of size 2*Nt'.+l 

FUNCTIOt-. RE(;UIRED. 
A required function is: 

TOFY 

METHOD. 
This function is a special case of one given by Gautschi. The function 
uses an iterative backward recurrence algorithm. The _iteration is con­
tinued 1.mtil api:rcximately D (set at 11) significant dig'its of accuracy 
are obtained. The algorithm is most efficient when Xis small or 
moderately large in absolt.te value. If NMAX or Xis negative, the 
following relations are used: 

JC-K,X) = C-l>**K*JCK,X) 
JCK,•X> = C·l>**K*JCK,X) 

REMARKS. 
For values cf X with absolute val1Je less than ETOL, Xis taken to be zero. 

REF ER EN CE. 
Gautschi, w. 1964. ALGORITHM 236, Bessel Functions of the· first Kind. 
~2mm• AtM 7:479-480. 

Revised 9/23/75 by 
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FORTRAN NUMERICAL INTEGRATION 

S IM INT FU I\C TI ON. 
The syntax is as follows: 

FU I\C TI CN SIM IN TC A, B, EP S) 

PlJRPOSE. SIMINT rurredcally integrates a function of one varhble over 
a finite interval. 

INPUT. Input tc SI~INT consists cf: 

A - lower lirrit of integraticn 
8 - upper lirrdt cf integration 
EPS - relative error tolerance 

USA GE. SIM INT is a da ot iv e and is rec cm mended for mod er ate ac curacies 
CEPS .LE. 1.0E-6) with complicated integrands and integrands having 
large or infinite derivatives. 

EXAMPLE. Tr.e fcllolling is a sample calling program that can be used 
with the sarrole fun.ction FCX> = 1.0/S~RTCABSCXEE>>. 

A= •9 • 0 
8=1000.0 
EP S= O. 00 01 
VALUE= SI MI NT CA ,B ,E PS> 
ST (P 

ENC 

METHOD. SIMINT uses the adaptive Simpson method with interval bisection. 

REMARKS. The function to be integrated must be supplied as a function 
suborogram named FCX>. 

REFERENCES. Lyness, J. N. 1969. Notes on the Adaptive Simpson 
Quadriture Routine • .=,/.Q~!:.O~! .Qf A~~ 16:483-495. 

McKeemen, w. M. 1962. ALGORITHM 145, Adaptive Numerical Integration by 
Simpson's Rule. ~.Q!!!!• A~~ 5:604. 

Revised 9/23/75 by 
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BULINT FU~CTION. 
The syntax is as follows: 

FU t\C TI ON BULIN TC A, B, EP S, BI NT ,ERR) 

PURPOSE. BLLINT integrates a functior cf one variable over a finite 
interval. 

l NP UT • I np ut t O SU LI NT Con Si st S of : 

A• lower lirdt of ir.tegration 
8 • upper l i rri t of i nt eg ra ti on 
EPS • relative error tolerance 

OUTPUT. Cutput fer SLLINT consists of: 

Bif\T • value of integral 
ERR - upper boLna for ABSCBINT•true value of integral> 

RETURNEC VALUE. The returned value BLLINT is the value of the integral. 

USAGE. BULINT h recomrrer.ded for high accurades CEPS .LE. 1.0E•e> and 
smooth integrands. This function is rot to be used to integrate poly• 
nomials of degree less than 4 or periodic functions over a oeriodicity 
interval. 

METHOD. Ooeratioo cf BULINT is based on the rational extraoolation of 
trapezoid-rule aocrcximations to the integral. If the error cr.iterion: 

ABSCBINT•true value> .LT. EPS*integral of ABSCFCX>> 

cannot be satisfied, ERR is set to 10 and the subprogram exits with 
BINT cortairing the final approxirraticn to the integral. 

REMARKS. Tc return the value of Fat X, the function to be integrated 
must be supplied as a function subprofram named F'CX>. 

REFERENCE. 3ulirscr., R. and Stoer, J. 1967. Numerkal Quadrature by 
Extraoolaticn. li.Yll!!!.i.2£hi tlilh~!!!§li! 9:271•278. 
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ROMINT FUNCTION. 
The syntax is as follows: 

FUNCTION ROMINTCA,8,EPS> 

PURPOSE. RCMINT integrates a function of one variable over a finite 
int er va l. 

INPUT. Input to ROt'INT ccnsists cf: 

A - tower U 1d t of integration 
B - upper Umit of integration 
EP~ - relative error tolerance 

RETURt\EC VALUE •. The returned value RCMrNT is the value of the integral. 

USAGE. ROMINT is used with moderately smooth integrands and for medium 
accuracy (for exarr.ple, EPS = 1.0E-6). 

REM AR KS o Tc return the value of F at X, the fu re ti on to be int eg rated 
must be supplied as a function subprogram nameo FCX>. 

REFERENCE. Bauer, F. L.; Rutishauser, H.; and Stiefel, E. 1963. New 
Aspects in Numerical Quadriture. In f~~i!im~.01§1 A!i1hm~1i£, tlisb 
~Qi1H! ~2.IDQ.Y.!i.o.s, s!l2 .1:l2.!hit!!l21.i£.~• Pree. of Symposia in Apolied 
Mathematics 15:199-218. Providence, R.I.:Amer. Math. Society. 

Revised 9/23/75 by 
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DBLINT FUNCTION. 
The syntax is as follows: 

FUNCTION DBLINTCAl,Bl,A2,B2,EPS) 

PURPOSE. DBLINT nurrerically integrates a function of two variables over 
a rectargle. 

INPUT. Input to DBLINT ccnsists of: 

Al - low er l im H of integration en x-axis 
81 - upper l i m H of integration en X-axis 
A2 - l cw er l im H of in te gr at ion en Y-axis 
82 - upper l i mi t of integration en Y -a xi s 
EP S - relative err or tolerance 

USAGE. OBLINT is used only for double integrals with constant limits. 
A subprogram is adaptive to handle general integrands. EPS should be 
great er t ha n or e qu;; l t o 1. OE -6. 

EXAMPLE. The fellowing is a sample calling program for the sample 
function FCX,Y> = l.O+X•XY*Y• 

Al=-1.0 
Bl =l .o 
A2=-1.0 
82=1.0 
EPS=O. 0001 
VALUE=DBLINT CAl, 81 ,A2, 82 ,EPS > 
ST CP 
END 

METHOD. The double integral is treated as a l•cimensional integral of 
a function which is itself an integral. The adaptive Simpson method 
using irterval bi section is used for the 1-dimensional integration. 
DBLINT is a modificatior cf SIMINT for double integrals. 

REMARKS. The function to be integrated must be supplied as a function 
subprograrr rarred FCX,Y>. 

REFERENCES. McKeemen, W. M. 1962. ALGORITHM 145, Adaptive Numerical 
Integration by Simpson's Rule. f.Qm!D• A!;t:1 5:604. 

-----.1962. ALGORITHt-1 146, Multiple Integration. fQ.l!!!D.• A~t:l 5:604. 
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TPLINT FUNCTION. 
The syntax is as follows: 

FUNCTION TPL INT< Al ,Bl, A2 ,82, A3 ,83, EPS) 

PURPOSE. TFLINT nu1rericatly integrates a function of three variables 
over a 3-dirrensional rectangle. 

INPUT. Inout to TPLINT ccnsists of: 

Al - low er Lim it of integration en X -a xi s 
Bl - upper l iinit of inte3ration en X -a xi s 
A2 - l cw er l i m it of integration en Y -a xi s 
82 - u po er l i m it of integration en Y -a xi s 
A3 - low er l i m it of integration en z-a xi s 
83 - u i:;p er l hit 0 f integrat ior. en z-axis 
EP ~ - relative err er tolerance 

USAGE. TPLINT is used only for triple integrals with constant Umits. 
A subprcgra1r is adai:;tive to handle gereral fotegrands. EPS should be 
greater than or equal te l.OE-6. 

EXAMPLE. The fcllo~ing is a samole calling program for the sample 
f u n ct i o r. F C X, Y, Z ) = .1 • 0 + X * X + Y * Y + Z * Z • 

Al=-laO 
81=1.0 
A2=- l. 0 
82 =l • 0 
A3=-l.O 
83=1.0 
EPS=0.0001 
VALUE= TPLI NT C·A 1, Bl ,A 2, 82 ,A 3, 83 ,E PS) 
ST CP 
END 

METHOD. iPLINT uses an extension of the method used for DBLINT, whic.h 
is a rrodificaticn of SIMINT. 

REMARKS. Tl'e function to be integrated must be suoplied as a function 
subprogran: ramed FCX,Y,Z>. 

REFERENCES. McKeemen, W. M. 1962. ALGORITHM 145, Adaptive Numerical 
Int eg ration _by Si rrp son• s Ru le. ~Qlll!!!• At~ s: 60 4. 

----- .. 1962. ALGORITHM 146, Multiple Integration. ~~mm-!~~ 5:604. 

Revised 9/23/75 by 
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SECTION 15 

FOURIER TRANSFORMS 

This section describes four procedures that compute Fourier transforms 
by the Cocley•Tukey method (fast Fourier transforms). The four 
proceoures are: 

a. FFTF - computes fast Fourier transforms. 

b. FFTR - ccmr:utes inverse Fourier transforms. 

c. srr-.cos - generates tables of sines and cosines for use by 
procedures FFTF and FFTR. 

d., BITREV2 - 3rra~ges arrays into bit-reversed order for use by 
procedures FFTF and FF'TR. 

Revised 9/23/7S by 
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FFTF_PROCfQURE. 
The syntax is as follows: 

PRCCEDURE FFTFCXR,XI,S,C,M> 

PURPOSE. 
FFTF corrputes the fast Fol;rier transform using the Cooley•Tukey method. 

I NP UT. 
Input to FFTF consists of: 

XR .. real part of the input array 
XI - irragirary part of the input array 
S - array cf sines produced by SINCOS 
C - array cf cosines produced by SINCOS 
~ • integer that specifies the size of XR and XI to be 2••M 

OUTPUT. 
The output from FFTF consists of: 

XR - real part of the transfcrmea array CbH-reversed order> 
XI - irragir:ary part cJ the transformed ar"ray (bit-reversed order> 

METHOD. 
Let ZCO>,ZCU, ••• ZC2••M•l) be 2**~ corrplex numbers. FFTF comoutes the 
comolex numbers WCO>,WC1>, ••• ,WC2**M-1) ghen by: 

where 

P = constant Pi 
K = va Lue f r•cm zero to 2 ** M- 1 
L = bit-reversed representation cf Kin a field of length M 
I = square r cot of - 1 

REMARKS. 
The output is net ncrrralized. A call to FFTF followed immediately by 
FFTR reproduces the original data multiplied t:::y 2**M• 

REFERENCES. 
Singleton, R. C. 1967. On Computing the Fast Fourier Transform. ~Q.OU• 
A 1!:1 1 o : 6 4 7 -6 s 4 • 

Bracewell, R. 1965. The ££~tii! Itsn~i2rm gO~ 1!~ ~~Qii£sli2Di• 
New York: Mc Gr aw Hi l l. 
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The syntax is as follows: 

PROCEDURE FFTRCXR,XI,S.,C.,M) 

PURPOSE. 
FFTR computes the irverse Fourier trarsform using the Cooley-Tukey method. 

I NP UT • 
Input tc FFTR ccnsists of: 

XR - real i::art of the foput array (bit-reversed order> 
XI - irraginary part cf the input array (bit-reversed order> 
S - array of sines produced by SINCOS 
C - array cf ccsines produced by SINCOS 
M - integer specifying the size cf XR and XI to be 2**M 

0 UT PUT. 
Output from FFTR corsists of: 

XR .. real i:;art of transformed array 
XI .. imaginary part cf transformed array 

METHOD. 
For a ccmplex array Win bit-reversed order., FFTR computes the complex 
numbers ZCO).,ZC1>., ••• .,zc2**M-1> given by: 

ZCK> = sum over J frcm zero to 2••M-1 of WCL>EXPC-2•P•I•J•K/2••M> 

where: 

p = corstarit pi 
K = va tu es fro ir zero to 2• •M -1 
L = bit-reversed rep resent at ion cf K i n a f i el d of l en gt h M 
I = square root of -1 

REMARKS. 
The outr:;ut is net norrralized. A call to FFTF followed immediately by 
FFTR reproduces the original data ml.ltiolied by 2••M. 

REFERENCES. 
Singleton., R. c. 19€7. Or Computing the Fast Fourier Transform. ~2mm• 
A ~ti 1 o : 6 4 7 - 6 s 4 • 

Bracewell, R. 1965. lh~ [Q~tit! lt~OjfQtl ~og 11~ A~~li~2li~Dl• 
New Y or k: t-'c Gr aw Hi l l. 
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~lNtQ~_ffiQ£1QYfif£ 
The syntax is as follows: 

PRCCEDURE SINCOSCS,C,M> 

P UR PO SE. 
SINCOS sets up sine arid ccsine tables for fast Fourier transforms. 

I NP UT • 
Input to SINCCS consists cf: 

M - integer specifyirg length of arrays Sand C to be 2••fM-1> 

0 UT PUT. 
Output frcm SINCOS consists of: 

S - array cf sines needed by FFTF ano FFTR 
C - array cf cosines needed by FFTF and FFTR 

REMARKS. 
The dimensions cf arrays Sand C should each be declared ARRAY[0:2••CM•l>l. 
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The syntax is as follows: 

PROCEDURE 6ITREV2C XR,XI, N> 

P UR PO SE. 
BITREV2 reorders the contents of arrays XR and XI by bit reversal for 
use with the fast Fcurier transform procedures FFTF and FFTR. The 
parameter N specifies the length of XR and XI to be 2uN. For N equal 
to 13, 14, 15, er lE, the sequence of exchanges is designed to minimize 
overlays. 

I NP UT. 
Input to BITREV2 consists of~ 

XR - irput array fer bit-reversed arrangement 
XI - irput array fer bit reversal 
N - specifies length of XR and XI to be 2*•N 

OUTPUT. 
Output from 8 ITREV2 consists of: 

XR - bit-reversed arrangement of inpt.:t XR 
XI - bit-reversed arrangement of input XI 

Revised 9/23/7 5 by 
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BEGIN 

APPENDIX A 

PROGRAM EXAMPLES 

0ETLINEQN 

%•********************************************************************** 
COMMENT PROGRAM TO SOLVE A SINGLE SYSTEM OF LINEAR EQUATIONS ANO 

CALCULATE THE DETERMINANT Of THE COEFFICIENT MATRIX, 
USES PROCEDURES 0ETLINEQN ANO REAOMATRIX J 

'*********************************************************************** 

S INCLUDE "MATHLIB/SYMB0L/REAOMATRIX," 
S INCLUDE "MATHLIB/SYMB0L/DETLINEQN•" 

FILE 

INTEGER 
REAL 
LABEL 
NEXTCASEI 

REA0ITCKIND•REA0ER, BUFFERS~2, MAXRECSIZE•14), 
PRINTITCKIN0=PRINTER, BUrFERS=2, MAXRECSIZE=22)J 
I,N,0ETEXPJ 
DETBASEJ 
NEXTCASE,EOFJ 

ARRAY 

COMMENT 

Ear, 
END, 

" 1 1 1 
2 1 1 
2 3 1 
2 3 4 
0 
1, 1, 1, 

READCREA0IT,<ll>,N) CEOflJ 
BEGIN 

A[OIN,OINJ, B[OSN]J 
REAOMATRtX(N,N,A,REAOIT,PRINTIT,EOF)J 

READ RIGHT•HANO•SIDE J 
READCREADIT,/,rOR I •• 1 STEP 1 UNTIL N DO BCIJ)J 
WRITECPRINTIT,<//"RIGHT•HAN0•SI0E",//CR18,10)>, 

FOR I •• 1 STEP 1 UNTIL N 00 B[Il)J 
DETLINEQN(N,A,A,B,B,DETBASE,DETEXP)J 
WRITECPRINTIT1</l"SOLUTION"1//(R18,11)>, 

FOR I •• 1 STEP 1 UNTIL N 00 B[Il)J 
IF 0ETEXP • 0 THEN 
WRITECPRINTIT,</l"0ETERMlNANT •",R18,11>,0ETBASE) ELSE 
WRITECPRINTIT,<//"0ETBASE s",R18,11,X5,"0ETEXP '",IS>, 

0ETBASE,0ETEXP)J 
ENCi 
GO TO NEXTCASEJ 

1 
1 
1 
1 

1, 



APPENDIX A (cont) 

LINEQNS 

BEGIN 

'*********************************************************************** 
COMMENT PROGRAM TO SOLVE A SYSTEM OF LINEAR EQUATIONS WITH THE 

SAME COEFfICIENT MATRIX AND SEVERAL RIGHT•HAND•SIDES, 
USES PROCEDURES LINEQNS ANO REAOMATRIX J 

I************************~********************************************** 

S INCLUDE "MATHLIB/SYMB0L/REA0MATRIX," 
$ INCLUDE "MATHLIB/SYMB0L/LlNEQNS," 

FILE 

INTEGER 
LABEL 
NEXTCASEI 

READITCKIND•REA0ER, 8UFFERS•2, MAXRECSIZE•14), 
PRINTITCKIND•PRINTER, BUFFERS•2, MAXRECSIZE•22)J 
I,J,K,NJ 
NEXTCASE,E0FJ 

READCREADIT,<213>,N,K) tE0F]J 
BEGIN 

ARRAY A[0IN,0IN], c,Y[0aK,OIN]J 
REA0MATRIXCN,N,A,READlT,PRINTIT,E0F)J 
WRITECPRtNTIT,<//"RIGHT•HAND•SIDE MATRIX"// 

. 13•" RIGHT•HAND•SI0ES STORED AS R0WS"/>,K)J 
COMMENT READ THE RIGHT•HAN0•SIDE MATRIX, WITH EACH RIGHT•HAN0• 

SIDE ENTERED AS A SEPARATE R0WJ 
READMATRIXCK,N,C,READIT,PRINTIT,E0F)J 
LINEQNSCN,A,K,C,Y)J 
FOR I a• 1 STEP 1 UNTIL K 00 
WRITE(PRINTIT,<//"S0LUT10N",13//(R18,11)>,I, 

EN0J 
GO TO NEXTCASEJ 

E0FI 
END, 

6 2 
1, o, o, o, o, 1, 
1, t, o, o, o, •1, 
•1, 1, 1, o, o, 1, 
1, •t, 1, 1, o, •1, 
•1, 1, •1, 1, 1, 1, 
t, •t, 1, •t, 1, •1• 
O, O, O, 32• o, O, 
o, o, o, o, 32, o, 

FOR J •• 1 STEP 1 UNTIL N DO YtI,Jl)J 



APPENOIX A (cont) 

INVERSEOVERA 

BEGIN 

%••····································································· COMMENT SAMPLE PROGRAM WHICH CALCULATES THE INVERSE OF THE N•TH 
ORDER MATRIX GENERATED BY PROCEDURE INVERSEHILBERT, THE GENERATED 
MATRIX IS THE EXACT INVERSE OF THE N•TH ORDER HILBERT MATRIX, 
PROCEDURE INVERSEOVERA IS USED TO CALCULATE THE INVERSE J 

'*********************•************************************************* 

S INCLUDE NMATHLIB/SYMBOL/INVERSEO~ERA,« 

FILE 

FORMAT 

INTEGER 

READIT(KIND • READER, BUFFERS• 2, MAXRECSIZE .~ 14), 
PRINTITCKIND • PRINTER, BUFFERS• 2, MAXRECSIZE • 22)S 
ROW(/C8CR15,8,X1))), 
ROWOUTC/C6(R18,11,X2))), 
OROERC"OROER OF MATRIX• ",13,//«INPUT MATRIX"//), 
INVC//"INVERSE MATRIX"//)J 
I,J,NJ 

READ(REAOIT,/,N)S 
WRITECPRINTIT,OROER,N)J 

BEGIN 
ARRAY A[OIN,OIN]J 

ENDJ 
ENO, 

INVERSEHILBERTCN,A)J 
FOR l 1~ 1 STEP 1 UNTIL 
WRITEcPRINTIT,ROW,FOR J 
INVERSEOVERA(N,A)J 
WRITECPRINTIT,INV)J 
WRJTE(PRJNTlT,ROWOUT,FOR 

N 00 
a ■ 1 STEP 1 UNTIL N DO A[I,Jl)J 

J •• 1 STEP 1 UNTIL N DO Atl,Jl)J 



APPENDIX A (cont) 

SYMLINEQN 

BEGIN 

X*********************************************************************** 
COMMENT PROGRAM TO SOLVE A SINGLE SYSTEM OF LINEAR EQUATIONS 

WITH A SYMMETRIC COEFFICIENT MATRIX, ONLY THE LOWER TRIANGULAR 
HALF OF THE MATRIX (INCLUDING THE DIAGONAL) IS NEEDED AS INPUT, 
USES PROCEDURES SYMLINEQN ANO REAOSYMMATRIX J 

X•••**********************************•••••••••************************* 

INTEGER JJ 
DEFINE FORI ~ FOR I t• 1 STEP 1 UNTIL N 00 I, 

FORJ • FOR J ,~ 1 STEP 1 UNTIL N 00 IJ 
FILE READITCKINOAREAOER, 8UFFERS•2, MAXRECSIZE•14>• 

PRINTITCKINO~PRINTER, BUFFERS•2, MAXRECSIZE~22)J 

S INCLUDE "MATHLIB/SYMBOL/REAOSYMMATRIX," 
S INCLUDE "MATHLIB/SYMBOL/SYMLINEQN," 

INTEGER I,NJ 
LABEL NEXTCASE,EOFJ 
NEXTCASEI 

READCREAOIT,<13>,N) [EOFJJ 
BEGIN 

ARRAY A[OIN,OINJ, B,XCOINlJ 
LABEL SINGULARJ 

REAOSYMMATRIXCN,A,READIT,PRINTIT,EOF)J 
COMMENT READ RlGHT•HAND•SIOE J 

REAO(REAOIT,/,FOR I •~ 1 STEP 1 UNTIL N DO BCIJ)J 
HRITECPRINTITl<//"RIGHT•HANO•SIOE",//CR18,10)>, 

FOR I •~ 1 STEP 1 UNiIL N 00 BtIJ)J 
SYMLINEQNCN,A,B,X,SINGULAR)J 
WRITECPRINTIT,</"SOLUTION"/CRle,11)>, FORJ X[J])J 

IF FALSE THEN 
SINGULARS WRITE(PRINTIT,<//"EXITEO AT SINGULAR">)J 

ENOJ 
GO TO NEXTCASEJ 

EOFI 
END, 

4 
,6 
•,5 1 
0 •,5 1 
.1 0 •,5 ,6 
1, o, o, o, 



APPENDIX A (cont) 

SYM8ANDLINEQN 

BEGIN 

l*********************************************************************** 
COMMENT PROGRAM TO SOLVE A SYSTEM OF BANDED, SYMMETRIC, POSITIVE 

DEFINITE LINEAR EQUATIONS WITH ONE OR ~ORE RlGHT•HANO SIDES, MIS 
THE NUMBER OF DIAGONALS BELOW (OR ABOVE) THE MAIN DIAGONAL ANON 
IS THE ORDER OF THE MATRIX, 
USES PROCEDURE SYMBANDLINEQN I 

l*********************************************************************** 

S INCLUDE "MATHLIB/SYMBOL/SYMBANOLINEQN," 

FILE 

FORMAT 
. INTEGER 
BOOLEAN 

READITCKIND•REAOER, BUFFERS•2, MAXRECSIZE•14), 
PRINTITCKIND•PRINTER, BUFFERS•2, MAXRECSIZE•22)1 
ROW(/(6CF18,t1,X2)))1 
I,J,N,MI 
F'IRSTI 

FIRST 111 TRUEI 
READ(REAOIT1/,N1M)I 
WRITE(PRINTIT,</"ORDER •",t3,X5,"BANDWIOTH •"1ll/>1N1M)I 

BEGIN 
ARRAY 
LIST 

A[01N,01MJ, B,XtOaNJI 
RHSCFOR J •• 1 STEP 1 UNTIL N DO BtJl), 
SOLCFOR J t• 1 STEP 1 UNTIL N 00 XtJl)I 
BADMAT,GETRHS,EOFI LABEL 

GETRHSt 

BAOMATt 
EOFI 

ENOS 
END, 

5, 1, 
0,1, 

FOR I 1= 1 STEP 1 UNTIL N 00 
READ(REAOIT,/,FOR J ts O STEP ·1 UNTIL M 00 A[I,JJ)J 
WRITE(PRINTIT,<"INPUT MATRIX"/>)J 
FOR I •• 1 STEP 1 UNTIL N DO 
WRITE(PRINTIT,ROW,fOR J ,~ 0 STEP 1 UNTIL M DO A[I,Jl)J 

READCREADIT,/,RHS) [EOFJJ 
WRITECPRINTIT,<l/"RIGHT•HAND•SIDEn/>)I 
WRITE(PRINTtT,ROW,RHS)J 
SYMBANOLINEQNCN,M,A,B,X,FIRST,BAD~AT)I 
WRITE(PRINTIT,</"SOLUTION"/>)J 
WRITE(PRINTIT,ROW,SOL)J 
FIRST p, FALSEJ 
GO TO GETRHSI 
IF FALSE THEN 

WRITECPRINTIT,<//"MATRIX IS NOT POSITIVE OEFINITE">)J 

•t,2JI 
•1,2, 
•1,2, 
"1,211 
1,0,0,0,0, 
0,0,0,0,1, 

A-5 



APPENDIX A (cont) 

CXLINEQN 

BEGIN 

'*********************************************************************** 
COMMENT A SAMPLE PROGRAM WHICH WILL INVERT A COMPLEX MATRIX 

USING CXLlNEQN, THE INVERSE SHOULD NEVER BE CALCULATED, HOWEVER, 
If ONLY A SYSTEM OF EQUATIONS IS TO 8E SOLVED, 
USES PRO(EOURES CXLINEQN ANO REAOMATRIX J 

'*********************************************************************** 

S INCLUDE "MATHLIB/SYMBOL/REAOMATRIX,n 
S INCLUDE "MATHLIB/SYMBOL/CXLINEQN," 

FILE READITCKIND ■ REAOER, BUfFERS•2, MAXRECSIZEs14), 
PRINTITCKINO ■ PRINTER, BUFFERSa2, MAXRECSIZEc22)J 
I,J,NJ INTEGER 

DEFINE FORI • FOR I 1a 1 STEP 1 UNTIL N 00 #, 
FORJ • FOR J I• 1 STEP 1 UNTIL N DO IJ 

REAOCREADIT,/,N)J 
BEGIN 

ARRAY 
LABEL 

RA,IA,RAINVERSE,IAINVERSE[OIN,OaNJ, RB,IB[OIN]J 
EOfJ 

REAOMATRIXCN,N,RA,REAOIT,PRINTIT•EOf)J 
READMATRIX(NjN,IA,REAOIT,PRINTIT,EOF)J 

COMMENT SET UP THE FIRST COLUMN Of THE IDENTITY AS THE RHS J 
RBC1l I• ti 
CXLINEQNCN•RA,IA,RA•IA,RB,IB,RAINVERSE[l,•J•IAINVERSEtl••l• 

TRUE,fALSE)J 
FOR I 1• 2 STEP 1 UNTIL N 00 
BEGIN 

RB[I] •• tJ RBtl•lJ •• OJ 
COMMENT SET UP COLUMNS 2 THRUN AS RIGHT•HANO•SlOES, ONE BY ONE J 

CXLINEQNCN,RA•IA•RA•lA•RB,IB,RAINVERSEtI,*l•IAINVERSEtI•*l• 
FALSE,FALSE)J 

ENDJ 
COMMENT THE TRANSPOSE Of THE INVERSE OF A IS NOW STORED IN THE 

ARRAYS AINyERSE ANO IAINVERSE, WRITE IT OUT BY COLUMNS TO GET THE 
INVERSE ITSELF J 

. WRITECPRINTIT,<//"REAL PART OF A INVERSE"/>)J 
FORJ WRITECPRINTIT,</C7CR18,10,X1))>,FORI RAINVERSE[l,JJ)J 
WRITE(PRlNTIT,<//"lMAGINARY PART OF A INVERSE"/>)J 
FORJ WRITECPR1NTIT•</C7CR18,10,X1)>>,FORI IAINVERSEtI,JJ)J 

EOFI J 
ENDJ 

END, 

3, 
t, 1, 2, 
1, o, •5, 
1, o, •8, 
o, 2, 10, 
1, l• 14, 
1, 5, 20, 

A•6 



BEGIN 

COMMENT 

MATRIXOPERATIONS 

SAMPLE PROGRAM TO COMPUTE THE MATRICES 

APPENDIX A (cont) 

I*******~*****************•••••***************************************** 
8 s CI+ A•ATRANSPOSE)•l AND·· C • A*(I + A•ATRANSPOSE)0 1 
WHERE •1 DENOTES THE INVERSE MATRIX, 
USES PROCEDURES SYMINVERSEOVERA, REAOMATRIX, ANO THE FILE 
MATHLIB/SYMBOL/MATRIXARITHMETIC J 

'*********************************************************************** 

$ INCLUDE "MATHLIB/SYMBOL/REAOMA1RIX," 
S INCLUDE "MATHLIB/SYMBOL/SYMINVERSEOVERA,n 
S INCLUDE "MATHLIB/SYMBOL/MATRIXARITHMETIC," 

DEFINE 

FILE 

FORMAT 
INTEGER 
LABEL 

FORI • FOR I r• 1 STEP 1 UNTIL N DOI, 
FORJ .~ FOR J ,~ 1 STEP 1 UNTIL N DO IJ 
REAOITCKINO•READtR, BUFFERS•2, MAXRECS1ZE~14), 
PRINTITCKIND•PRlNTER, BUFFERS•2, MAXRECSIZE•22)J 
ROW(8CR15,8,X1)/)J 
I,J,NJ 
SINGULAR,EOFJ 

READCREADIT1/,N)J 
BEGIN 

ARRAY A,B,cco,~,OINJJ 
READMATRIXtN,N~A,REAOIT,PRINTIT,EOF)J 
ATIMESATRANSPOSECN,A,B)J 

COMMENT USEC AS TEMPORARY STORAGE TO HOLD IDENTITY MATRIX J 
FOR I 1• 1 STEP 1 UNllL N 00 CtI,tJ ,~ 1J 
MATPLUSMATCN,B,C,B>J 

C~MMENT B NOW·MOLOS I+ A•ATRANSPOSE J 
SVMINVERSEOVERA(N,B,SINGULAR)J 
WRITECPRINTIT,~//"MATRIX CI + A•ATRANSPOSE)•1"//>)J 
FORI . 
WRITE(PRINTIT,ROW,FORJ Btl,JJ)J 
MATTlMESMATCN,A,B,C)J 
WRITE(PRINTIT,<//~MATRIX A(l + A•ATRANSPQSE)•1"//>)J 
FORI 
WRITE(PRINTIT,ROW,FORJ CtI,JlJJ 

ENDJ 
IF FALSE THEN 

SINGULAR I 

EOFS 
END, 

3, 
2 0 0 
1 2 0 

WRITE(PRINTIT,<l/"MATRIX 1S SINGULAR">)J 

1 0 1,41421356237 



APPENDIX A (cont) 

NONSYMEIGENVECTORS 

BEGIN 

·s••••******************************************************************* 
COMMENT PROGRAM TO FINO ALL N EIGENVALUES AND EIGENVECTORS OF 

A GENERAL REAL MATRIX, 
USES PROCEDURES NONSYMEIGENVECTORS AND READMATRIX, 

***********************************************************************' 

DEFINE ;ORI• FOR I •• 1 STEP 1 UNTIL N 00 J, 
f'ORJ • FOR J I• 1 STEP 1 UNTIL N DO IJ 

S INCLUDE "MATHLIB/SYMBOL/REAOMATRIX," 
S INCLUDE "MATHLIB/SYMBOL/NONSYMEIGENVECTORS," 

FILE 

FORMAT 
FORMAT. 

FORMAT 
INTEGER 
REAL. 
LABEL 
STARTS 

REAOIT{KIND•REAOER, BUFFERS ■ 2, MAXRECSIZE•14), 
PRINTERCKINO • PRINTER, BUFFERS• 2, MAXRECSIZE 1 22)J 
FT2CF18,11,X5,F18,11>, FTl(//)J 
ElGVEC(J/"EIGENVECTORn,13,X40,nRESIQUAL"/), 
F4(Rt8,tt,X5,R18,11•XtO,E9,2,X5,E9,2)J 
VALC/"EIGENVALUES"//)J 
I,J,N,NU 
T1•T2,LAMBOAR,LAMBDAIJ 
START,EOF'J 

READCREAOIT,<I3>,N)J 
BEGIN 

ARRAY A,At,UtOtN,OINl,RTR,RTI[OINlJ 
ARRAY X,Y,RESIOR,RESIOI[OINJJ 
REAL PROCEDURE INNERPROOCX,Y)J 
ARRAY X,YCOJJ 

BEGIN 
INTEGER 
REAL 

u 
SJ 

END 

A-8 

WHILE 11•1+1 LEQ N DOS t• S + X[Il•YCIJJ 
INNERPROO 111 SJ 

INNERPROOJ 
READMATRIXCN,N,A,REAOIT,PRINTER•EOF)J 
Nt Ill N+U 
FORI WRITE(A1CI,•J•N1,AtI,•J>J 
Tl •• TIMEC1)J 
NONSYMEIGENVECTORS(N,At,RTR,RTI,U)J 
T2 111 TIME( 1 )J 
WRITECPRINTER,VAL)J 
fOR I J11 1 STEP 1 UNTIL N DO 
WRITt(PRINTER•fT2,RTR[Il,RTitIJ)J 
WRITE(PRINTER,fTl)J 



• 

• 

FOR I 1• 1 STEP 1 UNTlL N 00 
BEGIN 

WRITE(PRINTER,EIGVEC,I)J 
IF RTI[ll • 0 THEN 
BEGIN 

LAMBOAR fa RTRtIJJ 
FORJ XtJl t~ UtJ,lll 

.APPENDIX A ... Cc ontJ 

COMMENT COMPUTE THE RESIDUAL VECTOR A•X • LAMBDA•X I 
fORJ RESlDRCJl s• INNERPROO(AtJ,•J,X) • LAMBDAR•XCJ]J 
WRITE(PR1NTER,<R18,t1,X33,E9,2>,FORJ [XtJ],RESIOR[J]l)J 

ENO ELSE 
BEGIN 

COMMENT COMPLEX EIGENVALUE J 
LAMBOAR •• RTRCI]I LAMBDAI t• RTICIJI 
FORJ X[J] t• UtJ,llJ 
FORJ Y[J] f• UCJ,1+1JJ 
FORJ RESlDR[Jl s• lNNERPROO(A[J,•J,X) • LAMBDAR•XtJl 

+. LAMBDAI•YCJlJ 
FORJ RESIDI[Jl t• lNNERPROO(A[J,•J,Y) • LAMBOAR•YtJl 

• LAMBDAI•XCJJJ 
WRITECPRINTER,F4,fORJ CXCJl,Y[J],RESIDR[JJ,RESIDICJ]l)J 

COMMENT NOW DO COMPLEX CONJUGATE J 

ENOJ 

EOFI 
END, 

4 
•2 2 2 
•3 3 2 
•2 0 4 
.. 1 0 0 

I I• I+U 
WRITECPRlNTER,EIGVEC,I)I 
WRITECPRINTER,F4,FORJ CXCJl,•YtJ],RESIDRCJJ,•RESIDltJ]J)J 

ENOJ 
ENOJ 

WRITE(PRINTER,<//"ELAPSEO TIME FOR EIGENVALUE•EIGENVECTOR" 
"CALCULATION IN SEC, ■- ",F'10,2//>,(T2•Tl)/60H 

GO TO STARTJ 

2 
2 
2 
5 



APPENDIX A (cont) 

SYMBANDEIGENVALUE 

BEGIN 

'*********************************************************************** 
COMMENT PROGRAM TO fIND ALL THE EIGENVALUES Of A BANDED 

SYMMETRIC MATRIX, MIS THE NUMBER OF OIAGONALS BELOW (OR ABOVE) 
THE MAIN DIAGONAL AND N IS THE ORDER or THE MATRIX, 
USES PROCEDURE SYMBANDElGENVALUE J 

l*********************************************************************** 

S INCLUDE "MATHLIB/SYMBOL/SYMBANOEIGENVALUE," 

FILE 

INTEGER 
LABEL 
START I 

REAOITCKIND•REAOER, BUFfERS•2, MAXRECSIZE•14), 
PRINTITCKIND•PRINTER, BUFFERS•2, MAXRECSIZE•22)J 
I,J,N,MJ 
START,EOFJ 

READCREAOIT,1,N,M) CEOFJI 
WRITECPRINTIT,</"ORDER ■ ",12,XS,"BANOWIOTH ■ ",12//>,N,M)J 

BEGIN 
ARRAY A(OIN,OIMJ, VALUES[OINJJ 
COMMENT REAOMATRIX CANNOT BE USED MERE BECAUSE THE ZERO•TH 

COLUMN OF A IS USED J 
fOR I 1• 1 STEP 1 UNTIL N 00 
REAOCREAO[T,/,fOR J f• 0 STEP 1 UNTIL M 00 ACI,Jl)J 
WRITECPRINTIT,</"INPUT MATRIX"//>)J 
FOR I s• 1 STEP 1 UNTIL N 00 
WRITE(PRINTIT,<C6CR18,10,X2))/>, 

FOR J •• 0 STEP 1 UNTIL M 00 A[I,J])J 
SYMBANDEIGENVALUE(N,M,A,VALUES)J 
WRITE(PRINTIT,<//"EIGENVALUES"//>)J 
W~ITE(PRINTIT,<R20,11>,FOR I 1 ■ 1 STEP 1 UNTIL N DO VALUESCIJ>J 

ENDJ 
COMMENT THE EXACT EIGENVALUES FOR THE TEST MATRIX SUPPLIED ARE 

GIVEN BY 16 * CSINCK•PI/C2•N+2)))**4, FORK• 1,2, ,e,, NJ 
WRITECPRINTIT,<//"EXACT EIGENVALUES FOR TEST MATRlX"l/>)J 

EOFI 
ENO, 

7, 2, 

FOR I 1• 1 STEP 1 UNTIL N DO 
WRITECPRINTIT•<f18,11>•16•CSINCI*le14159265359/C2•N+2)))**4)J 
GO TO STARTJ 

o, o, 5, 
o, •4, 6, 
1, •4, 6, 
1,· •4, 6, 
t, •4, 6, 
l• •4, 6, 
1, •4, 5, 

A•lO 



.. 

APPENDIX A (cont) 

COMPLEXElGENVALUES 

BEGIN 

, ...................................................................... . 
COMMENT PROGRAM TO FIND ALL N EIGENVALUES Of A COMPLEX MATRIX, 

USES PROCEDURES COMPLEXE1G£NVALUES AND REAOMATRIX J 
l••••••••••~•••••••••••••••••••••••••••••••••••••••••••***************** 

S INCLUDE nMATHLIB/SYMBOL/READMATRIX," 
S INCLUDE "MATHLIB/SYMBOL/COMPLEXEIGENVALUES," 

FILE 

FORMAT 
INTEGER 
REAL 
LABEL 
STARTI 

READITCKIND::REAOER, BUFFERS~2, MAXRECSIZE~14), 
PRINT CKlND•PRINTER, BUFFERSs2,MAXRECSIZE•22)J 
FT1CR18,t1,X5,R18,11>, ElGENC/"ElGENVALUES",//)J 
t,J,NJ 
T1,T2J 
START,EOFJ 

READCREAOIT,/,N) CEOFlJ 
WRITECPRINT,<l/"OROER •"•13/>,N)J 

BEGIN 
ARRAY AR,AI[OaN,OIN], WR,WI[OIN]J 

REAOMATRIXCN,N,AR,REAOIT,PRINT,EOF)J 
READMATRI~(N,N,AI,REAOIT,PRINT,EOF)J 
Tl I• TIMEC2>J 
COMPLEXEIGENVALUES(N,AR,AI,WR,Wl)J 
T2 S:: TIME(2)J 
WRITE(PRINT,EIGEN)J 
WRITECPRINT,<R18,tt,XS,R18,11>, 

FOR I a• 1 STEP 1 UNTIL N 
WRITE(PRINT,<//"ELAPSEO PROC, TIME IN 

CT2•Tt)l60)J 
GO 

ENOJ 
EOFI 

END, 

4.11 
5, 5, 1116,•1, 
3, 6, 1115,•6, 
2., 3, .. 1,•s, 
1, 2, 0 3, O, 
9, S.11°6,•7, 
3,10, 0 5,•6, 
2, 3, 3,•s, 
1., 2., .. 3, '"' 

TO STARTJ 

DO CWRCIJ,WICill)J 
SEC, •",f8,2/>.11 

A-11 



APPENDIX A (cont} 

REALPOLYZEROfINOER 

BEGIN 

X•********************************************************************** 
COMMENT SAMPLE PROGRAM WHICH WILL CALCULATE THE ZEROES OF THE 

REAL POLYNOMIAL P••2 • Q, WHERE PANO QARE INPUT POLYNOMIALS. 
USES PROCEDURES POLYMUL, POLYAOO, ANO REALPOLYZEROFINOER J 

J••····································································· 
S INCLUDE "MATHLIB/SYMBOL/REALPOLYZEROfINOER," 
S INCLUDE "MATHLIB/SYMBOL/POLYMUL." 
S INCLUDE "MATHLIB/SYMBOL/POLYADO," 

FILE READITCKIND•REAOER, 8UFFERS•2, MAXRECSIZE•14), 
PRINTER(KINO~PRINTER, BUFFERSc2, MAXRECSIZEc22)J 

FORMAT POLYCR10,4,X7,"+ "' 5(R10,4,"•X••",11," + ")/ 
4CR10,4,"*X••",I1," + "), 2(Rl0,4,"*X*•",l2," + ")/ 

C6CR10,4,"•X••",I2," + ">>)J 
INTEGER 1,DEGREEP,DEGREEQ,OEGREERJ 
ARRAY COEFP,COEfQ,ZEROR,ZEROlt0,253, COEfR[OaSOJJ 

READ(REAOIT,/,OEGREEP, 
FOR tscO STEP 1 UNTIL OEGREEP DO COEFPtil)J 

WRITE(PRINTER,<//"lNPUT POLYNOMIAL P"/>)J 
WRITECPRINTER,POLY,COEFPCOEGREEPJ, 
FOR I ta OEGREEP•1 STEP •1 UNTIL O 00 [COEFPtil,OEGREEP•IJ)J 
READ(READIT,t,OEGREEQ, 

FOR 11•0 STEP 1 UNTIL OEGREEQ 00 COEfQCIJ)I 
WRITE(PRINTER,<//"lNPUT POLYNOMIAL Qtt/>)J 
WRITE(PRINTER,POLY,COEFQCOEGREEQJ, 
FOR l •• OEGREEQ•l STEP •1 UNTIL ODO CCOEFQ[Il,OEGREEQ•I])J 
POLYMULCDEGREEP,COEFP,DEGREEP,COEFP,DEGREER,COEFR)J 
POLYAODCOEGREER,COEFR,OEGREEQ,COEFQ,OEGREER,COEFR)J 
WRITE(PRINTER,<//"RESULTANT POLYNOMIAL"l>)J 
WRITE(PRINTER,POLY,COEFRtOEGREERJ, 
FOR I s• OE~REER•l STEP •1 UNTIL O DO CCOEFRCIJ,OEGREER•Il)J 
REALPOLYZE~OflNDERCDEGREER,COEfR•ZEROI,ZEROR)J 
WRITECPRINTER,<//X20,nZEROES"// 

XS•"REAL PART",X20,"lMAGINARY PART"/ >)J 
WRITECPRINTER,<E20,10,X10,E20,10>, 

FOR It~1 STEP 1 UNTIL OEGREER 00 tZEROR[IJ,ZEROICIJ])J 
ENO, 

2, 1, •1, 2, 
3, 3, o, o, •2, 



APPENDIX A (cont) 

COMPLEXPOLYZEROFINDER 

BEGIN 

~*********************************************************************** 
COMMENT SAMPLE PROGRAM TO FIND THE ROOTS Of A COMPLEX POLYNOMIAL, 

THE REAL PARTS OF THE COEfFICIENTS,BEG[NING WlTH THE HIGHEST ORDER 
COEFFICIENT, MUST BE ENTERED FIRST, FOLLOWED BY THE IMAGINARY PARTS 
USES PROCEDURE COMPLEXPOLYZEROFINOER J 

l*********************************************************************** 

$ INCLUDE "MATHLIB/SYMBOL/COMPLEXPOLYZEROFINOER," 

FILE 

FORMAT 

FORMAT 
INTEGER 
ARRAY 

END, 

CARDREADERCKIND•REAOER, BUFFERS•2, MAXRECSIZE•14), 
PRlNTERCKlND~PRINTER, BUFFERS ■2, MAXRECSIZE•22)J 
P~LYC2C4CR10,4•" +t•",R10,4,tt *Z**"•Il•" +«)/), 

2CR10,4," +l*",Rl0,4," •Z••",tl•" +">• 
2CR10,4•" +I*",R10,4•" •Z••"•I2•" +")/ 

C4CR10,4," +I•",Rl0,41" •Z••"•I2•" +"J))J 
ROOTSCE18,11,X5,E18,11)J 
I,DEGREEJ 
COEFR,COEFI,ZEROR,ZEROit0,25JJ 
READCCAROREAOER, /,OEGREE,FOR I r• 0 STEP 1 UNTIL DEGREE 

DO COEFRCIJ)J 
REAO(CAROREAOER, 1, FOR I r• 0 STEP 1 UNTIL DEGREE 

DO COEFJ[IJ)J 
WRITECPRINTER,POLY, 
FOR I f• DEGREE STEP •1 UNTIL ODO tCOEFRCIJ,COEFl[IJ, 

OEGREE•ll)J 
COMPLEXPOLYZEROFINDERCOEGREE,COEFR,COEFI,ZEROR,ZEROI)J 
WRITECPRINTER,<//X20,ttZEROEStt// 

X5,"REAL PART",X20,"IMAGINARY PART"/>)J 
WRITECPRINTER,ROOTS,FOR I r• 1 STEP 1 UNTIL DEGREE DO 

[ZEROR[IJ,ZEROICJll)J 

4, 1, •10, 29, •20, •10, 
0$ •4, 30, •66, 40, 

A-13 



APPENDIX A (cont) 

DifEQNS 

BEGIN 

I••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
COMMENT EXAMPLE Of USE Of DIFEQNS TO SOLVE THE 2ND ORDER 

EQUATION 02Y/OX2 + Y • O, THE OUTPUT CAN BE DIRECTED TO A DISK 
FILE, FOR EXAMPLE, BY USING THE LABEL EQUATION CARO 

<I> FILE PRINTERCKIND•DISK, TITLE•DIFEQNS/OUTPUT• MAXRECIIZE~22j • 
BLOCKS1ZE•22, SAVEFACTOR•5> 

TO OVERRIDE THE-PRINTER FILE OECLAREO INSIDE PROCEDURE DlfEQNS J 
l••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

COMMENT OlFEQNS HAS BEEN LIMITED TO SYSTEMS Of 10 OR FEWER 
EQUATIONS BECAUSE IT HAY NOT BE EFFICIENT FOR LARGER SYSTEMS, 
THIS RESTRICTION CAN BE REMOVED BY C~ANGING THE SETTING Of NMAX 
INSIDE THE P~OCEDURE J 

PROCEDURE XFXCX,Y,OY)J 
VALUE XI REAL XJ 
ARRAY Y,DY[Oll 

BEGIN 
0Yt1l 1111 YC2lJ 
0Yt2l a• •Y.t1H 

END XFXJ 

S INCLUDE "MATHLIB/SYMBOL/DlfEQNS," 

FILE 
FILE 
FORMAT 
INTEGER 
REAL 
ALPHA­
ARRAY 
LABEL 

STARTS 

EXITf 
EDF• 
END, 

2. 
1, o, 

REAOITCKIND•READER• BUFFERS•2• MAXRECSIZE•14)J 
LINECKINO•PRINTER, BUFFERS•2,MAXRECSIZE•22)J 
JUMPOUTC/"ERROR EXIT TAKEN")I 
I1NJ 
SP.,.XI,XF',HI,EPU 
ERRCRITERlONJ 
Yt0'10JJ 
START,EOF',EXITI 

READCREADIT•/1N)J 

READ(READIT•/•FOR I I• 1 STEP 1 UNTIL N DO Ytil) CEOfll 
READ(READIT•/1SP1Xl1Xf1Hl1EPS)J 
READ(READIT•<A2>,ERRCRITERION>J 
DIFEQNSCSP,XFX1N1Xl1Xf1Y•HI1EPS1ERRCRITERION1EXIT)J 
GO TO STARTJ 
lf FALSE THEN 
WRITE(LINE,JUMPOUT)I 

.2. o. 10, ,2. ••9• 
RE 

1, 01 
01 O• 10• ,1, f•91 

RE 

A-14 



APPENDIX A (cont) 

SIMPLEDirEQNS 

BEGIN 
COMMENT SAMPLE PROGRAM ILLUSTRATING THE USE or A STOPPING 

CONDITION IN PROCEDURE SIMPLEOIFEQNS, THE FILE MATHLIB/SYMBOL/ 
SIMPLEOirEQNS MUST FIRST BE PATCHED WITH THE DECK 

************************************************************************ 
<I> COMPILE MATHLIB/NEHSIMPLEDIFEQNS ALGOL LIBRARY 
<I> ALGOL FILE TAPE• MATHLIB/SYMBOL/SIMPLEOIFEQNS 
<I> ALGOL FILE NEWTAPE • MATHLIB/SYMBOL/NEWSIMPLEOIFEQNS 
<I> BCL 
<S> SET NEW MERGE SEQ 

BOOLEAN PROCEDURE 
ARRAY YCOl 

ENOTEST(Y) 

ENDTEST I• ABSCYttJ>+ABSCYC2J)+ABSCYt3]) LEQ f•3 
WHILE NOT ENOTEST(YSTART) 00 

<I> END 

00237000 
00238000 
00239000 
00273000 

IN ORDER TO INSERT THE STOPPING CONDITION GIVEN BY 00239000, WHICH· 
CAUSES EXECUTION TO TERMINATE WHEN 

ABS(Y[tl) + ABSCY[2]) + ABSCY[ll) LEQ f•3J 

PROCEDURE XFXCX,Y,OY)J 
VALUE XJ REA~ XJ 
ARRAY Y,DYCOJJ 

BEGIN 
DYtll I• Yt2]J 
0YC2l I• Y[3]J 
OY[ll I• •C6•Ytll ♦ 11•Yt2J + 6•Yt1l)J 

COMMENT THIS SYSTEM REPRESENTS THE THIRD ORDER EQUATION 
D3Y/OX3 + 6•02Y/DX2 + 11*D1Y/DX1 + 6•Y • OJ 

ENO XFXJ 

S INCLUDE «MATHLI~/SYMBOL/SIMPLEOIFEQNS," 

FILE 
INTEGER 
REAL 
ARRAY 
COMMENT 

ENO, 

3., 

REAOITCKIND•REAOER, BUFFERS•2, MAXRECSIZE•22)J 
I, NJ 
XI,XF,HI,EPS,ERRCRITERIONJ 
Y[0110lJ 
READ INITIAL VALUES J 

REAOCREADIT,/,N)J 
READCREAOIT,/,FOR I I• 1 STEP 1 UNTIL N DO Ytll)I 
READCREADIT,/,XI,XF,HJ,EPS)J 
REAO(REAOIT,<A2>,ERRCRITERION)J 
SIMPLEOIFEQNS(XFx,N,xI,xr,v,HI,EPS,ERRCRITERION)J 

6, .. 14, 36.t 
o, 10, ,1 .. ••e., 

RE 
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APPENDIX A (cont) 

ONEINT 

BEGIN 

l••••***************************************************w*************** 
COMMENT SAMPLE PROGRAM WHICH COMPUTES THE INTEGRAL OF THE 

FUNCTION GIVEN BY THE TYPED PROCEDURE F WITH EACH OF THE THREE 
PROCEDURES SIMPSONINT, ROMBERGINT, AND BULIRSCHINT J 

J••···················································•·*••············· 
REAL PROCEDURE FCX>J 
VALUE XJ REAL XJ 

F •• X••3 * SINCX)/C1+X*X) + 1t5 • SINH(X) * EXPCABSCX))J 

S INCLUDE "MATHLIB/SYMBOL/SIMPSONINT," 

FILE 

FORMAT 

READITCKINO•REAOER, BUFFERS•2, MAXRECSIZE=14), 
PRCKIND•PRINTER, BUFFERS112, MAXRECSIZE=22)J 
TYME( "ELAPSED TIME FOR PROCEDURE IN SEC, • "•f8,2/), 
SIMPC/"SIMPSONINT ANSWER= ",R18,11/), 
ROM(/"ROMBERGINT ANSWER • "•fU8,.11/), 
BULC/"BULIRSCHINT ANSWER• ",R18,11,X3,"EST, ERROR•"• 

E9,2/>J 
REAL A,B,EPS,INT,ERR,SJ 
REAL Tl•T2•T3,T4,T5,T6J 
LABEL START,QUITJ 
START& READCREADIT,/,A,B,EPS) [QUITJJ 

QUIT• 

END, 

•4, 4, 
•4, 4, 
•4, 4, 
•4, 4, 

A•16 

WRITE(PR,<///"A =",R18,tO,X5,"8 •"•R18,10,X5,"EPS •"1E10,2/>, 
A,B,EPS)J 

Tl ,~ TIMEC1)J 
S I• SIMPSONINT(F,A,B,EPS)J 
T2 11!! TIMEC1>J 
WRITE(PR,SIMP,S)J 
WRITE(PR,TYME,CT2•T1)/60)J 
Tl 11!! TIME(l>J 
S t• ROMBERGINTCF,A,B,EPS)J 
T4 I:; TIMEC1)J 
WRITE(PR,ROM,S>J 
WRITE(PR,TYME,CT4•T3)/60)J 
TS •• TIMEC1>J 
BULIRSCHINTCF,A,B,EPS,INT,ERR)J 
T6 1-. TIMECt>J 
WRITE(PR,BUL,INT,ERR)J 
WRITE(PR,TYME,CT6•T5)/60)J 
GO TO START.S 

WRITECPR,<///"************************************">)J 
W~ITE(PR,<"lXACT ANSWER• ",Rt8,1t>,2•ARCTAlC4))J 
WRITECPR,< "***********************************•">)J 

••6, ,.,, 
••e, 
... 9, 
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MULlNT 

BEGIN 

I*********************************************************************** 
COMMENT SAMPLE PROGRAM WHICH COMPUTES SEVERAL DOUBLE ANO TRIPLE 
. INTEGRALS, . 

USES PROCEDURES SIMPSP OOUBLElNTEGRAL ANO TRIPLEINTEGRAL J 
I*********************************************************************** 

REAL PROCEDURE F(X~Y)J 
VALUE X,YJ REAL X,YJ 

f 8• SQRT(1•X••2•Y••2)J 
REAL PROCEDURE GCX,Y)J 
VALUE X,YJ REAL X,YJ 

G s• X•X•Y•Y + 3•X•YJ. 
REAL PROCEDURE HCX,Y,Z)J 
VALUE X,Y~ZJ REAL X,Y,ZJ 

H P• EXP(X+Y+Z>J 

$ INCLUDE "MATHLIB/SYMBOL/SIMPS," 
S INCLUDE "MATHLIB/SYMBOL/DOUBLEINTEGRAL," 
S INCLUDE "MATHLIB/SYMBOL/TRIPLEINTEGRAL," 

FILE 
FORMA.T 
REAL 
REAL 

PR(KINO~PRINTER, BUFFERS•2, MAXRECSIZE•22)J 
TYME("PROCESSOR TIME• "PF10,4///)J 
T 1 , .T 2, X, Y, Z, SJ 
PIJ 

PI l• 3,141592653591 
COMMENT THIS CALL ON SIMPS WILL GIVE THE AREA OF THE UNIT 

SPHERE, THE UPPER LIMIT FOR y COMES FROM THE EQUATION or THE 
UNXT .CIRCLES Y 1: SQRT(1•X••2>. THE CALL 
SIMPscx,o,1,,-6,SIMPSCY,O,SQRT(t•X••2>,,S@•6,SQRT(t•X••2•Y••2))) 
WOULD SERVE EQUALLY WELL ANO BE FASTER J 

Tl Sir; TIMEC2)J 
S t= 8•SIMPS(X,O,t,f•6,SlMPSCY,O,SQRTCt•X••2),.5~•6,f(X,Y)))J 
T2 ill! TIME(2)J . 
WRITECPR,<"SIMPS ANSWER= ",R18~11>,S)J 
WRITECPR,<"[XACT ANSWER= ",Rt8,11>,4•Pl/3)J 
WRITE(PR,TYME,CT2•T1)/60)J 

COMMENT OOUBLEINTEGRAL ANO TRlPLEINTEGRAL MAY ONLY BE USED FOR 
RECTANGULAR REGIONS J 

Tl '" T1MEC2)J 
S t• OOUBLEINTEGRALCG,o,t,t,3,f•6)J 
T2 1-. TIMEC2)J 
WRITECPR,<"DOUBLEINTEGRAL ANSWER s n,R18,11>,S)J 
WRITE(PR,<" EXACT ANSWER• «,R18,11>,26/9 + 6)J 
WRITE(PR,TYME,CT2•T1)/60)J 
Tl •• TIMEC2>J 
S t• TR1PLEINTEGRALCH,0,1,0,1,•t,t,,•6)J 
T2 tll! TIMEC2>J 
WRITE(PR,<"TRIPLEINTEGRAL ANSWER• ",R18,11>,S)J 
WRITE(PR,<" COMPUTER ANSWER m «,R18,11>, CEXPC1)•1>••2 • 

CEXPC1)•EXPC•1}))J 
WRITt(PRiTYME,CT2•T1)/60)J 

ENO, 
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